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PREFACE. 



DiiRiKG the writing of my Treatise on the Theory of Determinants 
(Macmillan & Co., 1882), it was ropcatodly forced on my attention 
that the history of the subject had been very imperfectly looked 
mto Not only, as it appeued, h\d injustice been lone by the 
attributitn tf isolated theoiems an I demon "^tiationb to authoii 
othei th^n the first discovoiiis, but the labours of the t,ieit 
founders of the theorj hal been dieproporti anatelj lepie&ented, 
and a wnsiderable imount of vtduable work had aetuilly been 
lost sight of ilto^etbei Thi'i htate of in'^tters, it n\s c]eir, hid 
its explanati )n m the h t thit two of the foiemo&t nationilities of 
Eutopo hid rut contnhuted thur propei aharcs to the work of 
histoncil resewch France, foi some leason oi othei, had taken 
comparatively sUght interest in any put of the subject, and 
England, though mterested iti the theory and contiibutmg laigelj 
to its de\ el Dpment, h^id been content as i egTrda the hT.foi y 
simply to accept and promulgate the results of German assiduity.* 
H^ot unnaturally, theiefore, mathematicians m general had come to 
look at the histoij almost a« it were thioii^h riennan spettitles 
It uould not be sairt, morco\pi, that this optit d help was dctii 

The apathy of Fianee beems tlie moie biamcworthy, because, a^ mil 
appear, tlie theory m its eaily stages naa esBPntially a cieation of French 
§,enmg. Aa toi England, BlgDS have not been awanting duiiiig reuent years 
thnt she means foi the fnture to take hei part m the investigation and 
f \pjbitijii it mith' matiLil histon 
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mental to authors outside Germany and to them alone, for several 
German mathematicians of note had not had justice done them, 
their writings * in one or two instances being even unknown in 
the laud that produced them. 

With these facts before me, I resolved to set about collecting 
the whole literature of the subject, in order that, as a first step on 
the way to a history, a hihliograpky might be compiled. To those 
who know how lamentably ill-provided mathematicians are with 
guides to their literature, it will readily occur that this initiatory 
step entailed a vast amount of labour. When so far completed, 
the " List of Writings," as it was called, was published in the 
Quarterly Journal of Mathematics, of which it occupies 41 pages.f 
Its reception was all that could be desired. Reward for the trouble 
it had cost soon came to hand in the form of addenda from many 
widely separated correspondents, two of whom, I cannot but recall, 
examined the scientific serials of their own countries in order to 
check and supplement the list. An additional list, extending to 
22 pages,! t^i^^ came to be published, and with its publication the 
preparatory stage was deemed to be over. 

The method followed in usiag the material of the two liste to 
produce a work, intended to elucidate Determinants by showing 
the theory in the actual process of growth, is explained in the 
Introduction (pp. 2-5). 

My object, it may be added, has been twofold. First, to pro- 
vide a work of reference which should contain all that had been 
written on the subject, and which should be so indexed that any 
one engaged in research might easily ascertain exactly what had 

* Kotably that of Schweiiis. See an article in the Pkiloiephuj/l Maga^at, 

vol. xvih. pp. 4H3-i27 (1834), entitled "An Overioulied Discoverer m the 
Theory of Determinants." 

t Vol. xviii. pp. 110-H9. J Vol ..vi pp 29D-f20 
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been done on. any particular topic, how it liad been done, and what 
possible developments it foresliadowed. Secondly, to show clearly 
to whom every step in advanoe had been due, doing this in such a 
way, also, that the reader might see the actual data on which any 
conclusion was based. Knowing the value of the historical method 
as a means of teaching any branch of science, I cannot but hope 
that a third residt may follow in at least a certain small measure 
— viz., that some who have never studied Determinants at all may 
thus readily and in an interesting manner acquire a knowledge of 
what on all hands is conceded to be a singularly beautiful depart- 
ment of analysis. 

My warmest acknowledgments ai'c due to the Members of Council 
of the Eoyal Society of Edinburgh, without whose encouragement 
the work would probably not have been undertaken, and without 
whose aid it would certainly not have appeared in its present 
connected form. 

T. M. 
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HISTOET 

THEOEY OP DETEEMINANTS. 



Part I. — Dd&fmma/nU vn General. 

In Octoljci 1881 I published in the Quarterly Journal of Mathe- 
matics (xviii. pp. 110-149) a "List of Writings on Deteimtnants," 
which contained the titles of all the books, pamphleta, memoirs, 
magazine articles, &c., which were then known to me to exist on 
the SHbject of the Theory of Determinants. The list eonaiatod of 
489 entries arranged in chronological order, the first date being 
1693, and the last 1880. During the three years which have 
elapsed since it was published, I have been steadily making manu- 
script additionfi to it, not merely in the way of continuation for the 
purpose of keeping it up to date, but also hy the intercalation of 
omitted titles unearthed ia the course of my own researches, or 
brought to my notice hy ohligii^ correspondents. 

The continuation of tbe list from 1880 forwards ia comparatively 
an easy matter : it is not hy any means easy to render equally com- 
plete that portion of the list which pertains to the eighteenth centuiy. 
In the early history of a scientific subject, before the nomenelatui'e 
Las become fixed, the mere titles of writings are insufBcient guides ; 
the searcher's work is, consequently, minute and laborious, and he 
never can be quite sure that his labours are at an end. As far, 
however, as Determinants are concerned, I am inclined now to think 
that the writings which are unknown cannot be of much import- 
ance, and that the time has come for using the collected material in 
the production of a detailed history of the subject. 

The plan proposed to be followed is not to give one connected 
history of determinants os a whole, but to give separately the 
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i HISTOJIY OF TEK TIIEOEY OF DETEliMIKANTS. 

biatory of each of the sectiona into which tho subject has heeu 
divided, tiz., to deal with determinants in general, and thereafter 
in order with the various special forms. This will not only tend to 
smoothness ia the narrative by doing away mth tho necessity of 
frequent harkinga hack, but it will alao bo of material importance 
to investigators who may wish to find out what has already been 
done in advancing any particular department of tho sabjeet. To 
this end, also, each new resnlt as it appears will be numbered in 
lioman figures ; and if the same result be obtained in a different 
way, or be generalised, by a subseq_uent worker, it will be marked 
among the contributions of the latter with the same Eoman figures, 
followed by an Arabic numeral. Thus the theorem regarding the 
efEect of the transposition of two rows of a determinant will be 
found nnder Vandermonde, marked with the nnmher xi., and tho 
information intended thus to he conveyed ia that in the order of 
discovery tho said theorem was the eleventh noteworthy result 
obtained: while the mark xi, 2, which occurs under Laplace, ia 
meant to show that the theorem was not then heard of for the first 
time, but that Laplace contnhuted something additional to our 
knowledge of it. In this way any reader who will take the trouble 
to look up the sequence xi., xi. 2, XL 3, &e., may be certain, it is 
hoped, of obtaiidng the full history of the theorem in question. 

The early foreshadowings of a new domain of ecienoe, and tenta- 
tive gropinga at a theory of it, are so difficult for the historian to 
represent without either conveying too much or too little, that the 
only satisfactory way of dealing with a subject in ite earliest stages 
seems to be to reproduce the exact words of the authors where 
essential parts of the theory are concerned. This I have resolved 
(.0 do, although to some it may have the effect of rendering the 
account at the commencement somewhat dry and forbidding. 

No author, ao far as I am aware, has preceded me in the task I 
have chosen. Sketches of the history have appeared in a number 
of text-books of the subject, notably in Giinther's Lehrbuck der 
DetermmanteTirTkeorie fur Sivdirende (2" Aufi. xii. 209 pp., 
Erlangen, 1877), which contains a considerable quantity of detail. 
The early history has been very carefully dealt with by F, J. 
St«dni6ka, in a memoir published in the Abhandlwigm der Iconigl. 
Uhm. GesdhcliMft der Wisienschaftun, G Folgo, viii. 40 pp. (24tli 



y Google 



DETKRMINASTS m GENEKAT,. 5 

March 1876), and entitled "A, L, Cauehy ab formaler Begriinder 
dcr Beterminanton-Theoiio. Eino litetariacli-lustoriache Studie." 
There ie also an academic thesis (Teorin for Determinant-Kalkylm, 
121 pp., Helsingfora, 1st March 1876), hy E. J. MeUberg, which 
treats somewhat afc length of the early authorities. The existence 
of those two latter writings has not, however, induced me to curtail 
to any extent the corresponding part of my work. 

LEIBSITZ (1693). 
[Lcibidzen's mathematische Schriften, herausg. v. C. I. Gerhardt 
1 Abth. ii. pp. 239, 238-240, 245, Berlin, 1850.] 
In the fourth letter of the publiaheil correspondence between 
Leibnitz and De L'Hospital, the former incidentally mentions that 
in his algebraical investigations he occasionally uses numbers instead 
of letters, treating the numbers however as if they were letters. 
De L'Hospital, in his reply, refers to this, stating that be has some 
dilHculty in believing that numbers can be as convenient or give aa 
general results as letters. Thereupon Leibnitz, in his next letter 
(28th April 1693), proceeds with an explanation : — 

" Puiaqne vous dites quo vons av^s de la peine il eroire qu'il 
soit aussi general ot aussi commode de se sorvir des nombres 
que des lettres, il iaut que je ne me sols pas hien espliqu6. 
On no S9auroit douter de la generality en considerant qu'il est 
permis de as servir de 2, 3, etc., comme d' a on de 6, pour veu 
qu'on conaidere que ce ne sont pas de nombrei verit^hles. 
Ainsi 2.3 ne signifie point 6 mais autant qu a& P r lb pi 
est i3e la commodity, il y en a des trte j,randes co q ii fait j^uc 
je m'en sers souvent, aur tout dans les calcula longs ct d f 
ficiles on il eat aiad de se tromper. Car outre la commoditu de 
r^prenve par des nombres, et mgme par 1 abjection dn ncvona re 
j' y trouve un troa grand avantge m6m pour lavauLcmcnt de 
V Analyse. Commo c'est une onve t assez eztraordinajie je 
n'en ay pas encor parl4 i 1 t m s ■loicyce que cest 
Lorsqu'on a hesoin de teaa oup I 1 tt ■es, n tst il pTS vray 
tjue ceB lettres n'expnment po nt 1 apports quilyaontie 
Ics grandeurs qu'elles si^niiient, h u ^u en me servant des 
nomhrcs jo puis (xprunr ]p t Rir cxcniplo soyent 
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G HISTOKY OF THE TIIEOIty OF DETEKMINANTS. 

propos^ea trois equationa simplea pour doux inconnues k 
desaeia d'oster cea deux iEconnues, et cela par im canoa general. 
Je suppose 

10 + lIaf + 122/ = <1) 
et 20 + 31a; + 22(/ = (2) 
et 30 + 31x4-32^ = (3) 
on lo nombre feint estant de deux characteree, le premier me 
marque de quelle eq at on il est le second me marque A, quelle 
lottre il a[ [ art ent Ams en calculant n trouve par tout do3 
harmonies i non eulement nn a s vont de garana, maia 
encor nous font entrevou labor 1 lea i glea on theotemes. 
Par exemple stant p em erement y ] ar la premiere et la 
seconde e jn t on n a a a 

+ 10 +11 

) (4)* 
-12.20-12.21.. 

et par la premiere et troisiemo noua aureus : 

+ 10. 32 + 11. 32k 

= (5) 
-12.30-12,31.. 

ou il est aiae de connuiitie que ce? deu-? eqnatinna ne different 
qn'en ce que le charaetere antecedent 2 Pt.t cliangi' an characterc 
anteeedent 3. Du reste, dans ua m6me terme d'une mSme 
equation les characferea antetedens sont lea niSmes, et les 
characteres post«neura font une mSme somme 11 reste main- 
tenant d'oster la lettre a. pir U qnatrieme et cinqnieme 
equation, et pour cet eifect noua aurona t 

lo.2i.3^ lo.22.3i 

Ij. 2^.30 = 11.2^.32 

1^.2^.3-, l2-2i.3o 

qui est la demiere equation delivr^e dea doux inconnues 
qu'on vouloit oater, et qui porte sa preuve avee soy par lea 
harmoniea qui ae retnarqueat par tout, et qu'on auroit bien de 
la peine k decouvrir en employant des lettres a, i, c, sur tout 

* This ia written shortly for +10.22 + 11. 22a!=0 | 
-12. 20-12. 2l3:=.0( 
+ The author hero slightly changes hia notation. What is meant to be 
is indicated 
10.21. 32 + 11.22,30 + 12,20.31-10.22,31 + 11.20.32 + 13.21.80. 
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DETERMINAKTS IN GESERAI,. 7 

lora que le nombre des lettres et des equations est grand. 
Une paitie du secret de I'analyse consiste daiis la caracteristique, 
c'eat k dire dans Tart de bien employer lea notes dont on se 
sert, et vous voy^s, Monsieur, par oe petit eciiantillon, que 
Viete et des Cartes n'en out pas encor connu tous les myateres. 
En pouTBuivant tant soit pen ce calcul on viendra k un ikeoreme 
gmeral pour quelquo nombre de lettres et d'equations simples 
qu'on poiase prendre. Le voicy comme je I'ay trouvfi autres 
fois : 

" Datti aequaticmihus quot&unque svi§icimiibus ad tollmdm 
quantUates, quae dm/pUeem gradum non egrediwiko; pro^ aeqaa- 
iione prodeiinte, prima sumendae mmt omnes comMnaitones 
posstbiles, quas mgreditv/r una tantwn eoefficiens uniuseuj'Usgue 
aequationis : secmtdo, eae combinationes qpposita habent signa, 
si in eodem, aeqvaiwnis prodmnUs latere ponaniur, quae habmt 
tot eo^dentes communes, quot sunt uniiaies in, nntrwro quan- 
titaium ioUmdarum unitaie minido : caeterae habmt eadem 
signa. 

" J'avoue que dana ce cas dea degrds simples on auroifc peut 

estre decouvert le mSme theoreme en ne se servant que de 

lettres h, I'ordinaire, maia non pas si aisement, et cea adresses 

aont encor bien plus necessairea pour decouvrir des theoremes 

qui servent ^ oster les inoonnuos mont^es i, des degree plus 

iauts. Par exemple, , . . . " 

It will be seen that wbat this amounts to is the formation of a 

rule far writing out the resultant of a eel of linear equations. When 

the problem is presented of eJiminating x and y from the equations 

a+bx+c!/ = 0, d-i-ex+fj/^0, g+hx + ky = 0, 
Leibnitz in effect says that first of ail he prefers to write 10 for a, 
11 for b, and so on; that, having' done thia, he tdn all the more 
readily take the next step, v:z, foimmg even possible product 
whose factors are one coefficient from each equation,* the result 

10.21.32, 10.22.31, 11.20.32, 

11.22.30, 12. 20.31 , 12.21.30; 

and that, then, one being the nnmbe? which is loss by one than the 

•■ Of coiH-se, this is not exactly what Leiiiniti meant t" say. 
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8 HISTOKY OF THE THEOEY OF DETERMINANTS. 

number of unknowns, he makes those terms different in sign wlueh 
have only one factor in common. 

The contribntione, therefore, ■which Leibnitz here makes to 
algebra may be looked npon. as tbiee m number — 

(1) A «ew jiofaft.Wi, numerical m chancter and appearance, for 
individual members of an irranged group of ma^aitudes the two 
numbers which Lonstitute tho notation bein^ like the Caxtesian 
00 oidinateg o£ a point m that they denote any one of the said 
magnitudes by indicating lis position m the group, . . . (i.) 

(2) A rale for farming the t/rms of the expression which equated 
to zcio IS the lesult of eliminating the unknowns from a set of 
simple cciuations (ii.) 

(3) A rule for detfimininj the sig?is of the terms in the said 
result (ni.) 

The last of these is manifestly the least satisfactory. In the first 
place, part of it is awkwardly stated. Making those terms different 
in. sign whiek have only as many faators alike as is indi-cated by the 
number which is less by one than the number of unknown quantiiim 
is exactly the same as making those terms different in sign which 
liave only two factors different. Secondly, in form it ia very unprac- 
tieah The only methodical way of putting it in use is to select a 
term and make it positive ; thon seek out a second term, having all 
its faetors except two the same as those of the first term, and make 
this second term negative ; thon seek out a third term, having all 
its factors except two the same as those of the second term, and 
make this third term positive ; and so on. 

Although there is evidence that Leibnitz continued, in his 
analjiiical work, to use his new notation, for the coefficients of an 
equation (see Letters xi., xii., xiii of the said correspondence), and 
that he thought highly of it (see Letter viii- " chez moi c'est nne 
des meilleures ouvertures en Analyse "), it does not appear that by 
using it ia connection with sets of linea: equations, or by any other 
means, he went further en the way towards the subject with which 
we aro concerned. Moreover, it must he remembered that the little 
he did effect had no influence on succeeding workers. So far as is 
known, the passage above quoted from bis correspondence with De 
LTIospital was not published until 1850. Even for some little 
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DETEHMINAKTS IX GENEHAL, 9 

timo aftor the date of Gcrhardt's publication it escaped observation, 
LeJGune DiricUot being the first to note its historical importance. 
It is true that daring his own lifetime, Leibnitz's me of numbers in 
place of letters was made known to the world in the Acta JEnidi- 
torum of Leipzig for the year 1700 {Respondo ad Dn. Nie. Fatii 
DuUlerii imputationes, pp. 189-208) ; but the particular applica- 
tion of the new symbols which brings them into connection with 
determinants was not there given. 

CEAMER (1750). 
[Introduction a 1' Analyse des Lignes Courbea alg^briques, par 

Gabriel Cramer, pp. 59, 60, 656-659, G^nfeve, 1750.] 
The third chapter of Cramer's famous treatise deals with the 
different orders (degrees) of curves, and one of the earliest theorems 
of the chapter is the well-known one that the equation of a curve 
of the jith degree is determinable when ^n{n + 3) points of the curve 
are Icnown. In illustration of this theorem he deals (p. 59) with 
the case of finding the equation of the curve of the second degree 
which passes through five given points. The oijuation is taken in 
the form 

the five equations for the determination of A, B, C, D, E are 
written down ; and t is p te 1 t th t all tl t y th. 

solution of the set f fi eq t n an X th 1 1 1 t f th 

values of A, B, C D E tl f nl L ^l 1 c" t bl t 
seroit assez long,' h jbtnfttth th rem k 

that it is to algebr wmatlkftl flto th 

process, and we 1 t i t th j-p d f t 

general rule w hid hhdd edf Itmgtl lutnf 

a sot of equations f tl Lm 1 Th f 11 w th ic t 1 p t 

of the passage in which tlie rule occurs :~- 

" Soient phisieurs inconnues z, y, x, v, &c., et autant d'equa- 
tions 

Ai = Z'2 -l- Yhj + Xi* -^ yio + &c. 

A^ = Z% + Y^ -1- X^ic-l-y^j) + &C. 

A3 = Z% + Y V + X% -F V^ -(- &C. 

A* = Z^s + Yhj -1- X^K + V^y + &c. 
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oi'i 1g8 lettres Ai, A^, A^, A«, &e., ne marquent, 'paa comme k 
I'ordinaire, lea puissances d' A, maia le premier membro, sup- 
pose coanu, de la prdmi^re, seconde, troisi^me, quatri^me, &c. 
Equation." 

[Here the solutions of the caaea of 1, 2, and 3 unknowns are 

given, and he then proceeds.] 
" L'cxamen de ces Pormules foumit cette E^glo gSnSrale. Lo 
nombre dea Equations ot des ineonnuea ^tant n, on troiivera la 
valeur de chaque inconnue en formant n iractions dont le 
d^nominateur commun k autant de termes qu'il y a de divers 
arrangements de n choses difff^rentea. Chaque terme est 
compost des lettres ZYXV, &c, toujours Sorites dans lo mSme 
ordre, maia auxquelles on distrihue, comme exposants, lea n 
pr^raiera chiffres ranges en toutes lea mani^rea poasihlea. 
Ainsi, lorsqu'on a trois inconnues, lo d^nominateur a 
[Ii;2st3 = ] 6 termes, composes dea trois lettrea ZYX, qui 
recoiyent sucBeesivement lea esposanta 123, 132, 213, 231, 
312,321. On donne &, ces termes los signea + ou-, selon la 
Efegle suivanto. Quand un exposaat est suivi dana lo mSmo 
terme, m^diatement on immMiatement, d'un exposant plus 
petit que lui, j'appellerai cela un deranffemmt. Qu'on compte, 
pour chaque terme, le nombre des derangements ; s'il est pair 
ou nul, le terme aura le eigne + ; s'il est impair, le terme aura 
le signe - , Par ox. dana le terme Z'y V^ il n'y a aucun 
derangement; ce terme aura done lo signe +. Le terme 
Z^yiX^ a aussi le signe + , parce qu'il a deux derangements, 3 
avant 1 et 3 avant 2, Mais le terme Z^Y'X', qui a troia derange- 
ments, 3 avant 2, 3 avant 1, et 2 avant 1, aura le eigne — . 

" Le d4nominateur commun ^tant ainai form^, on aura la 
valeur de z en donnant k ce d^nonunateur le numdtateur quise 
forme en changeant, dana tons ces termes, Z en A. Et la 
valeur d" y est la fraction qui a le mSmo diinominateur et pour 
num^rateur la quantity qui r^sulte quand on change Y en A, . 
dana tous lea termes du denominateur. Et on trouve d'uno 
mani^re semblahle la valeur des autres inconnues." 
It ia evident at once tliat the new rosulta here given are — 
(1) A rule for forming the tei'ms of the common denominator of 
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the fractions which express the values of the unknowns in a set of 
linear equations, (iv.) 

(2) A rule for determining the sign at any individual term in the 
said common denominator (and, included in the rale, the notion of a 
"derangement"), {in. 2) 

(3) A rule for obtaining the numerators from the expression for 
common denominator, (v.) 

The problem which Cramer set himself at this point in his 
hook was exactly that which Leibnitz had solved, viz., the elimination 
of n quantities from a set of w + 1 linear equations. The eolntion 
whieh Cramer obtained, and which, be it remarked, was the solution 
best adapted for hia purpose, was quite distinct in character from 
tliat of Leibnitz. Leibnitz gave a rule for writing out the final 
result of the elimination; what Cramer gives is a rule for writ- 
ing out the values of the n unknowns as determined from n of the 
« + l equations, after which we have got to substitute those values 
in the remaining (w + l)th equation, The notable point in regard to 
the two solutions is, that Cramer's rule for writing the common 
denominator of the values of the n unknowns (an expression of the 
nth degree in the coefBcients) is exactly Leibnitz's rule for writing 
thejJwoZ result, which is an expression of the (?i + l)th degree. Had 
either discoverer been aware that the same rule sufficed for obtaining 
both of these expressions, he could not have failed, one would 
think, to note the recurrent law of formation of them. The result 
of eliminating w, x, if, z from the equations, 

a,w + b^, + c,y + d^ = e, (r = l, 2, 3, 4, S) 
is, according to Leifanita, if we embody his rule in a later 

I afi^Csd^e^ | = ; 
whereas, according to Cramer, it is — 

"^Pa^"^ ^SMi"^ %aH\^ '''kvaI"'" 

and from the collocation of these the one natural step is to the 
identity 

- kih^Csd^e^l = ai\e.^b^c^d^[ + b,\a^e^c^d^, + ,...- ejlaj}^c^d^l . 
The fate of Cramer's rule was very different from that of Leibnita. 
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It was soon taken up, and after a timo found its way Into tho 
schoola, where it continued for many years to be taugKt as the nut- 
ahell form of the theory of the eolution of simultaneous linear 
equations. Indeed Gergonne is reported* to have said, " Cette 
methodo 6tait tellement en favour, que les esamens aux dcoles dea 
services publics ne rordaient, pour ainai dire, que sur clle ; on 6tait 
admis ou rejet^ auivant qu'on la poasedait bien ou mal." 

Knally, the exact difference between Cramer's notation for the 
c^efBcients of the unknowns and the notation of Leibnitz should 
be noted, and in connection therewith th f t that when dealing 
with the subject of elimination between t ]iiat f the mth 

and mth degrees in x Cramer uses a n tat n 1 Ij esembling 
that which Leibnitz employed, viz. [1=] [I ] & 

EEZOUT (1764). 
[Recherchcs sur le degrd des Equations leeuitantcs do I'^vanouis- 
sement des inconnues, et sui les moyena qn'il convient 
d'employer pour trouver ces t^quatioua. — JIM. ^de I' Acad. 
Soy. des Seizes, Ann. 1764 (pj.. 288-338), pp. 291-295.] 

Tho object of Bczout's memoir is sufficiently apparent from the 
title ; we may therefore at once give those portions of it which 
directly concern our subject. On p. 291 ia the commencoment of 
the following passage : — 

' ' M. Cramer a donn4 une r^gle generalo pouv les 
exprimer toutes d^barrassdes de ce faetenr ; j'aurois pu m'en 
tenir k cette rfegle; mais I'usage m'a fait connoltro quo 
quoiqu'elle soit assea simple, quant aux lettres, elle uc I'est 
pas de mgme i IMgard dea signes lorsqu'on a au-deli d'mi 
certain nombre d'iacoimues i calctiler ; . . . . 

Lemme I. 
" 8i I'on a un nombre n d'^quations du premier d^r^ qui 
renfevment chacuue un pareil nombre d'inconnues, sans aacun 
termo absolument connu, on trouvera par la rJgle suivante la 
relation que (loivent avoir les coiifficiena de cea inconnues pour 
que toutes ccs liquations aient lieu, 
' Ky StiidiiiSka. 
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" Solent a, b, c, d, &c,, Ics c cfficiens Je txa mcoiia us dans 
la proDucro j^uatisn 
a', b', c', d', &i, lea Loefficiens des inemt^ in- 
conmics iins li soc nit. (.qua- 

a", //', a", d", ^c Leux de la tiOL.i me A u si 
de suito 
"Formei! lea deux purmutah ib cf ^ Jri ^ 1*0 vi,? o' hi; 
avec ces deux permutationa &, la kttre fl foimez touti,3 les per- 
mutations possibles, en obseivant do changez de dgne toutes les 
fois que c changera de pla^e dans «6 & la meme chose k i'^gard 
de ha ; vous aurez 

aio - oci + cab - bac + hca — cla . 
Avec cos six permutations & la lettte d, formez toutes les 
permutations possibles, en obaorvant de changer de signo h, 
chaque foia que d changera do place dans un mgmc tonne ; 

abr^ ~ abde + adhc - dabe - acbd + aedb - adeb + dacb 

+ cabd - cadb + cdab - dcab ~ bacd + bade ~ bdac + dbae 

+ head - bcda + bdca - dbca — ebad + cbda — cdba + deha 

ife ainai de euito jusqu'Ji ce que voua ayez ^puis4 toua loa 

coefflcioiia de la premiere equation. 

" Alois conservez lea lettres qui occupont la premiere place ; 
donnez k eeUes qui occupent la seconde, la mSme marque 
qu'ellos ont dans la soconde Equation; h, celles qui occupent la 
troiaifeme, la mSme ' marque qu'elles out dans la troisi^me 
Equation, & ainai de suite ; ^galez enfin le tout k z^ro et vous 
aurez l'6quation de condition cherch^e, 

" Ainsisivoua avezdeux dquationa et deus inconiiuos comme 

a'x-vb'y^O 
I'equation de condition sera ab' ~ba' = ou ab' -a'b = Q .. . ." 
In the same way the next two oasoa are given ; then- — 

" , . . . mais comme cea Equations de condition doivcnt 
aervir de formulea pour IMhminafcion dana les (Equations do 
difl'drens dogrcs, il conviont de leur doiiuer vxi\: forme qui 
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Cette nouvelle 
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rende les aubstitutions le moins p^nibles qu'il se pouiTa ; pour 
eet effet, je les mets sous cette forme : 
ah' -a'6 = 

{a"b -ah")d +{a-b" -o"6> = 
+ (a"b - ab'y + {db" - a"6')c ]d"' 
+ (ah'" - a"'h)c' + {a"'b' - a'b-")c ]d" 
■ +(ab" -a"h)c"' +{a:'b"'-a"'b")cy 
" +{a"'b" -a"b"')& +{a"b' -a'b")c"']d = 0. 
oriue a deux avantages : le premier, de reiidre 
les substitutions k venir, pius commodes ; le deuxifeme, c'est 
d'offrir unc r^gle encore plus simple pour la formation de cea 
formiiles. 

" En effet, il est facile de remaiquer 1°, que le premierterme 
de I'une quelconqne de cea Equations, eat form^ du premier 
membre de I'^quation pr^c^dente, muItipliiS par la premiere des 
lettres qu'elle ne roaferma point, cette lottre ^taat affect^e do 
la marque qui suit imm4diatement la plus haute de eelles qui 
entrent dans ce mSme membre. 

" 2°. Le deuxiime terme se forme du premier, en changoant 
dana celui-ei la plus haate marque en celle qui est imm^diate- 
ment au-dessous ifer^ciproquement, and de plus en changeant ics 
signes. 

" 3°. Le troiaifeme, se forme du premier, en changeant dans 
celui-ci la plus haute marque en celle do deux num^ros au- 
dessouB & rdciproquement, & de plus en changeant les signes. 

" 4°. Le quatrifeme, se forme du premier, en changeant dans 
celui-ci la plus haute marquo en celle de troia numeros au- 
deaaous & r^ciproquement, & changeant les signee, & toujouis 
de m^me pour lea suivans. 

" Par exemple, 

" D'apr^ ces obaeryationa, il sera facile de voir que liqua- 
tion de condition pour cinq inconnuea et cinq liquations, sera 

The latter part of this we are drawn to at once, as it enunciates 
quite clearly the Eecurrent Law of Formation to ■which attention 
has above been directed aa a natural deduction from the work of 
Leibnitz and Cramer. 
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Ihe notable point in regard to tiio earlier portion is, that 
Bdzout throws hia rule of term-formation and his rale of signs into 
one. In the case of finding the resnltant o! 

Ilia process consists of font steps, via. ; — 

(2) a 

(Z) abc -acb -i-cab'—laa +bca -nha. 

(4) ajf^e^ - a-iC^h^ + c^a^^ - h^a^r,^ + l^c^a^ ~ c^b^a^ . 
Thefiist term of (2) is got from (1) ly affixing b, anl the second 
13 got fiom the first by advancing the b one place an 1 changing the 
sign The first term of (3) is git tiom the first teim tf (3) by 
afiixing c the second teiin is got from the fir&t by advaci-jng c a 
place and chingmg the sij,n and the third is got fiom the SLCond 
by alvancmg a a phce and. (.hanging the ni-,n tho last thi 
are got fiom dio sccjnd term of (2) m the ame ^a> as th-- tirot 
thiec are got ftom tlie hrit tutm of ( ) 

It will thus be seen that while Leibnitz and Cramer direct us to 
find the permutations in any way whatever, and thereafter to fix 
the sign of each in accordance with a rule, E^zout requires tho 
permutations to be found by a particular process, and attention 
given to the question of sign throughout all this process, so that 
when the terms have been found their signs have likewise been 
determined. 

B^zout's contributions to the subject thus arc — 

(V) A combined rule of term-formation and I , „, . 

, f - \ "■ 2)+ iiL 3 

rule of signs, ) 

(2) The recurrent law of formation of the new functions, (vi,) 

VANDEEMONDE (1771). 

[Mcmoire snr lelimination. Hist, de I' Acad. Roy. des Science. 

Ann. 1772, 2° partie (pp. 516-532).] 

This important memou- of Vandormonde and that of Laplace, 

which is dealt with immediately afterwards, both appear in the 
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Hiaiory of the French Academy of Sciences for 1772, Laplace's 
memoir occupying pp. 267-376, and Vandetmonde'e pp. 516-532. 
There is, however, a footnote to the latter, which states that it was 
read for the first time to the Aeademj on 12tli January 1771. 

The part of it which concerns ns is the first article, which treats 
of elimination ia the case of equations of the first degree. Vander- 
monde here writes : — 



" 


'Je 


suppose 


que 


I'on repr6sonte 


par J, 


3 3 J 
. 1, 1, '^'■' 


1 2 3 

2, 2, 2, 


fc 


1 
' 3, 


3. 3, *«■ 


, &c,, 


autant de diS^rentes quautitSs g^n^rales, 


dont r 


une quelconqi 


ic soit I une 


autre 


quelconque 


.,it f 


&c.. 


& 


que le pr 


oduit des deux soit 


d&igr 


le \ Tordiiiaive par 



"Des deux nomlDres ordinaux a & a, le premier, par exemple, 
dfeignera do quelle liquation est pris le coefficient - & le second 

quo tient ee coefficient dans liquation, 

prf-a 

le systime suivant d'abn^viatioiis, & quo 




f\y\i . ^ I yJJ . /J I y 



,1 6 1 = 1^1"! i.h\c\d[. 



"Le symhole — — L sort ici do caract(5ristique. Les seuloe 

choaea i observer sont I'ordrc lies signes, et la loi des permuta 
tions entre les lettres a, h, c, d, &c, qui me paroissent sulfiaam- 
mcnt indiqu^ ci-dessus. 

"An lion de trans pose 1- les letires t, 'j, c, '"', &c-, on pouvoit 
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les laisaer dans I'ordre alphabet! que, & tranaposer au co ntraire 
les lettres a, p, y, S, <fec,, les rdsultats auroieiit ^ti parfaitement 
les mgmes ; ee qui a lieu aussi par rapport aux conclusions 
suivantea. 

" Premiferement, il osfc clair que ^ repiosonte deux termea 

diff^rens, I'un positif, & I'autre n^gatif, r^sultans d'autant de 

permutations possibles Aaa hb; que - ^ M * en repr^sente 



six, trois poaitifs &. trois n^gatifs, r^snltans d'autant de per- 
mutations possibles de a, 6, & c ; que '^ ^ 1 |~, 

" Mais de plus, la formation de ces quantit^s est telle qua 
I'unique changBment que puisse r^sulter d'une permutation, 
quelle qu'eile soit, faite entre les lettres da mgme alpbabot, 
dans I'une de ces abr^viations, sera un cbangement dans le 
signe dc la premiere vaieur. 

" La demonstration de cette verity A la reeherehe du signe 
resultant d'une permutation d^termin^e, dependent g4n4rale- 
ment de deux propositions qui peuvent etre ^noncees ainsi qu'il 
suit, en se servant de nombrcs pour indiquer le rang des 
lettrea. 

" La premifere est que 

1| 2|31...| »[ :. + 1|. 



11213|... ».|m + ll...» 

1| 2 I 3 ]...\,-mtl\n-m + i' n-m + 3\...\ n 

-m|»>+l|m + 2|...| « I 1 I 2 |...1>»~1 

le signe — n'ayant lieu que dans le cas lA n & m sent Tun & 
I'autre des nombres pairs. 
" La seconde est que 

\\i\Z\...\m\m + \\...\n 
1|2|3|...|»|.»+11..,|« 

1|2|3|...|B.-1| m |.» + ll»H-2|...k 
l|213|...|n.-l|>»+l| m |m+21...|« 

" II sera facile de voir que, la premiere equation suppos4e, 
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c«lle-ei n'a besoiu d'Stre prouvee que pour un seul uas, eomme, 
par exemple, celiii de m = n-l, c'est-i-diie, oelui oil les deux 
lettres tranapos^ea eont les deux detni^rea. 

" Au lieu, de demontrer g^n^ralement ces deux ^q^uatioas, ce 
qui exigeroit un calcul embarrasaant plut6t que difficile, je me 
contenterai de d^veloppei les exemplea lea plus simples : cela 
suffira pour saisir I'eaprit de la demonatration. 



(2^ pagea are occupied with verifications for the case of 

a\b' a\h\c' a\b\c\d J 

" On Terra qu'en general la demonstration de notre seconde 
Equation pour le cas n = (t, depend de cette mSme equation pour 
le caa « = a-l, quel que soit a: d'oii il suit que puisque 



a dit jusqu'ioi U suit que 



°l^lT|gh 



c\d\ 



- = o, 



d devx lettres quelconques du meme alphabet aont 6gaies 
entr'cUes ; car quelque part que soient les deux lettres egalea, on 
pent les fcranaposer aux deux derniferes places de leui rang, ce qui 
ne fera au plus que thangei le signe de la valeur ; alors, de leur 
permutation paiticulifere, il ne pent, d'uno part, r^aulter aucuii 
ehangement, puiaquellee sont egales; d'autre part, aelon notre 
seconde Equation ei-desfeus, il doit en resulter nn changemenfc do 
signe ; cette contradiction ne peut Stro levee qu'en supposant la 

■valeur z^ro 

" Tout cela pos6 ; puiaque Ton a id en ti quern on t, 

1)^13 1.2|32.3|13.112 ' 

2[1 |2 2 1 |2 2 1 |2 2 1J_2 
ryays "1-2I3"^2.3|1'**3.1|2~' 
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si I'on propose de trmiver lea valeurs de fl et do ^2 qui 
satisfont aux deux Equations 



l.$l + 2.^2 + 3 ^ (. 



1 . H + 2 . ^2 + 3 = , 
OE yourra comparer, & Ton. aura 



311 



(Thiee equations with three unknowns similarly dealt with.) 

" II est clair que aes valeurs n'ont point de facteura inutQea r 

mais pour les rendre aussi commodes qu'il est possible dans les 

applications, and partieulifevement dans celles oil Ton veut 

faire naage des logarithmes, il sera bon d'y employer Ic plus 

qu'il se pourra, la multiplication des facteurs complexes. J'ob- 

serve done 1° que si Ton substitue dans le d^veloppement de 

4|14i,lesvaI.ur.do.'^e,. 4|, on .u,., .n ,i- 
a\blcld a]b\c o | 4 

duisanfc & onJonnant, d'aprfes les olDservations ci-dessus, 

r « 1 5 ■ i I <! "^ « I "i ■ s I « 



.|/)!y|S| 


<u 


ol 6 1' Mi 
a[/J|y[ 8 


'U 



on substitue dans le developpement des 
.le.r, des ^ /> I 7 I « I ■ .„ 



1 reduisant & ordonnant, d'a] 



les observations ci-dessus, 
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''\t\c\dW 



•3. 



r|81-lg ■ _ 

c\d\,\f a\c m'\f" <.|i' 6kl<l/ 

Tl MAI _L. ILL . ^. I 1 F 

oliikLT 6|<i o|»|.l/ S|. a\e\d\f 

I I i _±._IXl + i I I I 

a|J|«l/ =l<i «,'Md\f c|/ olS|d[e 

I ^ _L!1 

o|4|«i/ <i|/ «|6i<-l« 



1/ a\l\c\d 



LLL 



III 
1^ S|/ alolcil. 

" La loi des permutations & dea signes est asaez manifests 
dans cea esemples, pour qu'on en puisse conclure dea d^velop- 
pemena pareila pour les cas de hnit & dix lettres, &c,, dii 
mSme alphabet; alors, en employant lea premiere d^veloppe- 
mens pour les cas d'lm nombre impair de cea lettrea, on aura 
lea formules d'^limination du premier degre, Eoua la forme la 
plua concise qu'il aoit possible. 

" Si I'on veut exprimer cea formules, generalement pour un 
nombre n d' Equations 

1.^1 +-i|3 + 3.^3 + ... + ,«.?/« + ...+jU" + ('»+1>=0 
l.^l+2.f2 + 3.^3 + ...4-m.^m + ... + «.^K + (ra4l) = 



3a valeur do Tinconnue quelconque ^, sera lenfermee dans 
I'equation auivante, h. une seule inconniie 

1|2|3|...|. . 
1|213|...|»-^ 

^ 1 I 2 I 3 1 !»-mK-m + l|>i-m + 2|»-mt3i...| n _ 

>» + l|,» + 21m + 3| I » I » + l I 1 1 2 I lm-1 

le eigne + ayant lieu seulement daus le cas oil m & re sont 
impaire I'un & I'autre." 
Taking this up in order, we observe first tiiat Vandcrmonde'pro- 
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poses for coefficients a positioual notation < 

that of Leibnitz, writing „ where Leibnitz wrote 12 or I^. 

Then he defines a certain class of functions by means of tlieir 
recurrent law of formation — -a law and clasa of functions at once 
seen to be identical with those of B^zont. A special symbolism ia 
used for the first time to denote tlie functions; thus, the expression 

lo.2i.3g + li.22.3o + lg.2o.3i-lo.V3i-li.2(,.3s-lg.2i.3o, 
which occurs in Leibnitz's letter, Yandermondc would have denoted 

by 

1 |3JJ! 

and the result of eliminating x, y, z, w from the set of equations 
l,a; + 2,.^ + 3^j' + Vc = (r=l, 2,3,4) 

hy 

LL3JAU, 

1131314 
It is next pointed out that permutation of the under row of 
indices produces the same result as permutation of the upper row, 
th t th mb f te m IS th m th nib f p m tat 
fthro find dththalfffhtem \ t d 

half t 

Th p t h h f II th 1 ttl Th p p t 

b ^ht f ard th t f tl j 1 1 m ± f th f t 

t p t f d tak pi tl th m 

f t tlld t 1 tl ly h K til l^yi U 1 

h f Thdmtt ffidbdpdt 

tw th m n th f wh 1 f d tl p f d t 

b t hi m t t f th H" t ill h t! t th d 

f th th IS IS t th fi t th t th tr ] t f y tw 

t i h f Tu d tb t 1 tly 

th 1 fti t f th 1 d d t t Th fi t f 

th ilyth mnffc mdtddlifmth 

d,thitulpmtt wilt 1 piui 

by { m 1)( 1) t It tp rs f t 1 

Passing over the illustrations of these propositions, we come next 
to the theorem that if any two indices of either row be equal the 



y Google 



TO 


F THP THE R OF TEK 


n h 


all and w n to pa 


P 


la h t h n hi) ft 


h n^ 


h |,n f h f n n a 



i ah 

fun a una te 

Upnh nh na nan in 

equa n nhmhnnn dn I 

modern notation Vandermonde'a process is as follows : — It is known 
that 

"i I h^2 \ + h] '^i<^i I + '^1 I '^ih I = I ^A'''2 1=0, 
and ttj I byc^ 1 + ^2 [ <h.^2 1 + '^a I '^ih I = I ^W'^s 1=0, 





.-. «,- 
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Lii-I + 5 L»i?i_l + , 
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«AI 'l«AI ' 
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hence, 


i£ tile equations 






be give 


n tis, we Itnow that 




ia a aolution. 






TU. 


i^ault, moreover, ia geaeraliaod ; the solution of 



r^x^ + r^^ + +r,x, + r^i = {r=l,2,.. ., n) 

haing fully and accurately expressed in eymhols, although the 
numerators of the values oi x^, x^, . . ., x„ are not in bo simple a 
form as Cramer's rule for obtaining tho numerator from the de- 
nominator might have suggested. 

Lastly, aad almost incidentally, Vandermonde makes known a 
case of the widely general theorem now-a-days described as the 
theorem for expressing a determinant as an aggregate of products of 
complementary minors. His ca«e is that in which the given de- 
terminant is of the order 2m,, and one factor of each of the products 
is of order 2. 

Summing up, therefore, ws must put the statement of our in- 
debtedness to Vandermonde as follows :— 
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(1) A simple and appropriate notation for tlie new functions, e.g., 

(2) A uew modo of dBfining tho functions, vik., using B^zout's 
recurring law of formation, (''^'i-) 

(3) Tfa.e lemark tliat tfa.e ordinary algebraical expression of any of 
the functions is obtainable by permutation of eilk&r suriea of 
indices, (ix.) 

(4) The remftrk tliafc the positive and negative terms are equal in 
number, (s.) 

(5) The theorem regarding the effect of interchanging two con- 
secutive indices, (xr,) 

(6) The theorem (with proof) regarding the effect of equality of 
two indices belonging to the same series, (sii.) 

(7) A reasoned-out solution of a set o! n simultaneous linear equa- 
tions, by means of the new functions as above defined, . (siiL) 

(8) Expression of any of the new functions of order 2™ 
as an aggregate of products of like functions of orders 2 and 
2m. -2, (xiv.) 

In addition to this, wb must view Yandeimonde's work as a 
whole, and note that he is the first to give a connected exposition 
of the theory, defining the functions apart from their connections 
with other matter, assigning them a notation, and thereafter logically 
developing their properties. After Vandermonde there could be no 
absolute necessity for a renovation or reconstruction on a new basis; 
bis successors had only to extend what he had done, and, it might 
be, to perfect certain points of detail. Of the matiiematicians whose 
work has thus far been passed in review, the only one fit to be viewed 
as tbe founder of the theory of determinants is Vandermonde. 



LAPLACE (1772). 

[Recherchos sur le ealcul integral et sur le systime du monde. ffuf. 
de VAcad. Hoy. des Sciences, Ann. 1772, 2' partie (pp. 267-376) 
pp. 294-304]. 

In the course of his work Laplace arrives at a set of linear equa- 
tions from which n quantities have to be eliminated. This he says 
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can he accompli ''he d by meins of riile= which mithemiticians have 

"Maifc coiime ellea ue me iiiiDi&soit av ir ete juequ'id 
d^montr^es ijue pai iiirlui,tioa et qi h i aiUeurs elles aont im- 
pi-actieableB pour peu que le nombtB des ^quationa soit con- 
siderable jB FaiH lepiendre de nL.u.vcai cette matifere, ct 
donner quelqiies proc^d^s pint, biinpl s que ceux qui sont dej^ 
Gonuus, I oui (ihmiiier entie un nombib juekoi q le d'^quationa 
du premiei degte 
Taking n liomtgeneoui hneat equations witl tl e coefficients 
V, % \ . . . . 
hi, \ \ . . . . 

he first gives Cramer'fi rule for writing oat what he, Laplace, calls 
the HexuUanf, usiflg ia the course of the rule the term variation in- 
stead of Cramer's term " d6ranc/entmt." Then he gives tlie "perhaps 
simpler" rule of B^zout, and shows that of n tjp t will lead to 

the same result as Cramer's. 

The theorem in regard to the effect of tran p n two letters is 
next enunciated, and the blank left by Vand m nl s filled, for a 
proof of the theorem is given. The exact wo ds f the enunciation 
and proof are— 

" Si an lieu de combiner d'aboiii la lettre a avec la lettre b, 
ensuite ces deux-ci avec la lettre c, etainside suite; c'eet-i^dire, 
si au lieu de combiner les lettres a, b, c, d, e, &c., dans 
l.'ordre a, b, o, d, e, &o., on ies eilfc combin^es dans I'ordte 
«, c, h, d, e, &c,, ou «, d, 5, c, e, &e., ou a, e, 6, c, d, &c., 
oa.&c., je dis qu'on siun-oit toojours eu la mSme quantity k la 
difference des signoa preu. 

"Pour d^montrer ce Th^orfeme commons en general, 
resuUante, la quantity qui resulte de I'une quelconquo de ces 
combinaisons, en sorte que la premiere rSsultante soit celle qui 
vient de la comblnatson euivant I'ordre a, b, c, d, e, &e., que la 
eeeoTide rhiidiwnie soit celle qui vient de la combinaison suivant 
I'ordre a, e, 6, d, e, &c, que la troisitme residtante soit celle 
qui vient de la combinaison suivant I'ordrp a, d, b, e, e, &e., 
et aiiisi de suite; cela pos4 il est clair que tout&a ces r^sultantes 
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renferment le meme nombre do terines, at pr^cis^ment les 
mSmea, puiaiju'elles lenfermeEt tons les terioBs qui peuvent 
I'^sulter de la combinaiaoii dea n lettres a, b, c, d, e, &c., 
diapoa^es entre ellea de toutes les maniferes possibles; il ne peut 
done y avoir de difference eiitre deux r^sultantes, que dans lea 
aignes de chacun de leurs termes ; or, il est visible que la 
premiere reaultante donne la eeconde, si I'on change dans la 
pramiire b en e, et r^ciproquement c en 6 ; mais ce ehangenient 
augments; ou diminue d'une unit^ le nombre des variations de 
chaque terme ; d'ou il auit que dans la SBUOJide r^sultante, tous 
les termes dont le nombre des variations est impair, auront le 
signe + , et lea autres le signo — ; partant, eette seconde 
r^siiltante n'est que la premifere, prise n^gativement. 
" II est visible pareillement que . . , ," &c. 

The proof is tlms seen to consist in establishing (1) that the terms 
of the one "resultant "must, apart from sign, be the same as those of 
the other ; and (2) that the terms of the one resultant are either all 
affected witli the same sign as the like terms of the other, or are all 
affected with the opposite sign, the comparison of sign being made 
hy comparing the number of variations. 

After this, the theorem that when tivo letters are alilte the result- 
ant vanishes is established in a way different from Vandermonde'a, 
but not more satisfactory, viz., by considering what E^zout's nile 
would lead to in that case. 

Application is then made to the problem of elimination, and to 
the solution of a set of linear aimultaaeous equations, the mode of 
treatment being again different from Vandermonde's, but this time 
with better cause. He aays — 

" Je suppose maintonant que I'on ait les trois Equations 
= ^a.ji. + i&./i' + ^c/j,", 
= ^a-iJ. + ^b./j.' + ^c.p.", 
= ^a.ji. + ^b.ii + %.fi", 
je forme d'abord la rfeultante des trois lettres a, h, c, suivant 
I'ordre d, b, c, ce qui donne, 
^a?h.H - ia.2c.86 + ^cM.% - ^M.h + ^b.'^a.hi - V.^Vi. 
^a.{'b.^c - ■'cH] + V.[i(!.s6 - ^b.\] + %.[iS.% - V.^ft] ; 
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je multiplie ensuite Ifl ptemifere dea dquatioi 

^b.^c — %.'6, la aeconde par ^cM — ^h.% la troiaitme par 

^b.^c — ^c.^b, et je les ajoute ensemble, ce qui doiine, 



= ix.[^a.{^b.^c - %.«6) + s«.(ic.S6 - 16.%) + "ai^b.^c 

+/'.[ic.(%.Sc - %.3&) + %.(ic.36 - 16. V) + 3<:(iS.2c 

or, il suit de ce que nous venona de voir, que lea coefficiens de 
fi et (It", sont identiquemeut nula, , puisqu'ila ne aont que la 
r&ultante des troie lettrea a, h, e, dans laquelle on ^crit 6, ou c, 
par-tout oil est a ; done, on aura pour i'^quation de condition 






= ia.(«i.% - %.S6} + •'a-i^c.^b - ^b.^ + 3a.(i6.V _ ^Jj) ; 
c'est-£i-iiire, la i^euUaute de la combinaison des trois lettres 
a, b, c ^gal^B k iira. On d^montreroit la mSme cliose, quel 
que aoit le uombre des Equations." 

" Pour monfcrer Tanalogie de eette matifere, avec I'^iminatioii 
dea Equations du premier degre, je suppose que Ton ait les 
trois Equations, 

ip = ia.;ii + li./i' + ^ii-fi", 

^p = ^a.fi. + %/i' -f- h-fi!' , 

^p = ^a./i -i- ^b.ji! + ^c.^" , 
Je multiplie, comme ci-devant, la premifere par (^6.*c - *e.^6), 
la seconde par (ic.sj - ij.'c), et la troiaifeme par (i6,% — h.%), 
je les ajoute ensemble, et j'observe que les coefficiens de ix et 
de jEi", aont identiquomont nuls dans I'^quation qui en r6sulte ; 
d'oi je conclus. 



^P-{^h.\ 



h.^b) + y(ic.36 - 15 . %) ^ V(i6.'e - V i) . 



■Jb) ' 

[i, SB forme 
a ensuite /i.' 



ia{^i.% - %.«6) + ^a{^c.^b - 16.3c) + ^a(^.h 

on voit done que le num^rateur de Texpressioi 
du d^nominateur, en y cbangeant a ea p ; on 
ou n", en cbangeant dans Texpresslon de /i," &c. 

This mode of treatment leaves notbing to be desired. It is tbat 
wbich is most commonly employed in the text-boolta of tho present 
day. 

The next point taken up is the most important in the memoir. 



y Google 



DETERMIXAMS IN" ( EAEI 4L 27 

and requires special attention. It la inticdnced 11 ' a veiy sim].]e 
procesa for considerably abridging the calculation of the equation of 
condition between a, i, c," &c.— that is to aiy, the calculation of t 
resultant. It is, however, something ot much more 1 alue than this 
involving as it does a widely general expansion theoram to whiLli 
Laplace's name has been attached but of which tte hiio alieid^ 
seen special cases stated by Vandermondc The theorem mij 1 >■ 
described as giving an expansion of t resultant m the term of an 
aggregate of terms each of which 1* a proiuct of resultants of lower 
degree. Laplace's exposition is as follows : — 

" Je suppose que vous ayez deux Equations 

= i(/i + 1? ^i "Tju + ^1,1 
ecrivez + ah et donne;; 1 mdice 1 i la premiPre lettre et 1 mdice 
2 i la eeeonle lequaton de lunliti n icmind^e ra. 
+ !([.% - 1J2, _ 

"Je suppose que vrus ayez trois ^qi tion^> icmcz +af 
combinez ce terme avec K lettip 1, de toi tes les n anieres 
possibles, en thant^eant ie signe de cinque teime chajue 
fois que e change do place vous aurez aiasi + ale -a h + rtl 
donnez dans chjque terme 1 mdice 1 ^ li premiere Itttie 
I'indice 2 i la seeonde 1 in lice 3 i K tioisieme, et lous 
aurez + ^a V ^c ~ ^a "c ^6 + ^c " "*' eli pose a i lieu de 
+ ia.=6.3o ^ciivez -\-{^a%-^H)^ an leu de ■i-'^ah'h 
ferivez - (^a 't - ^6 %) " et an lieu ds + ^t '1^6 Ecrivez -f(°i ' 
— '^b.^aj.^c, liquation de condition demandee sera 
- {^a.% - ^bMye ~ (\i.»b - i6.=a).sc + (V^ft - ^b.^ayc. 

" Jo suppose que vous ayez quatre ^qnations, Ecrivez 
+ abe — ach + cab, et combinez ces trois termes avec la lettre rf, 
t 1° de n'admettre que les termes dans lesqnels c 
2° de changer de signe dans chaqne terme toutes 
les fois que d change de place, et vous aurez 

+ abed - achd + acdh + cabd - cadb -i- cdah ; 
donnez ensuite I'indice 1 i^ la premifere lettre, I'indice 2 4 la 
seconde, &c, et vous aurez 

+ ^aM.^cH - ^a.'ic.^bM + ^a.'^cM.^b 

+ ^cMM*d - ^cMM*b + ^o.HM.*'b ; 
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cela pose, an liou de + ^a.^b.^e.'^d ^crivez 

4- (ia.=6 - ^.^a).{s<:.*d - ^d.^c) > 
et aiosi dea autres termes, ot I'^quation de eondition seia 

- {^a.'b - ^bM).{hAl ~ ^dM) + (%.^6 - ^.^a).{^cM - ^d.h) . 

" Je suppose que vous ayez eiriq Equations, ^crivez les six 
termea +abcd — acbd+ . . . relatifs d quatrs &[uatioiis, et 
combinez-les aveo la lettre e de toutes lea maniferes poasibles, 
en observant de cLanger de signs chaque fois que e change de 

place; donaez ensuite I'indice 1, &c., &c., ; au lien 

du tenae +'^a.Wb.*eM ^crivez (^a.^b - ^M).{^eM - M.i'cye, 

&.C 

" Lorsqu'on aura six ^quitions, on combinera les tei'mes 
+ abi.de - abced+ i&c , lelatift k cmq Equations avec la lettre/, 
en observant 1° de n'admettre que les teimes dans leequela e 
pr6i,6de /, 2° de changer de signe loisque f change de place : 
on ti mblormeia ensuite, par la logic pr^c^eute, . ." 

Notwitli'itindmg the multipln-ity of inatiJices, the lule here 
illuatiate 1 is not made altogether cleai This is due to two 
causes, — first, the Imlicg oi one caae to the ca«e before it ; and, 
second, the want of explicit notification that the letters h, d, f . . . 
ire combined m one way, and the mteivenuig letteia c, e, . . in 
another For the sake of additional cleavneas, let us see all the 
steps necee'iary m the case of the le'fulfcint of the five equations 

a^i + hjx^ + (V^j + d^^ + e^^ = (r = 1, 2, 3, 4, 5) , 

and supposing, as we ought to do, that the oaae of four equations 
has not been already dealt with. These steps arc — 

r. Combining b with a subject to the condition that a precede 
h : result — 

ah. 

2°. Combining c with this in every possible way, the sign being 
&c. : result — 

abc - ach + cah . 
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3°. Combining d with each of these terms subject to tte con- 
dition that o precede d : result — 

abed - acbd + acdb + cahd — cadh + cdah. 

4°. Combining e with each of these terms m every possible viay : 

abcde — ahced -I- abeod - aebcd + eaicd 
- acbde + ached ~ 

5°. Appending indices : restilt — 

'hP^s'^'i^b — Oib^f^^di + 



[„&„ into («„6„ - bjx„), c',d, into (c^, - dj:^. &c. : 
result — 

{af:^ - 6ia3)(c3c;^ - d^e^e^ - {a^^ - b^a^(c^d^ - d^c^)e^ + . . . , 

This is the required resultant in the required form. 

It is of the utmost importance to notice that what is accomplished 
in 1°, 2°, 3°, i° is simply (o) the finding of the arrangements of 
a, b, 0, d, e mbjeet to the conditions that a precede b, aTid o precede 
d, and obtaining each arrangement vrifk the sign which it ought to 
have in accordance with Cramer's rule. The number of necessary- 
directions might thus be reduced to three, -viz., (a), (5), (6), in 
which case (1), (2), (3), (4) would tate their proper places as 
successive ateps of a methodic and expeditious way of accomplish- 
ing (a). 

Laplace appends a demonstration of the accuracy of this de- 
velopment of the resultant of the nth degree, the line taken being 
that if the multiplications were performed the terras found would 

be exactly the 1.2.3 n terms of the resultant, and would bear 

the signs proper to them as such. 

He then goes on to deal with a rule for obtaining a like develop- 
meut in which as many as possible of the factors of the terms are 
resultants of tlie third degree. 

To do so succinctly he is obliged to introduce a notation for 
resultants. On this point his words arc — 
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" Je designe par (ahc) la quantity 

abc - acb + cab ~ bac + ica ~ cba , 
et par {ab) la quantity ab - ba, et ainsi de suite ; par (^a.^J.^c) 
j'indiquerai la quantite (abc), daus les termes de laq^uelle ou 
donne 1 pour indiee k la premifere lettre, 2 i la seconde, et 
3 i la troisiiirae; par Q-a.^), je ddsignerai ia quantity (db) dans 
les termes de laquelle on donne 1 pour indioe k la premiere 
tettce, et 2 fi la secoude ; et aiusi de suite." 
"We can but remark that here again he leaves little room for 
improvement: his symbolism ia essentially that which is still in 
common use. 

The exposition of the rule ia as follows : — ■ 

" Je suppose maintenant que vous ayez trois Equations, 
r^quation de condition sera 

" Je suppose que vous ayez quatre equations; ^crivez +ahc, 
et combinez ce terme do toutes lea maniferes possibles avec la 
lettre d, ea observant de changer de signe lorsque d change de 
place, ee qui donne +ahcd-abdc-i-adbe -dabc; donnez I'indice 
1 i la premifere lettre, Tindice 2 i la seconde, &c., et vous aurez 

+ io.%%.*(? - ^a.'^bM.^! + ^aMJb.*c - '■dM^b.^c; 
au lieu du terme +'^a.^.^cM, ^crivez +(^a.^bM}M; au lieu 
de -^a.^M.*e, ^crivez - (^a.^bM)M, et ainsi de suite, etvous 
formerez I'equation de condition 

= {^a.%.^c)M - {^(i.^b*c)M + Q-aH.*c)M - {^aMAeyd. 

" Je suppose que vous ayez cinq Equations, combinez les 
termes +abcd-abdc + &a., reiatifs a quatre Equations avee la 
lettre e en observant 1" de n'admettre que les termes dans 
lesquels d pt^dee; 2° de changer de signo lorsque e change 
de place, et vous aurez 

+ ahcde - ahdce + ahdec + &c. 
donneu I'indioe 1 i la premiere lettre, I'indice 2 i la seconde, 
&c., et vous aurez 
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enauite, att lieu de +^a.^l>.^cM.% ^crivez + (^a.^b.^e).(*d.^e) ; 
au lieu de -^o.'bMM.^ ecrivez - {^aMM).{^d.h), et ainai 
de suite ; et en ^galant ^ aero la somme de tous cea termes, 
vous fotmerez Tequation de condition deraandee. 

"Je suppose que vous ayez six equations, combinez lea 
termes + abcde - &c., relatifs k cinq Equations avec la lettre /, 
en observant 1° de nadmettre que les termes ui e piece lo t 
2° de changer de aigne loisque / change de place donnea 
ensuite 1 pour iiidiee k U j remifere lettre, 

"Si vous avez seft Equations, combmez les termes +abcd't 
- &e. relatlfa h, six equations avec la lettre g de tontes lei 
manieres possibles; pour buit ei^uitions, combmez les tnimea 
relatifs k sept avec la lettre A, en n admettant que les termes 
dans lesijuels g precede h, et amii du reste ' 

The really important point in all this is in regard to the manner 
in which the letters are brought into combination. It will be seen 
that tbe set begun with is abc, consequently a precedes h, and 6 
precedes c throughout ; then d is combined in every possible way 
with this : e is combined suhject to tbe condition that d precede e ; 
/is combined subject to the condition tbat e precede/: g is com- 
bined in every way possible : ft is combined subject to tbe condition 
tbat g precede A ; and so on. It would appear therefore that the 
letters which are to be combined in every possible way are d and 
every third one afterwards, and tbat each of tbe other letters is con- 
ditioned to be preceded by the letter wbich immediately precedes it 
in the original arrangement abcdefghi. , , , Condensing these 
directions after the manner of the former case, we should draft tbe 
rule aa follows :— 

(a) Find every possible arrangement of t(6rjie/p'Ai , . , subject to 
the conditions tbat in each arrangement we must have a, 6, c in their 
natural order ; d, c, f In tlieir natural order ; g,h,i in their natural 
order; and so oa. 

(6) Prefix to each arrangement its proper sign in accordanoo with 
Cramer's rule. 

(c) Append in order tbe indices 1, 2, 3 .... to the letters of 
eacb arrangement: 

(d) Change aj>„e, into {a^.b„.c;) , d.ej^ into {d,.ej„) , &c. 
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"Without saying anything as to the verification of the develop- 
ments thus obtained, Laplace concludes a& follows ;^ 

" On dfcomposeroit do la meme matii^re I'^quation E en 
termes composes de facteurs dc 4, de 5, &c., dimensions." 

To show how thia could be otfectcd would have been a tedious 
matter, if the method of exposition used in the previous cases had 
been followed, viz., multiplying instances with wearisome iteration 
of language until the laws for the combination of the letters could 
with tolerable certainty be guessed. On. the other hand, had Laplace 
condensed his directions in the way we have indicated, the rule for 
the ease in which as many aa possible of the factors are of the 4th 
degree could have been stated as simply as that for either of the two 
cases he has dealt with. The only changes necessary, in fact, are 
in parts (1) and (4), and merely amount to writing the letters in 
consecutive sets olfour instead of two or three. 

Further, when the rule is condensed in this way, the problem of 
finding the number of terms in any one of the new del elopments — 
a problem which I apUce aoUei in oup case by CDnaidering how 
miny terms of the final development each such term give^ rise to — 
lb transformed into findms; the number ot poasiljlo airan^ements 
referred to in pirt (1) of the rule Where the highest degree of 
the factors of each term is 1 and the resultant whir k we wish to 
develop is of the 2nd degree (which la the case Laplate takes), the 
number of such arrangements is evidently (12 3 m)/(13)', 
» being the highest integer in n/2 , if the highest degree of the 
t ictur^ IS 3, the number of arrangements is 

1.2.3 TO 

(1.2.3)' (1.2)'' 
where s is the highest integer in n/3 and t the highest integer in 
(« - 3s)/2 ; and so on. 

The facts in reduction of the claim which Laplace has to the 
expansion-theorem now hearing his name are thus seen to be (1) 
that the case in which as many as possible of the factors of the terms 
of the expansion are of the 2nA degree had already been given by 
Vandermonde ; (2) that Laplace did not give a statement of his rule 
in a form suitable for application to all possible cases, and, indeed, 
was not sufficiently explicit in the statement of it for the first two 
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cases to enable one readily to see what change would be necessary 
in applying it to the next case. Notwithstanding these drawbacks, 
however, there can be no donht that if any one name is to be 
attached to the theorem it should be that of Laplaca 
The sum of his contributions may be put as follows :— 

(1) A proof of the theorem regarding the effect of the transposi- 
tion of two adjacent letters ia any of the new functions. (xii. 2) 

(2) A mode of arriving at the known solution of a set of simul- 
taneous linear ec[iiations. {xiii. 2) 

(3) The name lesiiltani foi the new functions. (xv.) 

(4) A notation foi a resultant, e q (^a % ^c) . (vii. 2) 

(5) A rule for e\pre&sing a resultant aa an ablegate of terms 
composed of factors which are thpmsolvei lesultants. (xiv. 2) 

(6) A mode of hndinjr the numhet of teims in this aggr^ate, 

(xvl) 
LAGEANGE (1773), 
[Nouvelle solution du probleme du mouvement de rotation d'un corps 
de figure quelconque qui n'est anim^ par aucune force ace^Mra- 

trice. Nown. Mem. de VAcad. Roy {de Berlin). Ann. 

1773 (pp. 85-120).] 
The position of Lagrange in regard to the advancement of the 
subject is quite different from that of any of the preceding mathe- 
maticians. Alt of those were explicitly dealing with the problem of 
elimination, and therefore directly with the functions afterwards 
known as determinants. Lagrange's work, on the other hand, consists 
of a number of incidentally obtained algebraical identities which we 
now-a-days with more or less readiness recognise as relations between 
functions of the kind referred to, but which unfortunately Lagrange 
himself did not view in this light, and cnnsoijuently left behind him 
as isolated instances. With him t, y, z and y, y', 3' and «", y", d' 
occur primarily as co-ordinates of point-s in space, and not as coeffi- 
cients in a triad of linear equations ; so that 

((xy'd' -H y^x' + oily" ~ xi'y" - yxV - zifx") , 
when it does make its appearance, comes as representing six times 
the bulk of a triangular pyramid and not as the result of an elimi- 
nation. In days when space of four dimensions was less attempted 
to be thought about than at present, this oironmstance might pos- 
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silily account for no advance being made to like identities involving 
four sets of four letters x, y, z, w ; nl, y', z", w/; &c 

In this first memoir the algebraical identities are brought together 
and stated afc the outset as follows : — 

" Lrmme. 
" 1. Soieut neuf quantitea quelconques 

^. y. s, ^, y\ ^, ^\ y'\ ^" 

je dis qu'on aura cette ^nation identique 
(ays" + y^s^' + zaig" - X7iy" - y^z" - zi/^'^) 
= (^ + y^ + s!^)(V^ + y = + 2'^)(:<'"^ + y"^ + 3")^ 

+ 2(ifti;' + yy' + bz')(«k" + yf + «3")(^V + ^y" + jV') 

- (a^ + y« + 3«)(«'a^' + y'y" + jV')2 

- (x'2 + y2 + s'«)(aa!" + ?/y' + s3")s 

" CoroUaire 1. 
" 2. Done si Ton a eiifcrc les ncuf quantites pr^cedentes ces 
six Equations 

a/2 ^y-2 ^^2 _((' ^' +yy" +2^' =6', 

«"^ +■ y"^ + s"^ = a" xx' \yy' +i2' =b" , 

et qii'on fasso pour abriiger 

i = y'^" - ^f , -q = z'si' - j/a" , i, = x'y" - y'x" , 
13 = J{aa'a" + mb'b" ~ aP - a'V^ - a"b"^) ; 

xi+y^^zC = ^. 
On aura de plus les equations identiq^ues suivantes 





3i( + t'r, + ^C 


= 0, 


«+y"l+< 


■"« 






f + 


•? + 


f .,.■«" -s>, 




s'i 


-/,. 


-feB'-C 


sV , 


/{-/■,.. 


'V 


« 


-«■■£■ 


■W~"'f. 


^'f-j;"£-« 


■y 


»■, 


-y£. 


-bz' -i 




»",-/«.« 


'V 



qui sont tr^s faciles k verifier par le caliiuL 
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" Corollaire 2. 
■' 3. Si on prend lea trois equations 

xx' +1/!/ -hzz =b", 

xx" + yi/" + ^' = b' , 
et qu'on en tire les valenrs dea quantities x, y, z, on aura par 
ies formnles eonnues 

^(/^" - /y") + v{^^' - ^n + ^¥y" - 1/^") 

/3(^x" - afz") + V(^ ~^) -^ b"(i^' - fr-") 

^{xy" ~ y'x") + b'{y' - ija') + b"{yix" - ^') . 

i(V^' ~ ^y") + -q^f^' - ^i') + ^(^y ' - V'^') ' 

done faisant les substitutions de I'Art pr^o. et aupposant pour 



K + {»"6" 


^S4X + («7/ 


- wy 


^, + (a-'i" 


~bb')ii' + {aV 


-»"),- 


K + (»"4" 


-hhy + {c^h' 


-M>" , 



In regard to the first identity here (the so-caUed lemma), the impor- 
tant and notable point is that the light-hand member is the same 
kind of funution of the nine quantities x^ + y'^ + x^, flaZ + j/y'+as', 
3^x" + yy" + ss", xx' + yy' + zs", x'^ + y'" + z'^, xfx" + i/p" + z'z", 
^' + yy" + 23", xV + j/'ji" + z'e", cc"* + y"^ + s"^ as the left-hand 
member is of the nine x, y, z, ^, ■tf, s', x", y", «". Indeed, 
without this distinguishing characteristic, the identity would have 
been to us of comparatively httle moment. Possibly Lagrange was 
aware of it ; but, if so, it is remarkable that he did not diaw 
attention to the fact. It is quite true that Lagrange's identity and 
the modern-looking identity 

\xy%'^ la? -^y^ \z^ xsd +yT/ +'x; xx" + yy" -^^ zz" \ 
\x'y'^\ = \xx' -vijy' +'^' «'= -i-y'^ +z'^ a^x" + y'y" -iz'A 
\x" y" z" \xal' + yy"-<rzz" x'x" + y'y" + z'z" x'"' +y"'' +z"'^\ 
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are essentially the same ; but no one can deny tliat the latter oon- 
taina on the face of it an all-important fact which is hiil in the 
former, and which in Lagrange's time could be made fenown only by 
an additional statement in words. 
The second identity 

a^f + rt + ^-O 
is a simple case of one of Vandermonde's, viz., that regarding the 
vanishing of his functions when two of tlie letters involved were the 

The third identity 

is in. modem notation 

\y' y"? + 1^' ^'T+ 1^' ^'T= 1^'^ +^'^ +^^ 3;V + 2/j/" + aV'| 
Is' a" I I at" at" I I !/'?/" I \x'x" + y''t/' + 3'^' '^"^ +y"^ +-i"^\ 

and is thus seen to be a simple special instance of a very important 
theorem afterwards diseovered. 
The fourth identity 

yX ~^Tj= hx' ~ a'x", 

may be expressed in modem notation as follows : — 

i|^^"l i^V'll I ^"' +^" +^" ^'1. 

and, quite probably, has also ere this heen generalised in the like 
notation. 

The fifth identity 

^ _ j3g + (a"b" - hb'y + {a'b- ~ bb"y 

is not so readily transformable, the determinantal theorem which it 
involves being indeed completely buried. Multiplying hoth sides 
by o; then doing away with a, which seems perversely introduced 
" pour abr^ger" when no like symbol of abridgment takes the place 
of a"b" - W or of a'l/ - hb" ; and transposing, we have 

fii=4a:a" - P) - x'ia-b" - bb') + a!'{hb" - a'b') 
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tliat is, finally, 

\x'y'^'\.\y'i"\=^ 
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]x xaf ■{■yj/ 4 z^ xxf' + yy" + jj" i 
x'^ +j.'2 +^'2 ieV + yy" + sV' 



which we leeognise as an instance of the multiplication- 

\x- i s' ! X y' y" 
i!' y" z" ■ I z 2" 



for the left-hand member. 

LAGRANGE (1773). 
[Solutions analytiques de quelques ptoblfemes sur lea pyramidea 
tiiangulaires. Nowi. M&m. de I'Acad. Roy. .... (de Berlin) 
Am. 1773 {pp. U9-176).] 

In this memoir also there is a preparatory algebraical portion, 
the subject being the same as before, and the author's standpomt 
unehaJiged, Indeed the two introductions differ only in that the 
second is a rounding off and alight natural development of the first. 

In addition to ^, ij, ^, we have now f , i/', f, ^", -q", C used as 

abbreviations for sy — jfs", a^" — ae" ; in addition to a, we 

have a, a", fi, |S', ^", standing for aa" - h'\ aa' - h"^, b'b" — ab, 
lb" - a'b', bb' - a"b" ; and X, Y, Z, X', Y', , A, A', . , . are in- 
troduced, having the same relation to 4 '?? L i'> -rf, ■ - ■ ■ a, a, . . . 

as these latter have to x, y, z, x', y', , a, a, . . 

then proceeds : — 

" 3. Or en substituant les valeurs de |, f , &c., 
et faisant pour ahr%er 

A = xy'^' + y^x" + zx'y" - xzf - yafz" - q 



X =ic, Y =is', Z =Az, 

X' = As', Y' = i^', 7/ = As', 
X"=Ax", Y" = Ay", Z"=Aa", 

dotic mottant ces valeurs daris lea dertii^res dquatio 
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ilessus, on aura en vertti des six ^quatii 
1' Art. 1. 

A =A2f(, E =A^b, 

A' = A^a', B' = AV>; 

A" = A%", B" = AVf, 

et de la il est facile de' tirer ia valeur de A^ en «, a', a", i, &o. ; 
cai on aura d'abord 

et substituant les valeurs de a\ a" et /3 en a, a', &a. (Art. 1). 

A^ = aa'a" + 2bh'h" - ah^ - a'U'^ - d%"^ ; 

on trouvera la mgme valeur de A* par lea aufcres Equations. Si 
on remet dans Mtte equation ies qwantites x, y, z, x', &e., on 
aura la raCme Equation identique que nous avons donn^e dans 
le Lamme ci-dessua (p. 86). 

" 4. II eat bon de remarquei que la valeui de A^ peut aussi 
se mottro sous ootto forme 

5 ^ ffg + «V + «"a ' 4- %{&b + ^'V + g"&" ) . 

or si on multiplie cette Equation par A^ et qu'on y substituc 
ensuite A A, la place de A^a, A' a la place de A%'et ainai de 
suite {Art. prec.) on aura 

, _ Ag + AV + A "a" + 2(1'.^ + B'/3' + E"j3") . 
3 
ou bien en mettant pour A, A', &c., leura valeurs en «, a', i&c. 
{Art 2). 

A* = oaV" + 2/3^'^' - aj3S - a';8'3 _ ^■^■■i . 

cVoa Ton voit que la quantite A^ et son carre A* sont dea fonc- 
tiona semblables, I'une de a, a', a", h, b', I", Tautre de o, a\ il", 

" 5. De plus, comme i'on a {Art. 3) 

arj/^ + 2/^'af + zafy" — vdy" — ys/z" - zy'x" 
= ^{aa'a" + %Wh" - ah^ - a'h'^ - a"b"^) = A , 

et qu'il J a entre les qiiantites x, y, z, x', &c., et a, a', a", i, 



y Google 



DETBEMINANTS IN GKXERAL. ^9 

&c., les monies relations qu'entre- lea quantites $, ij, ^, ^', &c., 
efc a, a', a.", ^, &c. (Art. 1), OQ aura done aussi 

Done on aura cette Equation identique et trfes remarquable 

^T + '^rr + CrV - iS-n' - -niV - CvT 

= {x^^ + y^x" + seV" - icu'y - y^'^" — zy'v?)V 
The remaining portion is of little importance ; its main contents 
ire four sets of nine identities each, viz. : — 

i.'s^+fl3'r+^r=i, yi +?/'^+*"r=o, &c. 

2. 3^+2(^ +2t =ii, ^'f + y'ij+s'^ -0,&c. 



Besides the fact that Art. 3 contains a proof of the Lemma of the 
previous memoir, we have to note the new identity 

which in modem determinantal notation is 

—a simple special instance of the theorem regarding what is now- 
a-daya known as " a minor of the determinant adjugate to another 
determinaat." 

The last two linos of Art. 4 by implication make it almost certain 
that Lagrange did not look upon 

xy'^.' + ys'^' + acy - a^y" - yx'^' - zijai' 
and aa'a" + 2Wb" ~ab^ -a'h'^ -a"b"'-' 

as functions of the same kind. 

The Dew theorem in Art. 5, whicli Lagrange justly characterises 
as " very remarkable," is in modem determinantal notation 

\zy" I |ita".| lya/' I = x' y' z'\ 
\y^ \ \r^ \ \xy- ll I x" f a"! 
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— a simple instance of ttie theorem which gives the relation, as we 
now say, "between a determinant and its adjugate." 

In regard to the remainlBg ideutities which wo have numbered 
(1), (2), (3), (i), we note that (1) and (3) are not new, although (3) 
is here given almost in the form desiderated above (pp. 680-1); 
(2) involves the fact that A is the same function of x, x', x", y, if, 
y", z, s', z", as it is oi x, y,z, x', y', s', a/', y", a" ; and (4) may be 
transformed as follows : — 

3:^. = ai+b"i'-'rb'i", 



■ a y/ 2 




i" ,J / 




f s" s" , 




. rj> +j' +# 


'J ^ 


;CB'+»/y' +ss' 


i ■!' 


=" + !,!/" + =" 


<f <!' ; 



80 that it may be considered as another disguised instance of the 
multiplication-theorem, the determinant just reached being equal to 

I a: y z i I « i 
\x' y' ^ W]y 1 

LAGEANGE (1773). 

[Kecherehcs d'Aiithm4tique. Nouv, Mem. de I'Aead. Roy. . . . (de 

Berlin) Ami. 1773 (pp. 265-^312).] 

This is an extensive memoir on the numbers " qui peuvent 6tre 

repr^ent^es par la formule Bfi + Ctu + Dtfi ". At p. 285 the expres- 

py'^-t-'iqyz + }•<:'' 
is transformed into 

rs^-(-2Qsa: + Ea^ 

by putting y = M.s + 'Sx, 

and Lagrange sayS' — ■ 

" . . . . Je substitue dans la quantite PR - Q^ les valeuis 
de P, Q et R, et je trouve en effa^ant ce qui se detruit 
PE-Q'.(j»--5>)(M,.-K».)^ . . . ," 



y Google 



DETERMINANTS IN GENERAL. 41 

which we at once recognise as the simpleat case of the theorem con- 
necting (aa we now say) the diacriminant of any quantic with the 
discriminant o£ the result of transforming the quantic hy a linear 
eubatitution. 

Patting now in compact form all the identities obtained from the 
three preceding memoirs of Lagrange, we have — 

(1) [xy'f + y^a!' + ssc'j/" - «^f - yxf^' - zj/Vy 

= aa'a" + 2hb'b" -ab^- a'b'^ - a"b"\ (xvii.) 

where a=-x^-\-y^-t-r?, a' = 

(2) P + 7,^ + C' = a'a"-b% wher6f=yV'-Ky',7, = ,,., (xvjii.) 

(3) ^'l-zri^bx'-a'x-'- (XIX.) 

(4) ^i = aa + /3"3/ + ffx", where a = a'a" - 6^, /3" = , 

and A = xy'^' + yz'x" + zaiy" - x/.ij' - ya;V - ey'ai'. (xvii. 2) 

(5) X = Aa; , where X = rft' - Zn - (sx,) 

(6) (m/V + y^vi' + 'sdy" - a^if - ya^V - g^'a^')^ 

= inT + v^$' + tN' ' iSv" - viT - m': (xxi.) 

(7) PR - Q^ = (pr - 2^) (M™ - ^zf, (xxii.) 

if p{Ms + N33)2 + 22(Ms + Na;) (;ms + m) + r(ms + nx}^ 
= Ps2 + 3Qae + Ea;^ identically. 

BEZOUT (1779). 
[Theorio G6iierale des Equations Algdbriques, §§ 195-223, 
pp. 171-187 ; g§ 252-270, pp. 208-223, Paris.] 
In hia extensive treatise on algebraical equations Bezout was 
bound, as a matter of course, to take up the queation of elimination ; 
and, as he had dealt with the subject in a separate memoir in 1764, 
one might not unreasonably expect to find the treatise giving 
merely o, reproduction of the contents of the memoir in a form 
suited to a didactic work. Such, however, is far from being the 
casa He merely mentions the necessary references to the work of 
Cramer, himself, Vandcnnonde, and Laplace ; and then adds — 

"Mais lorsqu'il a i5t^ question d'appliquer ces diKrentes 
m^thodes an probleme de I'elimination, envisage dans toute 
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son etendue, je me suis bientdt appergu qu'ils laiasoicnt tons 
encore beauuoup k desirer da c6t^ de la pratique." 

His main objection to the said metliods is that when one has to 
deal with a sot of ec[uations of no great generality, with coefficients, 
it may be, expressed in iigures — 

" 11 faut coEstruire cea formules dans toute la generality 
dont lea equations sont susceptibles, et faire par cona^qnent le 
mSme travail que si les Equations avoient toute cette g^neralit^. 

(197). All lieu done de nous proposer pour but seulement, de 
donner dea foramles g^n^rales d'^limination dans les Equations 
du premier degre, nous nous proposons de donner une rfegle qui 
soit indilKremment et ^galement applicable aux equations prises 
dans toute leur g^n^ralite, et ans Equations consider^es aveo les 
simplifications qu'elles pourront offrir: une rfegle dont la marche 
soit la mSme pour les unes que pour ies autres, mais qui ne 
fasse caleuler que ce qui eat abaolument indiapensable pour 
avoir la valeur dea inconnues que I'ou cherche ; une rfegle qui 
s'applique indiffSremment aux Equations numeriques et aux 
Equations litt^rales, sans obliger de recourir k aucune formula 
Telle est, ai je iie me trompe, la rSgle suivante. 

" M^gle g^n^ale pour caleuler, toutes d la fois, ov, 
s^ariment, les xalewis dea mronnues dans l&b iqua- 
Uons dupreimet degi^, soit htt^raUa aoit numirtqwes 

" (198). Solent «, \, y, ^ &,\,, des inconnues dont le noitibre 
soit n, ainai que celui des equations 

" Soient a, h, e, d, &,c , les coeffieiena rospectif-- de ces 
inconnues dans la piemiere Equation. 

"a', b, c, d, lie , les cofefficjena des j ipmcs ine nnu s dans 
la seeonde equahon 

"a", b , c , d , de , les coefticiens des memes lULonnues 
dans la troisifeme equation et aansi de suite 

" Suppoaez taeitement que 1p teimo tout cniinu de chique 
Equation soit affect^ ausai dune mconnue que je repr^smfp 
pari. 

" Foimez k piodmt v^r/ f di touto= chs inconnues ^rritcs 
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dans tel ordre que vous voudrez d'aliord ; mais cet ordre uiie 
fois admis, conaervez-le jusqu'^ la fln de I'op^ration. 

" Echangez suucessivement, chaque inconnua, contre eon 
coefficient dans la premiere Equation, en observ^t de changer 
le signe k eliaque^cliai^epair; cer^sultat sera, ceque j'appelle, 
une premiere ligne. 

"Echangez dans c,ii\k&pre7nih"e ligne, chaque inconnue, contre 
son coefficient dana la seeonde ^qoation, en observant, corame 
ei-devant, de changer le signe k ohaque ^change pair ; et vous 
aurez tine suond htfne 

Echan^pz dans cette &e oicU /(/ tc ebaqi e mconnr e uuntro 
son coefficieEt daniS h tioisifemo ^q iti n en ^^eriaut 1 
changtir le s ^ne k cha|ue ech.aiif,e j iir et tcus uibz une 
troisieme hgie 

Contm ez de la meme m-imere jusqu i la aar feie u^n 
tion mdusivp nei t et la dpiniere hjie que voub cbtiendiez 
voito donntaa lee laleurs des inconnues de la maniere Huivante 
Chaque inconnue aura joui valeur une fn ti n dont lo 
nmnerateur ser» le coefficient le cette meme mcjnnue Uns la 
demi&re ou TO^ Ziff le etqmaur<ic nstimment pcur denominate r 
le coefficient que I'inconnue introduite t se trouvcra avoir dans 
cette mSme n" ligne." 
The appUeation of this very curious rule is illustrated by a con- 
siderable number of varied examples, of which we select the 
second — 

" (200). Solent les trois Equations suivantes 
ax +bp +ez +d =0, 
a'x + h'y + c'z + d' = , 
a"x + V'y + a"z + d" = . 
" Je les ecris ainsi 

ax +ly + ea +dt — , 
a'x + b'y + c'z +d't = , 
a"x + V'y + c"z + d"t = . 
Je forme le produit xyel. 

Je change success! vement k en a, ji en J, s en e, i en i;?, et obser- 
vant la regie des signes, j'ai pour premiere ligne 
ayzt - hxd + cTnjt — dxys , 
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Je chfmge suceeBsivement x en <£, y en V, s eu c', t en (X, ot 
observant la rfegle des signea, j'ai pour Beconde ligne 
(a&' - iihyi — {ac' - a'c)yt + {ad' - a'd)yz 

+ (6c' •-b'c)xi- {M - b'd)xz + {cd' - <fd)xy . 
Je change suecessivemsnt x en a", y en b", z en <^\ t en d!', et 
observant la rfegle des signes j'ai pouc troisifeme l^ne 

[(ab- - a'hy - {ac' - a'c)V + {W ~ b-o)a"]t 

- [(ab' - a'b)d" - {ad' - a'd)b" + (bd' - b'd)a'y 
+ [(ac' - a'c)d" -(ad- a'd)c" + (ed' - <^d)a"]y 

- [{be' - Vc)d" -{bd: - b'd)t" +{cd'- c'd)h"lp . 
D'oft (198) je tire 

- [(be! ~ h'ey - jbd' - h'd)e" + {cd' - c'd)b"] 

{ab' - a'b)c" - {ac' - a'c)b" + {ba' - b'e}a" ' 

+ [(ac' - a'e)d" ~ {ad - a'dy + {ed' - e'd)a" '\ 

^ (ab' - a-b)c" - {ac' - a'cyb" + (W - fi'cja"] ' 

- [(aV - a'b)d" - {ad' - a'd)b" + {bd' - b'd)a" '\ „ 
^ (ab- -a'b)c" -{ac- -a'c}b" +{b<^ -b'c)a" ' 

Among the other examples are included (1) one in which the 
coeffioients in the set of equations are given in figures ; (3) one in 
which some of the coefficients are zero j (3) one showing the sim- 
plification possible when the value of only one unknown is wanted ; 
(4) one showing the signification of the vanishing of one of the 
"liffnes" ; (5) one showing the signification of the absence of one of 
tho unknowns from the last " ligne" ; and (6) one or two concerned 
with the allied problem of elimination. 

E^zout nowhere gives any reason for his rule; it is used thiough- 
ont as a pure rule-of-thumb ; its effectiveness being manifest, he 
leaves on the reader the full burden of its arbitrariness. The unreal 
product x^ at the very outset must have been a sore puzzle to 
students, and none tho loss so because of the certainty which many 
of them must have felt that a real entity underlay it. 

To throw light upon the process, let us compare the above solu- 
tion of a set of three linear equations with the following solution, 
which from one point of view may he looked upon as an improve- 
ment on the ordinary determinantal modes of solution as presented 
to modern readers. 
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The set of equations being 

ax +b?/ +CX +d =0 

a"x + b"y + e"x + d" = 

r/& know that tlis numerator of the values of x, y, ; 
Tion denominator are 



b 


d 


a c d 


a b d 


a b c 


V 


■ d' 


+ a' (■■ d' 


- a' b' d' 


+ a- b' c' 


b" 


■' d" 


a" c" d" , 


a" b" d" 


a" b" c" 



They are therefore the coefficients of x, y, z, t in the determinant 



Thus the problem rt solving the t.ot <.f equations la tianaformed into 
fending the desekpment ff this determinant In dtiug t.o let us 
use [/ys] to stind for tiie determinant of which £, y is the Kst 
row, and wliose other itws are the two rows irnni d t ly b 
x,y s m A similarly let \d\ stand foi the ileteim n nt f hi 
a ( 13 the laat low, and its other row the ro'w o , rf n m 1 at ly 
above z, f m A , and so on in all possible case-., n I ] g n 
[c(/s^], which 3t en irse is A itself 
Then clearly we have 



N 



o[;/2i] - 6[aE(] + c[a;;/(] - rf[a!^] . 



. (1) 



Developing in the same way the four determinants hero on the r 
aide, we have as our Dext step 

\zyzt-\ = a{b'\zt-\ - c'M + rf'[>s]) 
-^&(a'[3i]-c'[a<| +£;■['«=]) 

= (aV - «'6)[2i] - {wi — ^i^\3fi\ + {o.'X - a'd^yz] 
+ {be' - b'e)[xt'\ - ipd' - Vdjlxg] + {ed' - c,'d)lxi/] . 
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4b HISTORY OF THE THEORY OF DBTEHMINANTS. 

Again, developing tlie sis determinants [et] , [^t] , . . . 
same way, and rearranging the terniB, we have finally 



[x>/zt]={{ab'-a'b}c"-{ac'- 

+ {(ae'-a'c)d"-{ad'- 
- {{be' - b-c)d" -{hd'- 



■)b-' +(bc' -Vc)a"}t 
i)b"-\r{bd'-b'd)a:']z 
.'dy' + {Gd'-c-d}a"}y 
'd)c" +{cd'-c'<£)b"]x. 



But the coefficients of x, y, z, t in ("ar yz{\ wei'e seen on starting to 
be the nnmerators and the common denominator of thn values of 
-J-., T/, z in the given set of equations : hence 



-{(fc'-iV)J' 


-lM'-Vdy' + {cd' 


c'd>t"} 


{(oS'-<.'S)b" 


-{ac'-a'c}b" +(fe'- 


l,'o)a-l 





Now it is at once manifest that the successive d 
obtained of the determinant [aijat] are letter by letter identical with 
the successive "lignes" obtained by B&out from the mu'eal product 
xyzt ; but that instead of having one arbitrary step succeeding 
another, as in the application of E^zout'a rule, there is here a fluent 
reasonableness characterising the whole process. As for the 
peculiarities requiring elucidation in the series of special examples 

* If the fact at the basis of the process were made use of nowadays, it would 
be advantageons, of course, in the first matanoe to simplify the determinant as 
much as possible. For example, the equations Ijeing (B&out, p. 178) 

2iC + % + 63— 22 J 

5ie + 8i; + 4a-43 ) 

wo miglit proceed as follows:-— 



= 27{-( + 0s- 
whoiice 3^ = 5, y = S, z = 
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nETERMT>"AXTS IN GEMEHAL. 47 

above referred to, thoy are seen, when iookecl at in this liglit, to be 
but matters of course. 

Kot only so, but it will be found that the translation of xy into 
[xy], &c., is an unfailiug key to much that follows in E^zout in con- 
nection with the subject. For example, let us take the wide exten- 
sion of the rule which is expounded later on in the treatise, in a 
section headed 

Considerations ufAles pour abr^gev consid^abl&ment 
h calcvl des coefficients qv/i servent d V^imi/nation. 

There are in all fifteen pages (pp. 208-223, ^ 252-270) devoted to 
the subject. The contents of thiee paragraphs will give a suffi- 
ciently clear idea of the nature of the whole. The notation used is 
identical with that of Laplace, e.g., 

(aV) = ah' - a'b 
{ab'c") = {ab' - a'b)c" - (ab" ~ a"h)c' + (a'b" - a"b')c 



Two of the three selected paragraphs stand as follows ; — 

" (264.) Cette mani^re de proceder au calcul dea inconmies, 

en les grouppant, n'est pas applicable seulement k notre object; 

elle pent en g^a^ral 6tre apphqu^e dans toutes les &|uations du 

premier degr^. 

" Si Ton avoit, par exemple, les quatre Equations suivantes 

ax +bp +CZ +dt +e =0, 
a'v +i'y -Hc'e +d't +e' =0, 
a X +b''t/ + ii"z + d"t -i- e" =. 0, 
a 3: + b"'y-\-e"'z-\-d"'t-ve"' = 0. 

En ae r^ppellant que chaque inconnue a pour valem le coefii 
eient quelle sp tiouve avoir dans la derni&re iKflf divise con 
stimment par celui que I'inconnue intioduite aura dans cette 
mcme l^ t on verra bient6t qu'on peat reduire le calcul h, 
chercher le coefficient de I'une quelconque de? mconnues dans 
la demifere ligne , parce que de la mSme manifere qu'on en aura 
calculi un, on calculeia de mSme tous les aaties ou mSme, 
lorsqu'on en aura calcuM un, on pourra eu dMuue tous les 
autres, loraj^ue lea ^quation>> aurjut toute la g^neralitfi possible. 
Or pour avoir Ii valeur dii cutthcient d une dus inconmies dans 
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48 lUSTOHY OF THE THEOEY OF UETEKMINANTS. 

ia deniiere ligae, la question ae r^duit ii calculsr la valsur du 
produit dea autres inconnues. Mais pour no pas se trnmper 
sur les signes, 11 faudra toujours ne paa perdre de viie, la place 
que cette inconnue est cena^e occuper dans le produit de toutea 
les inconnues. Ainsi, dans le caa pr^sent^ au lieu de caleulei- 
g^n^ralement la dernifete ligne pour avoir xyztu, je oalcule 
seulement cette lierniitre ligne pour yztu : et pour I'avoir de la 
manifere la plus commode, je grouppe en. cette manifere ya. tu, et 
je procMe eomme U suit, au oalcul des lignes, obaeivant que y 
eat cens^ k la seconde place. 

Premiere ligne, -bts.tit-yz.dw, 

Seconds ligae. +{W].lji-bz.d'ii + Vz.du+y!i.{de'), 

Tromikmeligae.-{be').d''u + (b<r}.dfji-li^.{d!^')--{l/c'').du+b'ii.{(le")--b''!.(de'}, 

Quatrifime ligne. + (5c').(^V") - (Sc")- ((T^") + (6'c"'). {dV) + {b'd'). {de'") 
-[yr!").{d^') + {h"d").{de-)\ 

c'est le coefficient de x dans la dernifere ligne. 

"Poui avoir eelui de w, je calculeroia de nifeme la valeur de 
xyzt, en le grouppant aiusi, xy.zt, et je ttouverois pour valeuv 
du coefficient de u dans la demifece ligue, la quantity 
{aV) . (o"d"-) - (ah") . {o'd'") + (ab'") . (e'er) + {a'b") . {cd'") 

- {a'b"').{ed" ) + (a"b'"),(cd')- 
p'oii je conelus 

+(&c').(^o-(fe'').(rf'OH-(iO.(dY')+(y<!''),(^")-(yo.(rfO-i-(iV'0. (-?«' ) 

et ainsi de suite. 

(265.) Si j'avois les cinq equations suivantes — 
ax +hj +er. +dr +et +f =0, 
a'x +b'y -\-c'z +rfV +e'i +/' =0, 

iil'x 4- V'y + c"z + d"r + e"t +/" = 0, 
a"'x + b'"y + c"-i: + d'"r + e'"l +/"' = 0, 
a''x + b"y + rj'-e + d'-'r + eH +/'" = 0. 

Je caleulerois, par exemple, le coefficient de x dans ia derni6re 
ligne, en calculant yzr.tu, ou yz.rhi, on yz.rt.iL 

Si j'avois six Equations dont lea inconnues fussent x, y, %, r, a 
et (, je calculerois, par exemple, le coefficient de x, on calcu- 
lant ou ye.rs.tii, ou yai-s.tu, ou yxr.stu, et ainsi de suite. 
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The next paragraph doali with an illustrative exampL 
twelve equations — 
Ad + A'a' + A"a" 
Ab+A'b' + A"b" 

Ac + A'c' + A"c" + Bm + B'«' + B"a" 
+ 'Bl'+ii'b' + B"/y 
+ Bc+ B'c'+BV 

+ Bd (- B'rf' + BV + Ca + GW + C"«" 

+ Cb + C'b' -1- Cfi" 

+ C- -i- C'c' + Cc" 

+ Crf 4- C'rf' + CV + Dffl + D't! 

+ D& 



D'6'H 



A(? + A'(f + AV 



+ DV' = 

+ I>"c'-- 
Da + D'a' + D"ffl" = 



are given, and what is required is the result of the elimination 
{Equation de ernidiUon) of the twelve quantities— A, A', A", B,B',B"i 
C,C,C",D,D',T)". This is found (the a's in tho last equation being 
misprints for d's) to "be — ■ 

'(ai'e"). [(bc'd'y - (ah'<>y(ab'd")] = 0. 

The two jjaragraphs quoted (^§ 264, 2()5) ihow that Bezout 
could obtain with cou'iideiably increased ease and certitude any one 
of Laplace's expansions of numerator lud denominator What it 
accomplished in the ilhTitiative e\iniple i9 Mrtuill}, in modern 
symbolism, the leduction of 



h b' b" 

d d' d" 

b b' 
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50 HISTORY OF THE THEOUY OF DETERMINANTS, 

to the form 

\ab'a"\.\hcd"f ~ \ab'c"f.\aVd"\. 
Although this can he done nowadays with eaae ty means of 
Laplace's expansion-theorem in its modern garb, it may he safely 
affirmed that Laplace himself, using his own pvoeesa, woulii not have 
suoceedRd in making the reduction. Considerable importance thus 
attaches from more than one point of view to B^zout'a curious "rule." 
The only other section with which we ave eoncemed hears the 



T trouver des fonctiona d'un nombre quelconque 
de qiia/ntit4s, qui soient ziro "pa/r eUesmdm-es. 
In the second paragraph of the section the principle is explained as 
follows:— 

" (216) Concevons un nombre n d'^quations da premier degr^ 
ronfcrmant un nombre w + 1 d'inconnues, et sans aucun terme 
absoltiment connu. 

" Imaginons que Ton augmente le nombre de ees equations de 
I'ane d'entr'elles, alors il est clair que ce que nous appcllons la 
deraiJre hgne, sera non seulement Vequation. de condition 
ndcessaire pour que ce nombre n 4- 1 d'dquations ait lieu; mais 
encore que eotte Equation de condition aura lieu; en sorts 
qu'elle sera une lonction des coefficiens de ces equations, !a- 
quelle sera zero par dle-meme. 

" Voila done un moyen tres-simple pour troiiver un nombre 
M + 1* de f onctions d'un nombre m + 1 de quantit^s, lesquelles 
fouctions soient z^ro par elles-m^mes." 
For example, the pair of equations 

ax -^-by +c!t =0 1 
a'x + b'y + c'e^O} 
is taken, the first equation is repeated, and for this set of three 
equations the Sqnation de condition is found to he 

(aft' - a'b)e - {ae' - a'e)h -F {he! - l'c)a = . 
" Or il est clair que la troieifeme equation n'oxprimant rien 
de different de la premiere, cette demifere quantity doit Stre 
z4ro par elle-meme : done si on a ces deux suites de quantit^s 
• Should be n. 
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BETEEMIKANTS IN GUNEKAL, 
a, b, a 

a', V, (■; 
on peut Stre assure nu'on aura toujouis 

(aV - a'i)c - {ae' - a'c)5 + (6c' - Va)a. = . 
" Et ai au lieu de joindre la premiere Equation 
seeonde, nous aui'ions trouve do mGme 

{aV - dhy - {acJ - a'c)b' + {be' - h'c)a' = 0." 
Similarly in regard to the quantities 



[{ah' - a'b) c" - (ac' - a'e) h" + (be' ~ b'c) a"]rf 

- [(«&' - a'h)d" - {ad' - a'd)h" + {bd! - 6'd)a"]c 
+ [{ac' - a'e) d" - {ad" - a'd) a" + (cd' - dd) a"]6 

- [(ic' - 5'c) ^- - (M' - Vd-) c" + {c^ - ed) V'Y = 

and two otHers are established, the general theorem of course being 
merely referred to as easily obtainable. 

Thus far there is in substance nothing new. What we have 
obtained is simply a different aspect of Vaadermonde's theorem, 
that wfen. two indices of either set are alike the fimclion vanishes, or, 
as we should now say, a determinaiit mih iwo rows identiccd is 
equal to zero. Indeed the identities ate need by Vanderaionde in 
B^zout's form when solving a set of simultaneous equations. But 
what follows is important. 

By taking two of these identities 

{ab' - a'b)e - {ac' - a'c)b + (6c' - i'c)a = 
{ab' ~ a'h)e' - {ad - a'e)b' + {be' - b'c)a' = , 

multiplying both sides of the first by t?, both sides of the second 
by d, and subtracting, there is obtained in r^ard to the Cfuantities 



the identity 
{ab' - ab){cd' - a'd) - {ac - ac)(bd' - b'd) + {be - b'c)(ad' -a'd) = G. 
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Similarly by taking the threB next identities before obtained, 
which foe shortness wo may write in modern notation, 

\ah'c"\d -\ab'd"\a +\ac'd"\b -\bc'd"\a -0, 
IfliVK -\ab'd"\e' +]ac'df'\b' -{ba'd'Y =0, 
|a6'c'K' - \ab'd"\c" + \<ie'd"\b" ~ |6c'cf V" = . 
there is deduced in regard to the quantities 
a, b, c, d, e. 
a; //, c', d', e' 
a", b", c", d", e" 
the identities 

\a.h'i^'\.\de' | - \ab'd"\.\ci; \ + \ac'd"\.\be' \ - \bc'd"\.\ae' \ = 0, 
\ab'6"\.\de"\ - |a6'rf"|.|ce"| + \ac'd"\.\be"\ - \bc'd"\.\ae" \ = 0, 
|a6'c"|.|(fe"l - \ab'd"\.\e-e"\ + \ac'd"\.\b'e"\ - \Wr\.\a'e"\ = 0. 
Finally these last three identities are taken, both sides of the first 
multiplied by /", both sides of the sscond by -/', both sides of 
the third by /, and then by addition there is obtained in r^ard to 
tbo quantities 

a, b, c, d, e, f 

<x', b\ c', d\ e', f 

a", b", c", d", b", /' 

tbe identity 

\ab'c"\.Wf'\ - \ab'd"\.lee'f"\ + \ae'd"].\be'f"l - \bc'd"\.\ae'f"\ = . 

The subject of what may appropriately be called vamsMng aggre- 
gates of determinant-products is rot pursued farther, the concluding 



" (223) En voilJi assez pour faire connoitrs la route qu'on doit 

tenir, pour trouver ces sortes de th^orfemes. Oa voit qu'il y 

a une infinite d'autres combinaisons k faire, et qui donneront 

chaeune de nouvelles fonctions, qui seront z^ro par ellea-mSmes : 

mais cela est facile fi fcrouver actuollemeat."* 

" It is vary curious to observe, in paaainf;, tliat although Bejout does not 

obtain all his vaaiahing aggregates directly bj means of the principle which 

ho so carefully states at the commencement, nevertheless every one of them 

can be so ohtained. He dous not extend the piincipla beyond the case where 

only one ot the original ei^uations is repeated. If, however, we take the 

equations 

ax +hy +C3 + Jw -= , 
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Our second list of B^zout'a contributions thus k:— 

(1) An imexplained attiBcial process for ficding the numerators 
and denominators of fractions which express the values of the 
unknowns in a set of linear equations, or for finding the residtant 
of the elimination of n quantities from n+\ linear equations, — a 
process especially useful when the coefficients have particular 
values. (iL 3 + in, 4 + iv. 2.) 

(2) An improved mode of finding Laplace's expansions, especially 
(but not exclusively) useful when the coeihoients have particular 
values. (xiv. 3.) 

(3) A proof of Vandermonde's theorem regarding the effect of 
the equality of two indices belonging to the same set. (xii 3 ) 

(4) A series of identities regarding vanishing aggregates of 
products. (\xrii ) 

HINDENBtJEG, C. F. {IIU) 

[Specimen andlyticuTa de lineis eurvis secvmdi ordinis, ;« delueida- 

tionem Analygeos Finitorum Eaestneriance. Auttote Ghiintiano 

Friderico Riidigero. Cum, praefattone Co) oh Fiidej in 

HtTidenburgii, professoris Lipmrma. (xlviii + 74 pp.) pp. xiv- 

xlviii. Lipei<E.y 

One of the problems dealt with by Kiidiger being the finding 

of the equation of the conic passing through five given points 

^" coeffiamtiuni delerminatio Traiectoriae secundi ordinisper data 

quinque puncia "), Hindenbui^, in his preface, takes occasion to 

show how the generalised problem for |»(k + 3) points has been 

treated, pointing out that it is, of course, immediately dependent 

on the solution of a set of simultaneous linear equations. He directs 

attention to the labours of Cramer and Bitout, specially lauding 

the method of the latter, given in the treatise of 1779. Then he 

repeat both of them so as to have a set of four, and then proceed by tlie 
mMadepowr ahriger to find the iqmMov, de condition, we obtain 

Irai'l.lcd'l - lac'|,]M'l + M'l,lio'l+ Iftc'l.lorf'l - |M'|.!<«!'| + Kl.la6'| = 0, 
U. 2{laJ'I.M'| - KI.IM'I + M'l.lMj = 0- 
This is the identity at foot of p. 51, and others are readily seen to be obtain- 
able in the sama way. 

* My best thaiifes are due the Committee nf Management of University Col- 
lege, London, for the loan of a copy of Hindenburg's trai^t from the Graves 
Library. 
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<'i-^s—"ffaee de OpeiP Bf-olihno m umipnam, guod ■plurimin 
adhuc LeetonbViS nusbis ignoiam eiit, dtda su0icia>it Nunc 
Regidam zpmm jnoponam' The seventeen piges which 

follow, contain a tolerably close Latin translation of the BiqU 
f/mSrale pour calruJet , and the M fhode puui tt ouvpt , 

pp 172-187, ^198-223, which Laie heen espcundeil above 
Cramer's rule is next given, the second mode of putting it being 
in words, and the flrat as follows; — 

" Sint plures Incognita s, y, x, w, &c, totidemquc Aoqua- 

tiones simplices indeterminate 

Ai = 'Z?-z + Tiy + Xi« + W^w + &c, 

AS = Z% + YV+X% + W% + &c. 
A* = Z*j + Y V + X^ + W% + &c. 
&R. Ac. &c. ic, &a. &c. 

Erit, , positis terminorum aignis, ut praecipitur in 

fine Tahulje, pag. seq, 

A Y X W V TJ T (vii. 3.) 

^ Permiit(l, 2, 3, 4, 5, 6. 7, ) 

^ Permut {1, 2, 3, 4, 5, 6, 7,' ) 

Z Y X W V U T " 

The similar expressions for y, x, w, v, u, t, are given, and then the 
" regula dgnorum." After an illustrative example, the question of 
the sequence of the signs is taken up. 

"Quod si itaijue +sg{\, 2, 3, . . .,n) denotet signorum 
vieiasitudines, qvdbus hie afficiuntur Permutation um a numeris 
1, 2, 3, . . . n singulffi species, et-ej(l, 2, 3, . . . «) signa 
contraria vel oppmita: appatet fore 
,j0,2) .+.j(1) -»s(1) 
.j(l,2,3) - +.?(!. 2) -'jO, 2) +M1, 2) 
ss(l, 2,3, 4)= +3,9(1, 2,3)^8/7(1, 2, 3) + 8^(1, 2,3)-83(l, 2, 3) 



nude 


, quia xyil) est 


+ , facile eruitur 




^(1, 2) esse 


+ - 




Ml- 2, 3) . . . 


.4- + + - 




Bg{\, 2, 3, 4) . . , 


+ -- + + -- 4- + --4 
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and it ia pointed out that the first sign is always + , and tlie last 
+ or - according as the number 1 + 2 + 3 + . . . + (m - 1) is even 
or odd. 

Bearing in mind that Hindenburg wrote his permutations iu a 
defiuito order, this remarlc regarding the sequence of signs entitles 
us to view him as the author of a combined rule of term-formation 
and role of signs, which may be formulated as follows; — 

Write the permvtaHons of I, 2, 3, . , ., m in ascending m-der of 
magnihtde as if fhey were numbers; mdk& the first sign +, ffte 
second — , the next pair contrary in sign to the first pair, the third 
pair contrary in sign to Hie second pair, the next »ix (1.3.3) contrary 
in sign to the first six, the third six contrary in sign to the second six, 
the fourth six contrary in sign to the third six, the next tieenty- 
four (1.2.3.4) contrary in sign to the first twenty-four, and so 
on. (IT. 4 + iir. 5.) 

ROTHE, H. A. (1800). 
[Ueber Permutationen, in Eedehung auf die Stellen ihrer Elements. 
Anwendung der daraus abgeleiteten Satze auf das Eliminations- 
problem. Sammlung combinatoribch an dytisAet Abhand 
lungen, heravsg. v. O. F. Hindenburg, u pp 263-30'i ] 

Eothe was a follower of Hindenbui^, knew Hindenburg ;= prefife 
to Riidiger's Specimen Analyticum and wis fimiliw -with whit hid 
been done by Cramer and Bi5zout (see his worli at p 30^) His 
memoir is very explicit and formal, piojoaitnn following definition 
and corollary following proposition in the most methodical manner 

The idea which is made the basis of it that of platf mier 
(" Stellenexponent "), is an ill-advised and purposeless modiflcition 
of Cramer's idea of a " derangement The dehnition is is follow s 
— In any permutation of the first n integers, the plaoe-^ndex of any 
int^er is got by counting the integer itself, and all the elements after 
it w?iieh are lees than it. For example, in the permutation 

6, i, 3, 9, 8, 10, 1, 7, 2, 5 

of the first ten integers, the place-index of 9 is 6, and that of 7 is 3. 
The counting of the integer itself makes the place-indes: always one 
riiore than the number of " derangements " connected with the 
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integer. This necessitates the introdtiction of 
modification of Cramer's "rule of signs," viz. 

" 3. Willkiilirliclier Satu, JeAe Permutation der Elemente 
1, 2, 3, . . . ,r, werde mit dem Zeiohen + veisehen, wenn 
entwedcr gar keine, oder eine gerade Menge gerader Zahlen, 
nnter ihren Stcllonesponenten vorkommfc ; mit dem Zeichen - 
hingegen, ■weun die Menge der geraden Zahlen, unter den 
Stellenexponenten nngerade ist." (iiL 6.) 

It ia difScnIt to suggest any justification for the changes here intro- 
duced. The author Hmself refers to none. Indeed, in the very 
next paragraph he points out that to ascertain whether there he an 
even numher of even integers among the place-indices is the same as 
to diminish each of the place-indices by 1, and ascertain whether 
there be an even numher of odd integers, that is, whether the earn 
of the odd integers be even. He then concludes — 

" Man kann also auch die Eegel so ausdriicken: Jede Per- 
mutation hekommt das Zeichen + wenn die Summe der um 1 
verminderten Stellenexponenten gerade, — hingegen, wenn 
sie ungeradeiat." 
This is simply Cramer's rule, and it is the only rule of signs 
employed henceforward in the memoir, the expression " die Summe 
der iim 1 verminderten Stellenesponenten," occurring over and over 
again as a periphrasis for " the number of derangements." 

The next four pages are occupied with a very lengthy hut 
thorough iDvestigation of the theoreiit that two permutations differ 
in sign, if they be so related that either is got from the other ly the 
interchange of two of the elements of the latter. Strictly speaking, 
however, the proposition proved is something more definite than 
this, via. — 

If in a permutation of the integers 1.2, . . . r there ie d integer's 
intermediate in place and value between any two, A and E, of the 
integers, the interchanging of the said two would increase or diminish 
the number of inversions of order by M + 1. (m. 7.) 

The proof consists in finding the sum of the place-indices for the 
given permutation in terms of rf as just defined, c the number of 
elements less than both A and E and situated between them, / the 
number of such elements situated to the right of B, and e the 
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number of elements between A and B in valuo and situated to tlie 
right of B; then finding in like manner the sum of the place- 
indicoa for the new permutation; and finally compaiing the two 
sums. The concluding sentence is as follows; — 

"Denn da so iet die Summe der Stellenex- 

ponenten der zweyten Permutation «m d + e + 1-e + d oder 
iini 2d+l grosser, als bey der eraten Permutation; folgUch 
gilt das auch bey der Summe der urn 1 vermindertea Stellen- 
exponenten, da bey beyden Peraiutationen )■ einerley ist. 
Also ist die eine Summe gerade, die andere ungerade, folglich 
haben nach (i) beyde Permutationen verschiedene Zeichen." 
As immediate deductions from this, it is pointed out that 
The sign, of any one permutation may be deteiinined when, the 
sign of any other is known, by eourding the numhtr of inierciliangea 
necessary to transform the one permutation into the other ; (iii. 8.) 
-and that 

If one element of a permutation he made to take up a neio place, 
by being, as ti were, passed over m other elements, the sign of tlm 
new permutation is the same as, or different from, that of the origwial 
according as m is even or odd. (in. 9.) 

A third corollary is given, hut it is, strictly speaking, a self- 
evident corollary to the'second corollary, and is quite unimportant. 
Eothe'a next theorem is — 

The permutations of I, 2, 3, . . . . , n being arranged after the 
manner in which numbers are arranged in ascending order of magni- 
tude, any two consecutive permutations will have the same sign, if the 
first place in which they differ be the {4n + 3)"" or (4n + 4)"' from the 
end, and will he of cr^osite sign if tlie said place be the (4n + l)"" 
<w {iii + 2y^from ihe end. (in. 10.) 

Thus if the permutations of 1, 2, 3, . . . . , 10 he taken, and 
pecified, two which will occur consecutively are 

8, 4, 9, 3, 10, 7, 6, 5, 2, 1 
8,4,9,5, 1,2,3,6,7,10; 

I as the first place in which these dilfer is the 7"' from the end, 
.8 affirmed that the signs preceding thorn must bo alike. The 



y Google 



58 IIIoTJFY OF THE THTOhY OF DETEEMINAKTS. 

mode of proving the theuiem will lie readily underatood by seeing 
it applied to this illustrative e'l.ample Taking the permutation 

8, 4, 9, 3, 10, 7, 6, 5, 2, 1 , 
and inteichanging 3 and 5 we hive the peinnitation 

8, 4, 9, % 10, 7, f), 3, 2, 1 , 
and thence by cyclical changes the pei mutation 
8, 4, % 5, 1, 2 3, 6, 7,10, 
the numl ei of alteiitionB of sign thus heing 
14.(5 + 4 + 3 + 2 + 1) 
i.e, 1 + ^5x6), 
— an even numl)er. 

Annexed to the theorem is the following corollary, which is not 
essentially different from Hindsnbnrg's proposition regarding the 
sequence of signs, — 

If the permuiaUons o/ 1, 2, 3, . , . , n - 1 6e arranged after the 
manTier in which numbers are arrcmged in ascending order of 
magnitude, and (Aeo in like manner the permutations of 1, 3, 3, 
. . . . , n- 1, n, then those 'permutations of the latter arranged set 
which begin with r, say, have in order the same signs as thepermu- 
tatunts of the former arranged set, or different signs, according as r 
is odd or even. (iii, 11.) 

For example, arranging the permutations of 1, 2, 3, each with its 
proper sign in front, wo have 

+ 1, 2, 3 
- 1, 3, 2 

(A) 
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and the two senes of signs a e s en t be dent cd 3 le ng an old 
number. View ng th b ^u te indepen lently of the the rem to 
which it is aanexed it is ev le t that a hange of f f,^ ^* ^ 7 
point in the ser es (^) e pi es a change at the correspond n^ po iit 
in the other ser es a 1 c n eq ently attoi t on need only be pa d to 
the first sign of (P) a compared w th the fi st b " of (\) Now 
the first sign of (A) must necessar ly 1 o always j.1 s there 1 c g no 
inversions; an I th fir t aya of (B) depends on the changes 
necessary for tl e t -an fo at n of tl e nit ral der 1 "3 i, 
into 3, 1, 2, 4 He truth of the c ollary is th apjaient 

A second corollary a ^ e 1 t it is of st 11 leas conseque ce the 
difference between it and the first being that in the arranged set (B) 
the place whose occupant remains unchanged may be any one of the 
n places, (iii. 12.) 

The next few paragraphs concern the subject of "conjugate 
permutations" (veiivandte Pm-mutaiionen), — apparently a fresh 
conception. The definition is~ 

Two permntatiom of the numhers 1, 2, 3, . . . , n are called 
COKJUGATB •when each number and the ntirriber of (ke place which it 
oeeapies in the one permutation are interchanged in the case of the 
other permufation. (xxiv. ) 

For example, the permutations 

3, 8, 5, 10, 9, 4, 6, 1, 7, 2 (A) 

8, 10, 1, 6, 3, 7, 9, 2, 5, 4 (B) 

arc conjugate, because 3 is in the 1" placse of (A) and 1 is in the 

3"" place of (B), 8 is in the 2"^ place of (A), and 2 is in the 8"' place 



Conjugate permutations have the eanie sign. (in. 13.) 

This is proved in a curious and interesting way, a special 
conjugate pair being considered, viz., the pair just given as an 
example. To commence with, a square divided into 10 x 10 equal 
squares is drawn, the vertical rows of small squares being numbered 
1, 2, 3, &c. from left to right, and the homontal rows I, 2, 3, &c. 
from the top downwards. The permutation 

3, 8, r>, 10, 9, 4, 6, 1, 7, 2 
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i to the two "derangements" 32, 31; the si 
the second horizontal row to the 
six "derangements" 8S, 84, 8G, 
81, 87, 82; and so on. Then it 
is observed that if we turn the 
paper and try to indicate the 
"derangements" of the conjugate 
permutation by inserting a cross 
in every small square which is to 
the right of one dot and above 
another, we obtain exactly the 
same crosses as before. The signs 
of the two permutations must thus be alike. 

Immediately following this, the 24 permutations of 1, 2, 3, 4 are 
^ven in a column, each one having opposite it, in a parallel column, 
ita conjugate permutation. The existence of self-conjugate permuta- 
tions, e.g., the permutation 3, 4, 1, 2 is thus brought to notice, and 
the substance of the following theorem in regard to them is given :— 

IfTJ„ be the numher of self-eonjtigate psnnidaUons of the first n 
integers, tlim 

TJ„ = U„_, + («-l)U„., (XXV.) 

■wliere Uj = 1 and XJ^ = 2. 

This, however, is the only one of his residts which Eothe does not 
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In the second part of the memoir, which contains the application 
of the theorems of the first part to the solution of a set of linear 
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equations, there is not bo much that is noteworthy. Jlethoda 
ptevioaaly known, are followed, the new features being formality 
and rigour of demonstration. 

The coefficients of the eqnationa being 

11, 12, 13, .... , 1)- 

21, 23, 23, .... , 2)- 



rl, r2, fS, , . . . , )•)• 
it is noted, as Vandernionde had remarked, that the common 
denomiuator of the values of the unknown may be got in two waya, 
viz., by permuting either all the second integers of the couples, 
11, 22, 33, . , . . , rr, or all the first integers ; but this is supple 
mented by a proof, that if any term be taken, e.g., 

16.24.33.47.51.68.79.82.95 
with the couples so arranged that tJte first ini'geis are m ascendtnq 
m-der, and the sign be deteimmed fiom the numhet of mnsisioni m 
the series of second integers, ihen the sign obtained mil be the same 
as vrndd be got by anangtng the cotiples so as to have the second 
integers in aseendmi) aider, and detenmmng tJie sign from thf 
invers'ions m the series offhsi mle/ers The proof rests entirely on 
the previons theorem, thit conjugate permutations have tLe same 
sign ; indeed the new proposition is little elie than anothei form of 
this theorem. (iii 14 ) 

The desirability of an appropnate notation for the cofactoi, which 
any one of the coef&cients has in the common denominator, is 
recognised,* and tho want supplied by prefixing f to the coeificieat 
in. qUQStiou ; for example, the cofactor of 32 is denoted by 

f32. 
It is thus at once seen that tho denominator itself is equal to 

In.nn + 2M.f2n +....+ TO.fm, 
or Ml.M + w2.f«2 +....+ nr.tnr. (vi. 2.) 

Also by this means one of B6zout's (or Vandermoude's) general 
theorems becomes easily expressible in symbols, viz., 

In.nm + 2n.f2m +.... + ra.fnji = 0, {xii. 4,) 

* Lagrange's use of a forrespondicg letter from a different alpliabet must 
Eot bo forgotten. 
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the proof of which is given aa follows. In all the terms of f Im, 
every one of the integers except one occurs as the first integer of a 
couple, and every one of the integers except m occurs as the second 
integer of a couple : consequently, in every term of In . tlm, the 
first places of the couples are occupied by the integers from 1 to r 
inclusive, while in the second places, m is still the only integer 
awanting, and « occurs twice. Suppose then all the terms of 

Iw.flm + 2n.nm 4- . . . . + m-frm 
so written, that the first integers of the couples are in ascending 
order of magnitude, and let us attend to a single term 



■qn- . 



in nhiLh the tuo couples having ii for second integer, are the 
/)"' and 5'" If we inquiie from whieli of the expie-hions 
1« fl/», 2m fSni, this term comei, ne see that it is a 

term of both pn fpm and qn fqm, and must, therefore, oc(,ur 
twice Fuithei, lie see that m^n (qni it lias the sign of the term 



of tht ujnimon dencmmator, and that in jn fpm it hi'i the 1 
the term 

of the common denominator. But these two terms of the 
denominator have different signs ; consequently 

In.tlm + 2B.f2™ + ....+ m.fm 

consists of pairs of equal tonns with unlike signs, and thus vanishes 
identically. (xu. 4.) 

These preparations having been attended to, the set of r equations 
with r unknowns ia solved by Laplace's method ; and a verification 
made after the manner of Vandermonde. It is also pointed out, 
that if the solution of a set of equations, say the four 

ax^ + bm^ + exg-i- dx^ = Sj 

ixi ■V Jcx^ + Ix^ + mx^ — Sg 
nxi + 0x2 +PX3 + qx^ = s^ 
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then the sol at i 



a of the set 



which hiis the same coefficients differently disposed, will be 
y^ =■ Avi + Ewj + Ivg + lSr»j 1 
y^ = Bwi + Fifj + Kwg + Ofj I 

and hence, that the solution of a aet having the special form 

dx^ + gx^ + iXg +jx^ =b^ 
will itself take the same form, viz. 

Asj + Bsg + Csj + D«4 = a;. 

Csj +FS2 + H83 + L 

Dsj + 0% + Isg + Js^ = a;^ j 



GAUSS (1801). 
[Dtsquiaiiiones Anthtnetiax. Auatore D. Oarolo Friderico Gauss. 
167 pp. Lips.] 
The connection of Gauss with oui theory was very similar to 
that of Lagrange, and douhtless was due to the fact that Lagrange 
had preceded Iiini. The fifth chapter of his famous work, which ia 
the only chapter we are concerned with, bears the title "De/ormis 
m^uationibusgue indeterminuUs semndi gradus," and its subject 
may be described in exactly the same words aa L^range used in 
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regard to his memoir ^ecAercAeg d'Arithmetique (1773: see above), 
viz. "lea nombres qui peuvent Stre representes par la formule 
Bt^ + Ctu + DiiV 

Gauss writes his form of the second degree thus — 
axx + 2iioy + cyy; 
and for shortness speaks of it as the form (a, 6, c). The function 
of the ooeffieienta a, b, e, which was found by Lagrange to be 
of notable importance in the discussion of the form, Gauss calls the 
" deierminant of the form," the exact words of his definition being 
" Kumerum bh — «c, a cuius indole proprietates formfe 
(o, 6, c) imprimis pendere in sequentibus docebimus, deter- 
mitiantem huius formse uocabimus." (xv. 2.) 

Here then we have the first use of tlie term which with an extended 
signification has in our day come to be so familiar. It must be 
carefully noted that the move general functions, to which the name 
came afterwards to be given, also repeatedly occur in the course of 
Gauss' work, e.g. the function aS - ^y in his statement of Lagrange's 
theorem (xxil.) 

h'b' - aV = (bb - ac}{aS - pyY. 

But such functions are not ipoken of a^ beloK£,ing to the same 
category as bb - ac. In fatt the new term introduced by Gauss 
was not " determinant '' but " determinant of a form," bemg thus 
perfectly identical in meaning ind usige with the m)lfrn term 
" discriminant." 

Mot withstanding tile title of the chapter Gauaa did not confine 
himself to forms of two variables. A digression is made for the 
purpose of considering the ternary quadratic form ("formam 
ternariam secundi gradus"), 

axx + a'x'x' + a"x"x" + 2bx'a/' + Ib'xul' + 2b"xx', 
or as he shortly denotes it 



In the matter of nomenclature the following paragraph of this 



" Ponendo bb - a' a" = A, b'b' - aa" -= A', b"b" - ad = A", 
ah - b'b" = B, db' - bb" = B', a"b" - bh' = B", 
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3ritui' alia forma 



/A A' A"\ 
\Ji B' B'7 



\& b' h") 



adjunciam dicemue, Hiac rursus inuenitur, 
denotando breiiitatis cat 



a66 + m'6'6' + «"&"&"■ 



- 2bh'b" per D, 



BB ~ A'A" = aD, B'B' - AA" = a'D, B"B" - AA' = «"D, 
AB - B'B" = 6D, A'B' - BB" = &'D, A"B" - BB' - &"D, 

unde patet, fotmfe F adjunctam esse formam 

/aD, a'D, «"D\ 
\iD, ^i'D, h"D} . 
Numei'um D, a cqius indole proprietates formK tevnaiJEe / im- 
primis pendent, chterminaviem huiua formae uocabimus; (xv. 2) 
hoc modo determinans formse F sit -= DD, sive lequalis quadrato 
d t m nantis form^e/, cui adjuneta est." 
In th the e is no advance ao far as the theory of modern deter 
n n nts s oneerned, the identities given being those numbered 
{ ) and (x ) under Lagrange. On the same page, however, an 
X ens n given of Lagrange's theorem (xxii), regarding the 
d te minant of the new form obtained hy efiecting a hnear substi- 
t t on n g ven form. Gauss' words in regard to this are— 

fe f rraa aliqua temaria / determinantis D, cuius indeter- 
minatte sunt x, a;', a;" (puta prima = x, &c.) in formam temariam 
g determinantis E, cuius indetermiiiatse sunt y, y', y", trans- 
mutatur per snbstitutionem talem 

X =ay +I3y' +yy", 

a/ =aV +^V +-yy', 

-o.y+^y'i-yy 

ubi nouem coeffic nt s a /3 ic onmes s ipon nt esse 

numeri integri, 1 eu tat c u a u le t dete nunatia 

simpliciter dicemu? > t n e j le ubat t t on m (S) 
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«, A y 

r 



ati/pZapm h f ef^essEs 

tal taque sujp t j t qa nt x juat n i 

X ffi t bus uii?[ aipn ee tn um 

In tmp 11 fil qte 1 

I. Designato "brouitatio caiissa numero 

a^y" + ^y'a" + ya'^' - y^'«" - ay;8" - ^a'y" 
per 7j; imieaitur post debitas reductiones 

E = 7cA;D, (sxii. 2.) 



When freed from its connection with ternary quadratic forms tho 
theorem in determinants here involved is 

If A|| — a^a^ + ci\at + "■i"'! + SSoni^i + SSiOjaj + 2ijO(ii; , 

Aj = aio7o^ + <h7i^ + «aT3^ + 2&i,7i7s + ^SiVo^t + ^Ssyo^i . 

Bo =■ «o3o7o + "iBiTi + -^SsTs + ^(eiTs + BiTi) + ^i(fl(i72 + ^sVo) ^^^(SoTi + fi.7o) 
Bi=%ao7o + (IjBi7i +02a„72 + 6o(oi79 + Oa7,)+Ji{ofl7a + na7o) + 62(057, + ai7o) 
15j=a„ooflj + MiO,S, + 'l2asSa + &o(«A + %(3i) + *i(=(,Ss + 02^() + 6s(a«B, + nieo], 

AyBu^ + AjE^a + A^Bj^ - AflA^Ag - aBoB^Bg 

><Miy2 + ftri«a + To"A -Toft'^s-wA-^o^iTa)^- 
As thus viewed it is an instance of the multiplication-theorem, the 
product of three determinants (in the modern sense) being ex- 
pressed as a single determinant. 

The multiplication-theorem is also not very distantly connected 
with the following other statement of Gauss ;■— 

"Si forma temaria/formamtemarium /'implicat atquehaec 
formam /': impHcabit etiam/ ipaara/". Facillime enimper- 
spieietur, si trauseat 



/ in /' per substitutionem 



/' in/" per substitutionem 
8, *, i 

S", e", C 
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/ transmutatum iri per substitutioncm 

a"S+^"S' + y"S" a". + /3'V + yV' a"S + /3"r + r"r." (XVII. 3.) 

MONGE (1809). 
[Essai d'application de I'analyse a quelquee parties de la goometrie 
elementaire. Journ. de I'Ec. Polyt., viii- pp. lOT-109.] 
Lagrange, as we have already seen, was led to certain identities 
r^arding the expression 

xy'z" + i/^x" + zx'y" - xs'f - yx'z" - ay' 3:" 
in the course of investigations on the snhject oi triangular pyramids. 
The position of Monge is that of Lagrange reversed. From the 
theory of equations he derives identities connecting such expressions, 
and translates them into geometrical theorems. 

The simpler of these identities, as being already chronicled, we 
pass over. At p. 107 he takes the three equations 
a-^ + h{fi + c^ + (^^s: 4- ej = 
o^M + &2iC + Cjj/ + dgS + eg = 

(tgM + h^ + C0 + rfjS + 63 = , 

and eliminating every pair of the letters m, k, y, %, obtains the six 



^M^aa;+ P = 


(1) 


y«+/3y + Q.(l 


(2) 


Sy+TiJ + M.O 


(3) 


M H-Sx+S-O 


(4) 


yu -a^4-S =0 


(5) 


/33 -8k + R =0 


(6) 



It, /3, 7, S, M, y, P, Q, E, S 
being used to stand for the lengthy expressions which we nowa- 
days denote by 

|6iC^,l,|«,cAI,KM3l.l%V3l. 

Then, taking triads of these six equations, e.g., the triads (1), (2), 
(g), ho derives the identities 
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aq+pS -yP=0] 

-^M + vK+SQ =0J, 

-K6AI-I^i'--3%I + K&a'^sMMa^sl + l^'¥^3l■KV3[ = j ''™''" 

which in theii turn, he says, by processes of elimination, may ho 
the source of many others. For example, each of the four heing 
linear and homogeneous in a, p, y, 8, these letters may all he 
eliminated with the result 

ES + QN'-PM = 0, 
or 

iaiCaesMV^gl ~ [aifZ^e^l . JVa^l - hd^e^l-iajh^e^] = 0. 

Also, eliminating P from the first and aeoond, S from the first and 
third, Q tmm the first and fourth, and so on, we have 

a^M + 7SP - pyN - SaQ = , 
ay9M-y8P + ^SS -ayE-O, 



&c. &e. (xxviu.) 

Monge does not pursue the subject further. His method, how- 
ever, is seen to he quite general; and we can readily helieve that 
he possessed numerous other identities of the same kind. This is 
borne out by a statement in Binet'e important memoir of 1813. 
Binet, who was familiar with what had been done by Vandermonde, 
Laplace, and Gauss, says (p. 286) : — "M, Monge m'a communique, 
depuia la lecture de ce memoire, d'autres theor^mes tr6s-rematquahles 
sur ces r^sultantes ; mais ils ne sont pas du genre de ceux que nous 
nous pi'oposons de donner ici." 
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HIESCH (1809). 
[Sammlung von Aufgabeii aus der Theorie der algebraischcn Gleich- 
ungen, von Meier Hiracli. pp. 103-107. Berlin, 1809.] 
The 4th. Chapter Von dei- Elimination v. s. w., contains five pages 
on the subject of the solution of simultaneous linear equations. 
These embrace nothing more noteworthy than a statement, without 
proof, of Cramer's rule, separated into tliree parts (iv., iiL 2, v.), 
and carefully worded. 

BINET (May 1811). 
[Memoire sur la theorie des axes conji^uSs ct des moment d'mertie 
dcs corps, Jowm. de I'^ole Pi/lyteihrniju', ix (pp 41-67), 
pp. 45, 46.]* 

In this well-known memoir, m which the conception of the 
■moment of inartia of a body with tespeet to a plaiie was hiat made 
known, there repeatedly occur expressions, which at the pre'ieiit 
day would appear in the notation of determinants Theie is only 
one paragraph, however, containing anything new m regaid to these 
functions. It stands as follows — 

"Le moment d'inertie minimum piis par rapport an pl»n 
(C) a pour valeur 

ABC - AF - BE^ - CD' + ePEF 

?-(IJC-F') + A^(AC-E«) + *2{AB-D') + 2ffft(Er-CD] + 29!(DF-BE) + 27w(DE-AF)- 

Si, dans le num^ratenr, 

ABC - AF« - BE2 - CDS + 2DEF 

on remplace A, B, C, &c. par 2»!«-, 'Xmy^, &c. que ces lettrea 



— %m^{%TnxyY + ^'^nu^'S/msx^inyz , 
et Ton peut s'assurer que cette expression est identique h, 

^mm'rr^^xj/z" + y^x" + zc'y" - as'y" - yif^' - %y''ji'y ; 
par une transformation analogue, on peut ramener la quantitc 
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y{BC-F2) +!i^ (AC-E^) ^-^■2 (AB-D^) 
+ 2gh{El' - CD) + 2ffi(pF - BE) + 2A*(DE - AF) , 

^ram'[!/{yz' - zy') + ii{sx' - xz') + i{«y' - yx')f." 

I^ow the mimeratot referred to would at the present day be written. 

I A D E I 

DBF 
I E F C I, 
and since Smx^, &c. stand ior rax^ + myX-f + m^^-^- . . , &c., the 
first identity given may be put in the form 



where x^, y^, . . . are for convenience written instead of r', y", . . . 
It will he seen that this is an important extension of a theorem of 
Lagrange, the latter theorem heing the very special ease of the 
present obtained by pntbing »i = mj = j»2= 1, and mj = m^ = . . .=0, 
— a fact which is brought still more clearly into evidence if, 
instead of the left-hand member of the identity, we write the 
modem contraction for it, viz. 



iTKe Jjij^j nii^^ ™3^ .... af 3T, x^ x^ . 

my m^y^ m^^ m^^ . . . . \ >i \y y^ y^ y.^ . 
I tnz )»^3j m^2 wjgSg .... I \ z a^ '/.^ z^ . 

Again the denominator 

g^^G-W) -fS^ (AC-E^) +^2 (AB-n^) 
+ 2i?ft{EF - CD) + 2^i(r)F - BE) + 2/w{DE - AF) 
being in modem notation 



D E 
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the second identity may be written 

g h i 

g mx^ + m^x-^' + . . , mxy + m^^y-^ + ... inxz + ra^x-^Zy + . . . 
A mxy + inyXjPi + . . . my^ + m-^-^ + . . . myz + m-ji-^ + . . . 
1 mas; -Vm^^-^ +■ . . m^ + ™i3'i% +. . . ms^ + mjEj* +. . . 

-r-mmj A !/ !/i + »nma ^ Jf 3^3+ '%™e ^ J/i ^/a +■ ■ (xxis.) 

This also is an important theorem, and is not so niuoli an extension 
of previous work as a breaking of fresh ground. 



BraET{N"ovemberl811). 

[Sur quelques formules d'algfebre, et sur lear application i dea 
expressions qui out rapport aiix axes conjugn^a des corps. 
Nowo. Bidl. des Sciences par la Societi Philomatigue, il 
pp. 389-393.] 

In this paper Binet returns to the consideration of the first of 
the two identities which have just been referred to, writing it now 
in the form 

2(ic/s" - x^y" + y^x" - y3^z" + za^y" - zy'x") ^ 
= 2^ty^2^ - S^{Syz)2 _ •S.y^txxf - %^{%cyf + ^^ytxK^yz . 

He pats it in the same category as the identity 

t(i/r.-^f.^^'-(^)', 
which lie speaks of as being then known. Further, he says 

" Ces deux formules sont du m§me genre que la suivante 

jo^^ V" _ iia'z,"y"' + ny'^'if" - ■ay'uf'e'" +iia'si'y"' - msVV" + xy'u"z"' - xy'z"u"''\ * 
+as^^'u"' - x^vfy"' + xuWy"' - am'y"^" + ^-it'V - y^ai'v.'" + yiiWa'" - yv.'i,"sii" J. 
+ !^i"m"' - yic'it' V" +m'j/' V" - m'af y " + jaZ/V" - sa/u'V " +S3/ Vii'" - ij/'m' V" j 

+ 2Su^^ytxz%yz + 2%XiSuy2,uz^ + ^Sy'^tux'SuzS.xz 

4. {tuxfityzf + {%uyy(^.y + i%uzf(%^yy 
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—a result which in modern notation would take the form 



Wl M^ «3 


' 


X, X^ X, 

Vi Vi ya 


+ 


=1 H H 





y Vi Vi Pi 



+. . 



+ «!«,+ 






■ + UfX^ + . . K^ + a;^^ + . . *3f + x^^ + . . 

■ + t(jS(,4-.. x^+x^^^ + .. y^ -^y^ +.. 
+ Mi3j +. . a» +x,!!, + .. jra +3'iSi +.. 

It is thus clear that, in Sovember 1811, Binot was well on the way 
towards a great generalisation. Hs even says that tho three 
identities may be looked upon 

" comme les trois premieres d'une suite de formules con- 
straites d'api^a nne mSme loi facile k saieir." 
He merely indicates, however, the mode of proof he wonld adopt 
for the results obtained, and refers to possible applications of them 
in investigations regarding the Method of Least Squares (Laplace, 
Connaissance des Terns, 1813) and the Centre of Gravity (Lagrange, 
Mem. de Serlin, 1783). The mode of pioof need not be given 
here, as it turns op again in the far more im.portant memoir in 
which the theorem in aii its generality falls to be considered. 



DE PKASSE (1811). 
[Commentationes Mathematicfe. Auctore Mauricio de Praisse. 120 pp. 
Lips., 1804, 1812. Pp. 89-102 ; Commentatio vii.* : Demon- 
atratio elimination is Cramerianie.] 
Of previous writings the one which De Prasse's most resembles is 
Rothe's. There is less of it, and it shows less freshness ; but there 
ia the same stiff formality of arrangement, and the same effort at 
rigour of demonstration. 

* Separate oopiea of the Demon^lraUo eHrainaHimis Grameriimis are also t» 
be found, bearing the invitatioii tttle-page ; 

Ad ioetnoriam KregeJiO'Stembachianam in avdSorio philosophomm dU 
xviii JuUi mdcccxi. h. ix cel^rati^am imntmtt fmUnam Aondemies 
Lips. Decani seniorea cceterique mlsegsores , . , . Ce/moniatrotio elimi' 



is Crameriim/E. 
ia these copies which fix the di 



I. 246, 247. 
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The definition of a permutation (variatio) being given, the first 
problem (which, however, is called a theorem) is propounded, viz., 
to tabulate the permutations of n, ^S, y, S, . . . (" Variationum ex 
a, ff, y, . . . conslrttrtarum el in Classes combinatorias 
1 Tabulam parare "). The result is 



aiBy 



SBya 
SyaB 
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The first row of the permutations involving two letters is got by 




p m tat 1 

mh(SgltsV 



einiecat ) Th 
1 t n, whi h 1 
f tl ire 

11 1j 
th : 
thi 



th t Uy designated) 

Ifit viztpfito each per- 

g tl t th 1 of all tliB 

m n mbe f 1 tte {>!) may 

•nb 07 tbs p t tia Ins, signa + et 

dee i mjuel h t J is insequmtis 

d fi t mult pi ty about the 

m It IS — M k th 1 m t t ona in every 

d t hi alt t ly + d th first sign of 

dthfitimtt f rytli row having 

thjmtt fmwhhtas derived. In 



+ (37 


-^5 1 


-yP 


+ 7S 


+ 33 


-z}y.^ 


=5-)' 


-a,8B 


»7-e 


+ n« 


«SS 


-aSy 


3»7 


+ m 


&ya 


-fl7B 


SSa 


+ S51' 


y^li 


-7.5 


tS" 


+ 7B5 


7S. 


-75/3 


6«0 


+ 5<.7 


35a 


-837 


Sy. 


+ B7S 



* It will be seen that tlie order in which the permutations come to hand in 
this process of tabulation is the order in which they would be arranged accord- 
ing to magnitude if each permutation were Tiewed as a number of which 
n, 3, 7, B were the digits, abejng-:fl<7 <B ("ordolexicographicus," "lexi- 
tographische Anordiinng" of Hindenburg). 



y Google 



DETEEMINAKTS IN GENEEAL. 

-07BS 
+ o7«e 
+ aBeT 

+ fiyeS 
-BySa 



-yB^a 
-Saey 
+ 8607 

+ Sy0a_ 

A proof by the method of mathematical induction (so-callDd) is 
given that with these signs the sum of all the permutations of any 
group vanishes. 

Up to this point the essence of what has been furnished is a 
combined rule of term-formation and rule of signs, (n. 5 + iii. 15.) 
In connection with it Bi5zout's rule of the year 1764 may be 
recalled. 

The third problem is to determine the sign of any single per- 
mutation from oonaideration of tbe permutation itself. The solution 
is :— Under each, letter of the given permutation put all the letters 
which precede it in the natural arrangement and which are not 
found to precede it in the given permutation ; and make the sum + 
or - flficordlng as the total number of such letters is even or odd. 

" ExBMP. Datfe complexionea aint hse : 

EyS/3 , Saey , tSya , Sj8«y . 

Liters secundum I suhjiciantur 
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a.a« a.^^ aaa. aaaa 

7 V TV 7 

S S 

quarum numeri sunt 

9 6 9 7 

qui complexionibus datis prsefigi jubeut signa 



The proof tUat this rale of signs, which is manifestly nothing else 
than Cramer's, leads to the same results as the previous rule, is 
quit© easily understood if a particular permutation l)e first con- 
sidered. Foi' example, let the sign of the particular permutation 
8|Say be wanted. Following tbe iirat rule, we should require to 
note four different members, viz., 

(1) the no. of the column in which S/3ay occurs in the 4th group, 

(2) „ „ S/3a „ 3rd „ 

(3) „ „ 8/3 „ 2nd „ 

(4) „ „ S „ Ut „ . 

llie hr t of tl ese 1 ul r being 1, we should infer that in fixing 
the i"n of hfiay m the fourth group there liad been no change from 
the Bi^n of S/3a in the third group ; the second number being also 1, 
■we should mike a like inference; the third number being 2, we 
sh 1 1 infer that m fis ug the sign of Sy3 m the second group there 
ha 1 1 een 1 change fiom the sign of S in the first group , and 
finilly the fourth number 1 ting 4, we should infer that in h-ang 
the sign of S m the fii t gio ip there hid been 3 changes from the 
it,n of a in that gio p The total nurabpr of changfs from the 
sign of a iQ the first giouj 1 eing thus 3 + 1+0 + 0, i.e., 4, the sign 
nould be made + Now the 3 in this aggregate is simply the 
number of letters m the first ^oup which precede S, the 1 is simply 
the number of letters taken along with S before p comes to be taken 
along with it to form S/3 in the second group, and the two zeros 
correspond to the fact that 8^a on the third group and ^fiay on the 
fourth group have no permutation standing to the left of them, 
y to count the number of changes (3 + 1 + + 0) from the 
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sign of a in accordance with the first rule is the same as to count 
tlie number of letters placed under the given permutation, thus, 



in aeeordance with the second rule. 

ABother point of resemblance between Eothe and De Praase is 
thus made manifest, viz., that they both refused to accept Cramer's 
rule of signs as fundamental, preferring to base their work on a 
rule e(jually arbitrary, and then to deduce Cramer's from it. 

In case it may have escaped the reader, attention may likewise he 
drawn to the fact that De Prasse prefixes a sign not only to per- 
mutations involving all the letters dealt with, hut also to any 
permutation whatever involving a less number; so that in reckoning 
the sign of aS/3, say, the full number of letters from which a, S, ^ 
are chosen must be known. 

A theorem like Hindenburg's is next given, viz., Jf the permuta- 
tioiiB of any group he separated into sub-groups, (1) those which begin 
with a, (3) these which begin with 0, and so on, then the series of 
signs of the 3rt?, 5th, and other odd sub-groups is idmtiedl with the 
series of signs of the \st sub-group, and the signs of any one of the 
even sub-groups is got by changing each sign of the first sub-group 
into the opposite sigtt. (iii. 16.) 

It is more extensive than Hindenhnrg's in that it is true of per- 
mutations which involve less than all the letters, provided such per- 
mutations have had their signs fisod in accordance with De Prasse'a 
rule. The proof depends, of course, on the first rule of s^s, and 
consists in showing that if the theorem be true for any group it 
must, hy the said rule, be true for the next group. It will be 
remembered that Hiudenburg gave no proof, 

PoUowing this is Eothe's theorem regarding the interchange of 
two elements of a permutation, or rather an extension of the theorem 
to signed permutations involving less than the whole number of 
letters. The proof is as lengthy as Kothe's, even more unnecessary 
letters than Eothe's c, /, e being introduced. (iri. 17.) 

The last theorem is Vandermondo's (su.); and this is followed by 
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two pages of applii^ation to the solution of simultaiioous linear 
equations. 

No reference is made l)y De Prasse to Hindenburg, Eotlie, or 
Vandermonde. 

WEOKSKI (1812). 
[E^fntation de la Th^orie dea Fonctions Analytiqnes de Lagrange. 
Par Hiien^ "Wroneki, pp. 14, 15, ... , 132, 133. Paiis.] 
In 1810 Wronski presented to the Institute of France a memoir 
ott the so-called Tecknie de VAlgorithmie, which with his usual 
sanguine enthusiasm he viewed as the essential part of a new 
branch of Mathematics. It contained a very general theorem, now 
known as "Wronski's theorem," for the expansion of functions,— a 
theorem requiring for its expression the use of a notation for what 
Wronski styled combinatory sums. Tho memoir consisted merely 
of a statement of results, and probably on this account, although 
favourably reported on by Lagrange and Lacroix, was not printed. 
The subject of it, however, turns up repeatedly in the Eefutation 
printed two years later; and from the indications there given we 
can so far form an idea of the grasp which Wronski had of the 
theory of the said sains. 

At page 14 the following passage occurs: — 

" Solent X^, Xj, Xg, &c. plusieuis fonctions d'une quantite 
variable. Hommons somme eomhinafoire, et designons par la 
lettre Mbraique sin, de la manifere que voici 

E'[A"Xi . A'Sa . i^Xg . . . A-'X J , (sv. 3) (vil 4) 
la somme dos produits dea differences de ces fonctions, com- 
poses de la maniSre auivante: Formez, avec les exposans 
a,h,e,. . . ,p des differences dont il est question, toutes les 
permutations possibles; donnez ces exposans, dans ehaque 
ordre de leurs permutations, aus differences consecutives qui 
composent le produit 

AXi . AX^ .\... AX„ ; 
donnez de plus, aux produits separes, formes de cette mauifere, 
le signe positif lorsque le nombre de variations des exposans 
a, b, c, etc., consid&'^s dans lour ordre alphabet ique, est nul on 
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pair, ct Ic si 


.gne negatif brsqu 


.e ce nombre de variations 


impair; enfii 

Tons aurez a 

1 


1, prenez la somme 
insi, par oxemple, 


de tons ces 


produits i 


!e pares 


r[A" 


i.A'X2] = A"Xi.A^X,-A'X,. 


^"Xj, 





The new name, combinatory sum, and the new notation, did not 
originate in ignorance of the work of previous investigators, for 
memoirs of Vandermonde and Laplace are referred to. The only 
fresh and real point of interest lies in the fact that tlie first index of 
every pair of indices is not attached to the same letter as the second 
index, but belongs to an operational symbo! preceding this letter, 
and is used for tie purpose of denoting repetition of the operation. 
This and the allied fact that the elements are not all independent 
of each, other, A^X, and A^Xj, for example, being connected by the 
equation 

A-^Xj = A(AiXi), 
indicate that Wronski's combinatory sums form a special class with 
properties peculiar to themselves. 

BINET (November 1812). 
[M^moire sur un systeme de formules analytiquea, et leur applica- 
tion k des considerations g^om^triqnes. Joum. de VEc. Polyt., 
ix. caii. 16, pp. 280-302, . . .] 

It would seem as if the above-noted frequent recurrence of 
functions of the same kind had led Biiiet to a special study of them. 
In the memoir we have now come to, his standpoint towards them 
ia changed. They are viewed as functions having a history : for 
information regarding them, the writings of Vandermonde, Laplace, 
Lagrange, and Gauss are referred to: they are spoken of by Laplace's 
name for them, resuUantes d deux letires, & trots lettres, h guaire 
leUres, &c. ; and the first twenty-three pages of the memoir arc 
devoted expressly to establishing new theorems regarding them. 

Of these the fundamental, and by far the most notable, is the 
afterwards well-known muUipUcation-tkeorem. It is enunciated at 
tlie outset as follows : — 
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"L rsquon i iIhux ajstemes de n letttea i,hai,un et nius 
aupposerons chaque bystf-me ^ciit ^vec une seule lettro portant 
divers accens, qui semiont a iiDgei (Una le meme ordre les 
deu^ ajst^meSj on peut former avet- ees lettrea un nombiB 
«■■ ~ de r^aultaates a deux lettres, en ne prenint dans Ic 

second terme de chacune qua des lettres port'iat lea memps 

actens que cellei du piemiei Si, ivec deux auties =(jatfemHe 

de lettieb, on foime encore des lesuitantes a deux letttes, et 

qu'on les multiplie chaeune pal ea conespondmte obtenue des 

deux premiers syst^me'!, ce^t^diie, par lbUb dont les l&ttres 

portent leo mpmes aocens, U somme des pioduits de touted 

ces icsultantes i.orrespondtnti.'i seia elle-meme une lesuJtante 

hi deux lettrea, dont le*" termer on lettrea aeront des etrnmes 

de produits des eii,men=i des deux sj stcmea p itant les 

memes ai-cens Aiec deux i^iuupe'J de troii systemea de n 

letties thaLun, on pent former semblabkment deux aeries dc 

K^aultantea \ troia lettrea , f iisant ensuite la somme des pio 

duits de celles qui se oorrespondcnt pai lea acuens de Icuis 

lettres, on anra encore urn, resultante h. troio lettres Pareille 

choae <iyant lieu pour dea resultantes a quatro letties, A.C , on 

peut conilure ce tlifon^mc Le produt dun nomlire quel 

con [ue de aommea de j.ioduits *^ de deux resultantea corre'pon 

dantes de mSme ordre, eat encore une r^aultante de cet ordre." 

(svii. 4 + xvui. 4.) 

The mode of proof adopted is lengthy, laborioua, and not very 

satisfactory, except as affording a verification of the theorem for the 

cases of " i6sultantea " of low ordera. It rests too on certam 

identities, the demonatration of which is open to similar critioiam. 

All that Binet says regarding theae abaolutely esaential identities 

i, (p. 284)- 

" Je representerai par 2a la somme tt' + a" + a"' + &c., dea 
quantit^s a', a", a'", &c.; par 2a& la aomme des produita 
a& + a'6' + «"J" + &c., dans chacun desquela les lettres a et Zi 
ont le mgme accent; par %a,V la aomme a'b" + 6V(" + a'fi'" + &c, 



* There ia on extenaion here whict one is scarcely prepared for, v 
prodiiU d'lim, ■mmhre qvela/iu/ue de stnitmes de produils," instead of U 
d'tin nombre de praluUs. 
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la toua les produits d'uii des a pai uii ties h, poitent 
im accent difE^reat de celui de a; par S«'>'c" la Bomme 
u'j'V" + 6'e"a"' + c'«"6"' + &c, et ainsi de suite, Cela pos^, on 
v^rifie ais^ment lea formulea suivantes: 

S<t5' =Sa26-Sfl;6, 

2a6'c" = 2aS6Sc + 2SaSc - Sa26c - S^Sca - ScSa^ , 

- 3rtS;>2c<Z - SaScSfi.^ - SaSr72&c 
-S<!S(^Sa6 -S62d2ac-2f'2fiS«(; 
+ 2a&2c(^ +SacSM +2a6*26(! 
+ 2Sa2!n!<2 +2S&Sc*?« + 22c2daS 
+ 22<;2a&c, 
Sa&'cW" =2a2;>2c2d2e + iSic. , 

It is thus seen that not only is no general proof of the identities 
given, but that even the law of formation of the right-hand memhers 
of the identities themselves is left nndivulged. The exact words 
employed in the demonstration of the first case of tlie multiplication- 
theorem are (p. 286)— 

"Avec un n ombre n de lettres y',y",y"', &c. et un mSme 
nombre de s', z",z",&e. on pent former m—^ — resultant«s i deux 

lettres {y', z"), {y', e"'), &c. {y", z'") &c. ; ayant form^ pareille- 
ment avec les lettres, v, v", v", &e., ^, ^', C' &c., les resul- 
tantes (v, C")i (»''> C), &c-i {""i C")' ^'^■t considerone la somme 
%(y, e'){v, ^) dee produits des rfeultantes qui se correspondent 
par les acoens dans les deux systfemes. On voit, en develop- 
pant, par la multiplication, chacun des termes de cette somme, 
qu'elle revient a 

A ces deux demiores int^rales, on pent appliqucr la transfor- 
mation indiqu^e par la premiere des formules de I'art. 1 : on 
parvient ainsi h, 

2(y, z'){v, r) = ^yv^l ~ Sa'2y^ . 
Ce dernier membre pouvant §tre assimile a la forme (y, z'), il 

* Meant for 2arf. 
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ea muite que le produit d'uii nombre quelfionque de fonctiona, 
telles que 2(;/, s')(u, C), est lui-mgme de la forme fy, s') ." 
The application here of the identity 

%ab' = ■Sa^h - ^ab 
loquu'es a little attention. The lesult of mnltiplication and classi- 
fication of the terms is 

or, as it might preferahly be written, 
and this we, know from the said identity 

^[s^.M- s(^ . 4)] - [s^ ■ M - S(^. m . 

which, because of the equality of 5(yw . zQ and S{st; . y0, becomes 

The inherent weak points, however, of the mode of demonstration 
stand out more clearly when the next case comes to be considered, 
■viz., the case for resultants of the third order. From the three sets 
of n letters 

y, /. v'\ 

all possible " r^snltantes k trois lettres " are formed, and each re- 
sultant is multiplied by the corresponding resultant formed from 
other three seta of n letters , 

f, s; i", 

I c. c'. 

Each of these ^(n - l)(m - 3) products consists of 36 terras, there 
being thus 6n(w - l)(n - 2) terms in all. But these 6w(« - l)(n - 2) 
terms are found to he eeparahle into six groups, viz. 

+ SW.!/.'./T), +abi.z'.'.»:Tl 

so that the result which we are able to register at this point is 

s(i,i/,2"Xi,"',r) - « . sv . z"t ' + syf . /,■ . j/r 

+ ■&£.!! J. y"C -Srf. /»■.«' 
-%y(.M.^-C'--&l.yV.i!'t'. 
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To the right hand member of this the suhstitution 

Saft'c" = 2a262c + 22a6c - SfflSfic - SSSca - 2c2iii6 
is now applied six times in succession ; that is to say, for 

and tho five other term-aggregates which follow, we suhstitiite 

- Sif2(!» . zO - S!»S« . xt) - M^lxi . y.) 
and five other like expressions. By this means wo arrive, " toute 
reduction faite," at 

which is the result desired. 

It is easy to imagine the troubles in store for any one who might 
have the hardihood to attempt to establish the next case in the 
snme manner. 

If Binet's multiplication-theorem be described as expressing a 
sum of products of resvitania as a single resultant, hia next theorem 
may be said to give « mm of producls of sums of resultants as a 
sum of resultants. The paragraph in regard to it is a little too much 
condensed to be perfectly clear, and must therefore be given 
verbatim. It is (p. 288)— 

" Di^signons par S(^',s") une somme de ri^siiltantos, telle que 

fcO + &,,>„") + (y./.O + *». ; 

c'cst-kr-diro, 

et continuons d' employer la caracteristique 2 pour les int^grales 
relatives aux accens superieurs des lettres, L'expression 
S[S(y,s') . S(u,i;')] devient par le developpsment de chacun de 
ses termes, et en vertu de la premifere formule de I'art. 1 ou de 
celle du no. 4 , 
2?/,D>^, -S!,r,%/, ^•S.y^;«;S,z^l -2e,,v,-Sy,X, +&e. 
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En iadiquant done par Sj^ dss intdgralea qui supposent, dans 
chaque terme, les mSmes acceas infeiieurs anx lettres du 
ni§ni6 alphabet, ces accens ponvant §tre on non les mSmes 
pour celles dea alphabets diff^rens, on pourra eorire la 
pr^c^ente suite, en faieant usage de ce signe, ce qui donne 

Cette nouYelle quantite est encore de la forme S{y', z"), en 
eorte qu'on peut dire qae le produit de fonctions, telles que 

S{S(y, /) S(., O) , 
sera lui-m@me de la forme S(/, «")." 
This, if I underafand it correctly, may be paraphrased :md es- 
panded. as follows: — 

Take the product of two sums of s resultants, viz. 

{hvi + Kvi + fcvi + .... + w.wn 

x {h'i'l + h'tfl + W4'l + + k«l 

or sjj-.'2.'l -2 Wfl, 

whei'', it will be observed, all the resultants in thp first fattoi 
lie obtained from the hrst resultant ^i\'\ bj merely chaiit;m„' 
the lower indices into 2, 3, , ■* m succesoiun, ^nd that the 

seiond factor is got trom the first hj writing i. for y ind < for - 
Then form ill the bke products whose first factors aie 



,ki" 



li/iVI> kiVI' 

these being along with ]yi\^\ the lti(n-l) resultants derivable 
from the two sets of m quantities 

Vi^' Vi' 2/i% ■ ■ ■ ■, Vi" 

V, H^ %^ . ■ . ■ , si" . 
The sum of these \n{n ~ 1) product? m'iy be ropre-^entedj if ive 



r[iy< 



Now if the multiplications be peiformed, thpre wiU be s^ teims in 
each product, and the theorem we ne concerned iMth hai its origin 
in. the fact that the sum of all the hi-ft tcims ot the piodiiLts i- 
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i resultant by applying the nmltiplicatioii-theorem, 
likewise tlie sum of all the second terms, and bo on, the result 
being an aggregate of s^ resultants. For if we iix upon a particular 
term of the first product, say the term 

which arises from the multiplication of the A* term of the first 
factor by the S* term of the second factor, then taie the con-e- 
sponding term of the other products, and write down their sum 

\y.\%W(i'\ + \!/,'^.%Wm + + Uh'-'l:ClW-'L"\, 

it is manifest that this sum is by the multiplication-theorem 

Consequently since h may be any integer from 1 to s, and k like- 
wise any integer from 1 to b, the theorem arrived at is a 



in modern notation as follows : — 

1- s'|.r^,1 



2[s)i'r^ 






'13'/ Vk' 



2 2 ■ 

*„, i=l]E/ %».... Kj" I I U U • • ■ ■ 4"|- 
It is easily seen to be true of resultants of any order, as Binet 
himself points out. (xxx.) 

When s is put equal to 1, it degenerates into the multiplication- 
theorem. 

The theorem which follows upon this, but which is qnite 
unconnected with it, may be at once stated in modem notation. 
It is— 

If Sja'jj'jKgl denote the sum of tile resultants obtainable from 
the three sets of ii quantities 
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and Sl^^i^^l denote the like auni obtainable from the first two 

^x^y^^\ = ^.%W-^\ + Sj/.Sl^a^al + tz.%\:i:^y.), (xxxi,) 

Thia is arrived at by writing out the terms of Sl^iSal , of ^z^x^ , and 
of SjiCj^al in parallel columns, thus 



\y.-f.\ K-Al \'.-,s.\; 

then deriving n results from the members of the first row bj- 
inultiplying by x-^, y-y^ z^ respectively ami adding, multiplying by 
x^ y^ Zj, and adding, and so on ; then treating the second and 
remaining rows in the same way ; and then finally adding all the 
w . \>i{n - 1) results together. Each of these results is a vardsluDg 
or non-vanishing resultant of the 3'* order, and it will be found 
that each non-vanishing resultant occurs twice with the sign + and 
once with the sign ~ . 

This process ia readily seen to be simply the same as performing 
the multiplications indicated in the light-hand memher of (xxsi,), i.e., 

+ {yi + y2 + - • ■ + 2/«)(l%*2l + l^i^al +■ ■ ■+ N-.^J> 

-H(2l-|-S2-|-. .'.+K„)(iVAl +Kys\+- ■ ■+ l^n^l'M), 

summing every three corresponding terms in the products, and 
writing the sum. as a vanishing or non-vanishing resultant. There 
would be « . ^n(n - 1) resultants in all ; but as each suffix occurs 
M - 1 times in the second factors and once in the first factors, there 
must he in each product n — 1 terms having the said suflix occurring 
twice: consequently there must be m-1 resultants vanishing on 
account of this recurrence, and therefore altogether «{« ~ 1) vanish- 
ing resultanta Of the non-vanishing resultants,^in number equal 
to 91. ^M(7i-l)-«(ra- 1), or Jre(n-l)(w-2),— each one of the 

I ^hVA I where h<k<l 
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miist be accompanied by two otbera, 

I «t2/s2( I and | x/y^z^ | ,■ 
and tbe sum of these is 

I xi,yi^.t I - I x^y^ei \ + \ x,,yA \ , 

1 ^i.y>fii I ■ 

Tlie final result is thus tbe sum of the rssultants of the form 

I Xi,yh% I where h<h<l, and ? = 3, 4, . . . , n, 
the number of them, as we may see from two different standpoints, 

'""^ S»(, -!)(»-- 2). 

Eetuining to the series of identities, 

which by addition give the result 

Binet next raises both sides of all of them to the second power, and 
obtains 

Substituting for 2[j/i!2p, SlSj^aP' ■ ■ ■ ■ , their equivalents as given 
by the multiplication-theorem, he then deduces 

S|^i?'u%P = 2«^2(/^S32 + 2S2/s2aeSir2/ - Sa^{Sj^)^ 1 

not failing to note that this is not a fresh result, bat merely a case 
of the mnltiplication-tlieorem in which the factors aie equal. 
By putting the right-hand member hei'e into the form 

- 2^{Sy^^^ - {%y^y] + 22tyz{tzx2^y--S,yz:S^}, 
there is next arrived at the first identity of the set 
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S["!,w,P 


2s>SMJ' + 2»'3!a^rf 




Sz'Steirf + Sb'SIsaP 


Si'SIj/aP + %'Sbftl' 



aod immecltately from these the set 

We may note in passing that either of these sets leads at once to 
the initial theorem 

+ 2Sj«S!3i«a|.|«iy2l + 2Sfic2|»iy2|.|yi?2| 

and that with the muHipHcation-theoi'eni already established this 
reverse order would be the more natural. 

The next step taken is the formation of resultants of the 2°^ ordec 
from elements which are themselves reaultanta of the 2°* order ; 
viz., just as from the three rows of n quantities 

fi Vi Vh ■ ■ ■ ■ y- 



there were formed the three other rows of |re(m - I) quantities 

l^i^al AyA\> ■ ■ ■ ■ ' \yM . I^'a^l , \yn-M , 

l^i^al.l^'^l. l%a^«M^2^3l. K-i^~\, 

BO from the latter three other rows of quantities 

IhjJ tell Ik-*j K-is 

IMil i^Sili Ik.-iJ'.l K-i! 

mi%l ^i%ll > : ll2/«-a2.1 ^.-li 
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are formed, the immbec in each new row being clearly 

«W»-l))ti»(»-l)"l} 

i.e., J»(»-l)(»-2)(»+l). 
The new quantities arB, of course, not written by Biuet ii 



I I 



1 t 1 e f t tl t tl y 

n tei L } of them 

h hm y"b 



t L t 



■J., d exten 



[ I 

: tl 1 t lly 

nsfo mable 1 y theoren 
of a result oiven hy LaoTan^e 



a to h ve t of tl leme t es iltant ot the o der nl 
the th e Itant of th 1 o le Tl 1 e hj t k ii„ fo 

exan pi the lent t es 

multiplying both aides of the firafe hy a^ and both sides of the 
second by x^, subtracting, and writing the result in the form 

= \ Kf, i^l I 

\\^a?l \»aifii\ \, 

where of course it haa to be noted that in many cases one of the 
resultants of the 3'* order will vanish. The quantities, therefore, 
to be dealt with, are 

'CikiJ'a^al ^A^-aii'^}\~M^&H, , «B|a'»-a«/«-i^| ; 

v^^-&^ , ) vAVi^sl - yi\yi=m\ » > y^W-&n--f'n\ ; 

%1*iJ's^bI ' ' ^A^h^ml - ^\\^i^>vA > 2«k™-ay-i2»j ■ 

By raising each of the elements of the first row to the second power, 
taking the sum and simplifying, we conic!, we are told, show that 
the result would be 

Very prudently, however, another process ia chosen. It is recalled 
that the quantities in the third triad of rows aie related to those in 
the aecond as those in the second are related to those in the first, 
and that eonseijuently the required euni of squares of resultants is, 
by the multiplication-theorem itself, expressible as a resultant, viz.. 
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■where the elements of the resultant on the ii^ht are sums of 
products of quantities in the second tiial of lows Then the same 
theorem is used to make a further step back^^arda \jz to express 
each of these three sums of product of resultants as a resultant 
whose elements are sums of piodi tts of the qnintit ei n the h sfc 
triad of rows, the effect of the substitution bein^ 

Simple multiplication transforms this into 

Avhich, by still another use of the mnltiplication-tlieorem, we know 
is equal to 

The set of six results of which this is one, is 

^'K^Y^^-^y^t\x^y^,]^ J 
if, for shortness, \Ye denote the quantities of the thiirt triad of 
rows by 

X„ X^, 

Yi, Ya, 

Zj, Z^ 

I'oUoiving these, and deduced by means of them, is an equally 
notewortby theorem regarding the sums of squares of all the result- 
ants of tbe third order, which can be formed from the quantities 
of the second triad of rows. Denoting these quantities tempo- 
rarily by 

f„ i, 

Vi' Vi 

f„ & 
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we inow (xxxii.) that 

+ 2SY,Z,. S,,£, + 2SZ,X, . S44 
+ 22X,Y,.Sft,,; 
whence, by using the set of sis results jnst obtained, we have 
3S|l,,;i4l' 

- i[«,W.l j .^ 3i„£,.2!/fi + 2SM,.Sft + 32{,,,.Sj,j, f 
and therefore, again by (xsxH.) 

SIfilAP-lSMAl'j'. <»"■■) 

It is finally pointed out that from the third triad of rows there 

might, ill like manner, lie fonned a fourth triad, and ana!ogou3 

identities obtained ; also that, instead of starting with three rows, 

we might stavt with/oMr, 



Vv V2' Vs' ■ - ■ ■ ' y>' 
form from tliem other four 

^y^^]' 

yj^&h\> 

1^1^2*31. 

\t,x^y„\, .......... 

thence in the same way a third four, and in connection therewitli 
estabUsh the identity 

SijS.iCjf/a^al - Sa^Slj/iSs^gl + ^Vi^^iti^l - ^z^tlt^x^y^] = (xxxi, 2) 
and other analogues. (xsxil 2 + xsxv. 2.) 

The rest of the memoir, 52 pages, consists of geometrical appli- 
cations of the series of theorems thus obtained. 

CATJCHY (1812). 

[M^moire sue lea fonctions qui ne peuvent obtenir que deux 
valeurs cgales et de signes contraires par suite des transpositions 
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op^r^es entre les variables qu'elles renferment, Jom-n. de VEc. 
Polyt, X. Cai. 17, pp. 29-112.] 

TLia masterly memoir of 84 pages was read to the Institute on 
the same day (30th November) as Binet's memoir, of which we 
have just given an account. The coincidence of date lias to be 
careftilly noted, because the memoirs have in part a common ground, 
and because there is a presumption that the authors, knowing this 
beforoband, bad, in a friendly way, arranged for siraultaneouH 
publicity. Binet'a words on the matter are (ix p. 281) — 

" Ayant nu derniferement occaBion de parler k M. Cauchy, 
ing^nieur des ponts et chaiissdes, du th^orfeme g^n^ral que j'ai 
^nonc^ ci ciessua, il me dit gtre parvenu, dans des recherches 
analogues i eellea de M. Uausa, k des th^orfemes d'analyse qui 
deviient ivoii rapport aux miens. Je m'en auia assure, en 
jLtant les ^eu\. aui ces formules ; maia j'ignore si ellea ont la 
meme gfe^iahte que les miennes : nous y sommes arrive, je 
erois, par des voies tr^s-diff^rentes." 

And Cauchy's corroboration is (p. Ill) — 

" J'avais rencontrd I'^te domier, k Cherbourg, oil j'^taia fls4 
par lea travaux de mon i5tat, ce th^orfeme et quelques autrea du 
meme genre, en cherchant k gen^rahser les formules de M. 
Gauss. M. Binet, dont je me f^licite d'etre I'ami, aviit ct^ 
conduit aux mSmes r^sultats pat des recherches difierentea 
De retour a Paris, j'l^tais occup^ de poursuivre mon travail, 
lorsque j'allai le voir. II me montra son th^orfeme qui 4tait 
semblable an mien, Seulement il ddsignait sous le nom de 
risuUanie ce que j'avaia appel6 Mtenrdnant." 
Cauchy prefaces his memoir by another, entitled 

SuT le norabre des valevA's qu'vme fonction peut 
acqui^rir lorsqw'an y perTtiute de toutes les maniires 
possibles les guanUt^s qv-'eUe renferme. 

This latter must to a certain extent be taken into account, became 
it serves to show the point of view ivhich he considered most 
natural for examining the subject, and also the exact position beld 
by the functions now called determinants, when functions in 



y Google 



DF.TERM1SASTS IN GE^'ERAL, vS 

general come to te classified according to the number of values tliey 
arp bl t m n t n eircumstances. 

At tb t t t t th writings of Ls^ange, Vandernionde, 
ani P ffi are f d t ; tbe fact is recalled that the maxi- 
m n ml f 1 hich a function can acquire by inter- 

chaa ts blea is 1 . 2 . 3 . . . . « ; also that whwi 

the maximum is not obtained, the actual number must be a factor 
of the maximum; and then proof is given, of the very notable 
theorem that the number of valuer cannot be less than the greatest 
prime contained in n without being equal to 2. It is pointed out 
likewise that functions capable of having only two values are 
known from Vandermonde to be eonstructible for any number of 
variables. For example, the number of variables being three, 
(ij, Cg, (%, all that is needed is to form their diflereuce-product 

K-<^)('»3-'h){«2-«i) 
when it is found that either of the parts 



is an instance of a function capable of only two values by permu- 
tation of the variables ; the result indeed of any permutation being 
merely that the one function passes into the other. Further, the 
whole expression 

a.^a^ + a^a-^ + a^a^ - (a^^y + a^^a^ + a^^a^) 
is another example, the difference between the two values which it 
can assume being however a difference of sign merely. As a refer- 
ence to the title of the memoir of November 1812 will show, it is 
functions of this latter class which Cauchy there considers. 

At the commencement he contrasts them with functions whicJi 
suffer no change whatever by permutation of variables, thai is to 
say, symmetric- functions : and, noting the fact, afterwards ascer- 
tained, that the new functions consist of terms alternately + and — , 
and that were it not for this alternation of sign they would be 
symmetric functions, he decides to extend the tgrm "symmetric" 
to them, and having done so, seeks to distinguish them from ordi- 
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nary symmetiie 1 net otia by call n^ them "i!onctions symotriques 
altemees," an 1 liUih^ the otlmr " fonctions sym^triques per- 
iBanentes." Cauclys view of determinants may therefore now 
be describe 1 by saying that he comdered them as a special class of 
alternating syirvmetria funcUo 

To include them, howey eh th ad pt n f a convention 
is necessary, or an extension fthdfintnn tie made. Por 
example, OjS^ - a^-^ is not an alt n t f u t n, unless the 
elements be so related that th nt h n fa anl a^ necessitates 
the interchange of &^ and h^ at the same time; or unless the definition 
be so worded that interchange shall refer to mffixes, not to letters. 
Caucby selects the former course, his words being (p. 30) 
s los diverges suites de quantites 



tellemeni li^ entre elles, que la transposition de deux indices 
pris dans I'une des suites, n^eessite la mgme transposition dans 
toutes les autres ; alors, les quantites 

6i, e^, . . . , b^, Cg, . . . , 63, c^,.... 
pourront Stre consid^rees comms des fonctions semblables de 

et par suite, les fonctions de 

Oj, &!, c^, . . . , a^, 65, ftj, . . . , a„, }>„, c„, . . ■ . 



qui no obangeront pas de valeur, mais tout au plus de signe, en 
vertu de transpositions op^r^es entre les indices 1, 2, 3, .... w, 
devront 6tre rang4ea parmi les fonctions sym4triques de 
(Tj, a^, . . . , «™ ou, ee qui revient au m6me, des indices 
1, 2, 3, . . . , n. Ainsi 



Ojh^ + OgBj + CTs&i + a^h^ + a^h^ + a^b. 
CHS («j - a^) cos («! - flj) cos (ttj - 
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seront des fonctions sym^triques pBrmanentes, la premiere dii 
second ordre et lea autres du troisieme ; et au coiitraire, 
OjBg + 0263 + ash - "2^1 - '*i^a - ^zh ' 
Bin (^1 - a^ Bin (% - a^} sm (n, - a,) 
serunt das tunctions sym^tnques «iltem4ea dii troiiitme ordre." 
The ([ue?tion nf nomenclatitte bemg settled there nevt arises the 
question of nctitinn This also la decided on the ground of the 
resemblance of the fun&tiona to symmetno functions It being 
known that iny '^ymmetiiL. function 18 lepresentable Ijy a typical 
term preeeled by a symbjl indicatiug permutation of the variables, 
e.j. 

S{aib^) or S^i^s) standing for Oib^ + a^b^ 

and S*{aj65) standing for ct^h^ + a^b^ + a^b^ + a^^^ + a^^ + a^^ ; 

also, that any nonnsymmetrie function may be taken as the typical 
term of a symmetric function, the question arises whether the like 
may not he true of alternating functions, A lengthy examination 
of the latter point leads to the conclusion that any non-symmetric 
function K cannot be the originating or typical term of an alter- 
nating function unless it satisfies a certain condition, Viz., that it lie 
such that any value tif it obtained by an even number of transposi- 
tious of indices will be different from any other value obtained by 
an odd number of transpositions. Should, however, this condition 
Ije satisfied, and K„, K^, Ky, .... be all the values of the formec 
kind, and K^j K„, K„ .... all the values of the latter kind, then 

(K.+ K3 + Ky-1-. . . . )-(K^-l-K^4-K. + . . . .) 
is an alternating function and is appropriately ropresontable by 

S(±K) 
if the indices appearing in K alone are to be permuted, and by 

S-{±K) 
if the indices to be permuted lie 1, 2, 3, ... , n. For example, 
taking the typical term a^b^ we liave 

^{±a-^b^ = a-j>^-aji^, 
and S^( ± a-fi^ = a^b^ + a^\ + 0^6^ - a^b^ - a,])^ -a-fi^, 

= SS( + ffl2?'i) = SX+«A) =. . . . 
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S^{+i)i-[&2) is an impossibility, as when there arc foar indices a^h^ 
does not satisfy the condition required of a typical term ; indeed, 
Cauciiy notes that the number of indices in aiiy term must either be 
the total number or 1 less. 

The number of permutations being even, it is clear that the 
number of + terms K„ K^, , ... is the same as the number of 
n&jative terms Kj, K^, {x. 3) 

a generalisation of a remark of Van derm on do's. 

I nither since K„ K^, . , . are all the terms that arise from an 
even number of transpositions, and K\, Kh, .... all those that 
arise fium an o Id number of transpositions, it is plain that any 
sinj,lc tnnsposition performed upon each of the terms of tlie 
fuicti n 

(K„ + K3 + K^ + . , . , )-(K:v + K^ + K. + . . . . ) 
must change it into 

{Kx + K^ + K„ + . . . . )-(K„+K3 + K^ + . . . . ) 
— this is, in fact, the proof that it is an alternating function — cun- 
seqnently each of the parts 

K. + K3 + K^ + . . . . , 

Kx + K^ + K^ + . . . . , 

belongs to the class of functions which have only two different 

Also it is evident that if throughout the function any particular 
index be changed into anotlter and no further alteration made, the 
resulting acpressson must be equal to zero, (xii. 5) 

a theorem regarding alternating functions which is the generalisation 
of a theorem of Vandermonde'a. 

We have lastly to note, that the criterion which determines 
whether a particular R belongs to the class K^, Kp, .... or to the 
class Ki, Kj^, .... is incidentally shown to be reducible to a more 
practical form. For example, if the term be K«, and it be derivable 
from K , say, by the change of the suffixes 1, 2, 3, 4, 5, 6, 7 into 
3, 2, 6, 5, 4, 1, 7, that is to say, in Cauchy's language hy means of 
the substitution 

n, 2, 3, 4, 5, 6, 7\ 
\3, 2, 6, 5, 4, 1, 7/, 
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we ttamsforni this subatitution into a " product " of " cireulav " 
substitutions, viz., into 

, 3, 6\ 



G;:;D- (")■©■(?) 



and subtracting the number of " factors," 4, from the total number 
of suffixes 7, make the sign 4- or - according as this difEerence is even 
or odd. 

Here tbe subject of general alternating functions may be left for 
the present What remains of the first part of the memoir, i-efers to 
special cases, which naturally fall to be considered in another chapter 
of our history. At tlie close of the part, Canchy says {p. 51) — ■ 

" Je vais maintenant examiner particulierement une cerfaine 
espfece de fouctions sym^triques altem^ qui s'offrent d'elles- 
memes dans un grand nombre de recherches analytiques. C'est 
an moyen de ces f onctiona qu'on exprime les valeurs g4n6rales 
des inconnues que renferment plusieurs Equations du premier 
degr^, EUes se repr^sentent toutes lea fois qu'on a des 
Equations a former, ainsi que dans la th^orie g^n^rale de 
r^limination." 
The writings of Laplace, Yandermondo, Eczout, and Gauss are 
referred to, and from the latter tlie name " determinant " is adopted. 

The second part bears the title — - 

Des fonctioTis symAtriques altem^es dAsign4es soiis le 
nom de dMerminans. 
and opens with the following explanatory definition (p. 51) — 

" Soient a-^,a^....,a^ plusieurs quantit^s difE^rentes 
en nombre 4gal it n. On a fait voir ci-dessus qu'en multi- 
pliant le produit de ces quantit^a, ou 
a-^a^a^ .... a 
par le produit de leurs difKrenees respectives, ou par 

{0,-t,) («,-",).■■ (».-",) (",-.%) . . ■ (".-«,) . . . (•.-o.-.) 

on obteiiait pour r^aultat la fonotion aymiStrique alternfie 

S( ± a^<t,^a^ a/) , 
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qui par consequent se trouve toujours igsle au produit 
a^a^a^ . . . .a„ 
.(«,-■.,)(».-«,)... (<..-,.,)(■.,-».)...(«.-«,)... (a.^..,). 
Sapposons mamtenant que 1 on il^veloppe ce dernier produit 
et qufi ddns oh^que teinie du doveloppement on remplace 
lexptiiant da clia jue lettip pat uii second indice 4^il i 
lexposant djnt il8a-,it en (.ciivant par exemple a,, au lieu 
de a,', et a , au lieu de ,% on obt endri pour i^aultit une 
nouvelle f notion symetmiup iltcinre, ^iii xii lieu d ti 



S(± «,<«,%,' «,.-) 

sera reprfeent^e par 

S(± «„o„«.., . . ..«...), 
le signe S ^tant relatif aux prsmiers indices de cheque lettye. 
Telle est la forme la plus g^nerale des fonctions que je 
deaigoerai dans k suite sous le nom de detemmaiis. Si Ton 



in trouvera 
B{^(h-i"2-2) = <^'i%2 - a^-i^ra. 



pour les d^terminana du second, du troisi^me ordre, &c " 

In regard to this it is important to notice that there are really 
two definitions given us. The latter, viz., that involved in tlie 
symbolism of alternating functions, 

contains nothing more than Leibnitz's rule of formation and an 
improved rule of signs. The foimer is new and may he paraphrased 
as follows ;— 

If ilie muUipUcations indicated in the expression 
a^.f,^ . . . «„ 

* n-2, m--3, &c. is meant. 



y Google 



DETERMINANTS IN GESEBAL. 99 

h pe Jon ed a d tha result every index of a power he changed 
I to sxond uffi. e.g., a/ into a^^, tlie expression so obtained is 
call d a determ, ant (vin. 2), 

aid dl 

'^( + °i-i'^-a'^-3 ■ ■ ■ ■ '*«■■') (■*'"■ 5)' 

In tl s (left t on the rule of signs and the rule of term-fonuation 
A 6 uaep a le a peculiarity already ohserTed in the case of 
B zout s rule of 1 64 

After the definitions various technical terms are introduced. The 
n^ different quantities involved in 

S(± «,.,«,.,<.„ «.„) 

are arranged thus 



lal ^ M de lignes horizontalea et 8ur autant de 
'' and as thus arrasged are said to form a 
<i of order n. The individual quantities a^.-^, &c. 
are called the temw of the system, and the letter a when free of 
suffixes the cliaracteriBtic. The " terms " in a horizontal line are 
said to form a suite horizontals, in a vertical column a suite vevticale. 
Conjugate terms are defined as those whose suffixes (" indices ") 
differ in order, e.g., a^.^ and a^.^; and terras which are self-conjugate, 
fi.p., aj.j, Og.j, . . , are called _pnjicy3a^ terms. The determinant is 
said to belong to the system, or to be the determinant of the system. 
The parts of the expanded determinant which are connected by the 
signs + and - are called symmetric products, and the product 

^i-i'h-^'^i-s ■ ■ ■ ■ «-- 

of the principal "terms" is called the principal product. The 
" principal product," however, is also called the lerme indtaatif of 
the determinant, and thus an awkward double use of the word 
" terme " is brought into prominence. The system 
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derived from the previoua ajstem by interchauging tlie suffixes of 
each " terme " is said to be conjugate to the previous syatem, A 
symbol for each of these systems ia got by taking the last " terme" 
of its first " suite horizontale," and enclosing the " terme " in 
hracketa ; in this way we are enabled to say that (»,.„) and {a„,^ 
are conjugate systems. 

Ia the course of these explanations a modification of the rule of 
term-formation is incidentally noted, the form taken being specially 
applicable ivhen the quantities of the system have been disposed in 
a square. Cauchy's wording of this now famUiar rule is (p. 55) — 

" pour former chaean dea termea dont il a'agit, il 

sufflra de multiplier entre elles n quantit^s diffdrentes prises 

respectivement dans les diff^rentes colonnes verticales du 

systfeme, et situ4es en mSme tempa dans les diverses lignes 

horizontales de ce eystfeme." (ii. 6). 

Here we may note in passing that the disposal of the " termee " in 

a square might have enabled Cauchy to point out (which he did not 

do) the difference between Gauss' use of the word " determinant " 

and his own, by saying that the " determinant of a form " had its 

conjugate " termes " equal. 

Tho rule of signs applicable to alternating functions in general 
is modified for the special case of determinants, and takes the 
following form (p. 56) : — 

" fitant donn4 un produit sym4trique quelconque, pour oh- 
tenir le signe dont il est affect^ dans le determinant 
^±a^.-ta^^^.^ .... «„.„) 

il suffira d'apphquer la rfegle qui sort k determiner le signe d'un 
terme pris k volonte dans une fonction symctiique altern^e, 
Soit 



lo produit aymdtrique dont il s'agit, et deaignons par g 
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nombre des substitutions circulaiies ^quivalentes k la substi- 
tution 

Ce ptoduit devra §tre affecti5 du signe +, si n-g est un 
nombre pair, et du signe - dans le cas contraire." (iii. 18). 
Thus if the sign of tlie term 

in tbe determinant 

S(± «,.,«„«„ .... a„), 
be wanted, we write the series of first suffixes 6, 8, . , , under the 
corresponding suffixes of the " principal product," that is to say, 
under the series 1, 2, 3 . . ,9, obtaining the interchange 
/1234&678 9\ 
\6 8 3 1 9 3 5 4 7/; 
this we separate iato circular interchanges, finding them three in 
number, viz., 

f3\ ('5 7 9\ /I 2 4 6 8\ 
\3/' V9 5 7/' \6 8 1 2 4/; 
and the determinant being of the 9* order, we thenee conclude that 
the desired sign is {-)^"', i-e., +. In connection with this subject 
a modification of Cramer's rule is given, no reference being made to 
" derai^ements " at all. Put into the fewest possible words it is — 
The sign of the term, a^.j a^.^ .... «;.„ is the same as the sign of 
ike difference-product of the first suffixes, that is, the sign of 

(/S-«)(y-.) «-.)(r-» (m. 19). 

For example, the sign of 

above sought, is the sign of tho difEorencc-produet of 

6, 8, 3, 1, 9, 3, 5, 4, 7 
i.e., the sign of 

(7-4) (7-5) (7-2) (7 -9) (7-1) (7-3) (7-8) (7-6) 

X (4-5) (4-2) (4-6) 

X (5-2) (5-6) 
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Tlie olijeet -which Cauchy bad in view in stating the rule in this un- 
necessarily complex form -waa doubtlesa to show its essential identity 
with the rule implied in his new definition. He says (p. 58)— 

" On demontre facilement cette regie par ce qui pr^cfede, 
attendu qu'une transposition operfe entro deux indices change 
totyours, comme on I'a fait voir, le signe du prodult 

(ffl3-a„) {a^-«„) .... («f-ff.) (Oy-a^) , . . . , 
et par cons^q^uent celui du produit 

(/j-.)(r-«). ..«-.) (r-«. •■ ." 

The way having thus Ijeea prepared, the propositions of deter- 
minants are entered on. Those kaown to his predecessors we may 
dispose of rapidly, giving little, if anythir^, more tlian the enuncia- 
tion of them, in order that the new garb in which they appear may 
be seen. 

. . . . " )e determinant du systfeme (a^-i) est dgal i cehii du 
aystfeme («i.„) En consequence, dans I'expression 

on peut supposer indiiKremment, ou. que )e signe 8 se rapporte 
aux premiers indices, ou qu'il se rapporte aux seconds : (ix, 2). 

SI hgtlll th tl d 

t -tcald yte ()dmfeif p 

d ! ttltemlltt^i.q 

m t bt d y t^m ym t ^ 1 t 1 

Itmt Imtlmisl t k 

lui 1 y tfem ( ) SI ^p t 1 mfem p t 

pi ur f d t It 1 d ■) th ymi 

t q d t 1 li^t m t ^fe t 

Itnatmtitft^tf Optf 1mm 

miklfeldytm() (3) 

si I'on d^veloppe la fonction ajm^trique altern^e 

S[±a,.S( + o„a„ »..,,.,)] 

tons les tonnes du d^veloppement seront dea produits symo- 
triques de I'ordre n, qui auront Tunite pour coefficient. Ces 



y Google 



DETEItMINANTS IN GENERAL. 103 

termes seront done respective men t egaux h ceus qii'on obtient 
en d(5veloppant le determinant 

i>«-s(±«i.ia2.2 ■ • - ■ O; 

et eomme lo prodnit principal o^.j a^.^ . . , «„.„ est positif de 
part et d'autre, on auia necessairement 

D„ = SI±a,..S(±<i,.j«,., <<„,„„.,)] (VI. 3) 

= a„.A.n + «B-i-A-i.« + .-■■+ Hi-A-"- 
En general, si Ton deaigne par /i I'mi des indices 1, 2, 3, . . . , J! 
on trouvoni do la in§me maniere 

D.-B[*a„B( *«,..«,.. . ■ . ■ ",-,-,».+,■«,■• ■ "..-)] 

(V,. 1). 

Cette demifere equation 

= a^.^Jj.^ + a^-J/^.^ + . . . + (i„.A> (^"- 6) 

sera satisfaite toiites lea fois que v et /i seront deux nombrea 
difl^rens I'un de I'autre. 
.... on auia done auasl 

D„ = a„.iVi -i- «^'2V2 + •■..+ ««.A- ("- 4) 

=ay.jb^.i + ii^-A-2 + ■■■■ + a^.J>^.n (xn. 6) 
les indices ft et v ^tant censda in^gaux." 
The expressions here denoted by &j.j, fej.g , .... are spoken of 
e (" adjointes ") to a^.i, a^^ , ■ ■ ■; and the system 



b^-i b^.^ 



as adjugatc to the system {«!.„). Similarly the system (6„.i) is said 
to be adjugate to the system (a„.j); and, on the other hand, it is 
said to be adjugate and cm^ugaU to the system (fli,,). 

Up to thia point no neiv property has been brought forward. 
The following paragraph (p. 68), however, opens new ground, the 
formula given in it being of some considerable importance in the 
after development of the theory. 

" Si dans le sjstfeme de quatitites (aj.„) on supjirime ia dernitre 
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suite horizontale ot la derniore suite vertitiale, on 
syetfeme suivant, 



que jo diSsigaerai h, I'ordinaire par (aj^.„.^). 

"Soitmaiotenaat (ej.„.j^)le systfeme adjoint aupreci5dent. Si 
dans I'oquation (13) on change 6 en e et « en m - 1, on aura 
en g^n^ral 

Pour deduire de cette demifere ^nation la valeur de b^.„, il 
sufBra en vertu des r&glea ^tabliea, de changer a„.„ en «„.p dans 
rexpression pr^cedente de &„.„ et de changei en outre le signe 
du second membre : ou auia done geneialement 

Si dans eette equation on donne successivement h fi. toutes les 
valeurs entieres depuis 1 jusqu'i n-1, et que Ton substitue 
les valeuts qui en resnlteront pour 6[.„, 62,„,-..6„.p„ dans 
ruination 

D„ = ai.„6i.„ + a^.J'^-, + . . . . + a„-J>„-n, 
on obtiendra la foi'mule suivante, 



L +«„_i.,(a„.ie„_i.i + ffl„.2e„_i.3 + ...+a„.„_3e„_^.„.3). 
Cette equation peut @tre mise sous la forme 

D„ = a„,„DVi-S"-iS''-i(«„.„(t,.^c..J, (xxsvir,) 

les deux signes S etant rclatifs le premier k I'indiee p. et le 
second aVindice v." 
Tiiis is the -well-ltnown formula nowadays described as giving 
* Misprint in original, for D^-,. 
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the development of a determmant according to binary products of 
a row and column. The special row here used is the w"" and the 
special columa the ra"'' likewise. 

The four pages regarding the application of determinants to the 
solution of a set of simultaneous equations may he passed over with 
the remark that they give evidence of the importance attached hy 
Cauchy to his new definition of determinants, the solution in the 
case of the example 

being first put in the form 

^~ ab(b-a)' ^ ~ ab{h-a) ' 
iiud similarly in the case of the example 

a^j + 6,a;2 + c^j = Wi, {v = ^, 2,3). 

The determinant solution of a set of simultaneous equations is 
put to good use by Cauchy to obtain new properties of the functions. 
Taking the set of equations 

r «!.,«! + rtj.gWa -f + %.»a;™ = "»! 

<^°M&c 

[a„.j«j + a„.^x^ + + a^.„x^ = m. 

iind solving for Wj, x^, . . . he obiains of course the set 

m^}\.^ + m^b^.-^ ■¥ + »wA>i = D^j,! 

&c. j 

Mj^j.^ + ntgfijj.n + + WSn^'n-B = Dfl^B . J 

where Bj.,, S^'i > ^^'® ^^ signification above indicated, 

and D„ stands for S(±«ji« ^ "" ") "^"^^ second set may 

be treated in the same way a^ the tirbt set, the quantities 
jftj, ffSg, . . . , m„ being viewed ts the unknown's To express the 
result the system of quantities idjugate to (Jj ) ib denot^-d by 
(flj.„), and the determinant of tht system {b^ ) k denoted by B„ the 
new set thus being 
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(27) 



fci-iD^i + Ci.gD^a + + Cj..D„aT„ = ] 



Lc„.,D„^i + e„.,J)„x, +. 



. + c„.J)^x^ = B„m„ , 



Cauchy then proceeds (p. 77) — 

" Les ^(juations (27) peuvent e 
suivante, 



Vi + c 



''X 



et comme celles-ci doiveiit avoir lieu en mgme temps que les 
equations (20), sans que Ton suppose d'aiUeurs entre lea terinea 

de la suite Xy, x^ fl!„ et ceux du systcme (ctp J aucune 

relation particulifirc, il faudra necessairemcnt que Ton ait, quels 
que eoient /i et v, 

1\_ 



Cettc cquatioii etablit un rappjrt constant entre les termes du 
systfeme {«!.„) et Ics termes du systfeme adjoint du second 
ordrc {«!.„)." 
More definitely, and in more modem nomenclature, the theorem is 

The ratio of any element of a deterwmant to the corresponding 
element of the second adjugate detei-ntinan.t is equcU to ike ratio of 
the determinant itself to its first adjugate. (xxxviii.) 

Attention is next directed to the group of equations — 
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Here there are tlireo symmetric systems of quantities 

(a,.), K.), K,), 
the first appearing m. every eo!iimn o£ equations, the second in 
every row, and the third ocly once. The determinants of these 
systems are denoted hy 

rrapeotively : that is to say 

E.-S( +«,,,%,. . . a,.) 
8.-S(±«,.,i.,, . . . «,.) 
M.-S(±«.,.,m,., . . .m,.). 
If now in 

S(±a,.,»„. . .«,,) 
there te substituted for m^.j, mj-j, .... their values as given by 
the group of equations, tkere will be obtained a function of all the 
tt'a and a's, which must be an alternating function with respect to 
the first indices of the ct's and also with respect to the first indices 
of the a's. Purther, since each of the m's is of the first degree in 
the a'a and of the first degree also in the a's, each term of the 
development of B{±'>n^-i^-2 - - ■ ■ "^n-n) must evidently be of 
the form 

±'^v^o^ On.^>.a2-» . . . . «„.^. 

But the development by reason of its double alternating character 
cannot contain such a term without containing all the terms of the 
product 

±S(±a,.^«, a„„}S{±ai,^,«,.„ . . . «„.„,). 

Consequently it must equal one or more products of this kind. But 
^ain the indices ix, v, . . ., ir arc either all different or not. If 
they be different, we have 

S(±ai.^aa.. . . . a„.,)= +S(±ai.iag.2 . . . «„,„)= +S ; 
and if any two of them be equal 

S(±<.,.rt, . . . ».,)-o. 

The like is trueinregard to S± (di.B.aj.i., . . . an-m)- This enables 
us to conclude that the development of M„ is equal to one or more 
products of the form 



II other words, that 



M„ = cI)„S„, 



yGoosle 



DETEKMINANTS m GENERAL. 109 

wliere c is a constant. But if we take tlie very special case whore 

,ind wliere consecjuently 

M„ = l, D„ = l, S„=l, 
and that therefore 

e=l. 
Hence the final result is 

M„ = DA. (xvir. 5). 

This the DOW well known maltiphcation theurem ji letetminants, 
Cauchy puts m words as follows {p 82) — 

loraqu im ar/btetne de quiniitet, est SMerm-iiiP sijmi'tnquetiient 

OM moym de deux nutres By^ti>mes, le deteimmant du iystime 

lesuUant eti toigours egai au proiuit des detei mmans des deuJ! 

sy^thmes composani (xvii 5) 

It i*! quite clew fiom whit has heen said ab Die thit it ■was dis 

coiPied mdependentlj, and ihout tho same time hy Bmet and 

Cauchy and ought ti beat the nime=i of lot! Binot his the 

turther meiit of havin^ reached t theoiem of which Oauch/s la a 

special caae and then niide an idditional geneialisatiOE m a dif 

fereiit directifii, and Gauohy his the ailiantiap over Bmet of 

hiMDg produced alon-, with his sje lal casp i s^tiifactiry pioof 

of It 

From the theorem. Cauchy goes on to deduce several results 
equally important. Suhstituting for the system (ai.„) the system 
{6j.„) adjugate to (aj.„) so that 

S„=&(±h.-J>^.^ . . . S„.J = B„, 
wc kaow that then 

m^.^'^'D„ and m^.^ = 0; 
that consequently M„ consists of but a single term, viz. 

and that therefore by the theorem 

d:=b„d„, 

whence E„ = Dn'-'. (xxi. 2). 
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This result, afterwards so well known, CaucLy translates into words 
HB follows (p. 82) :— 

. . . . le dStermtnant du systhm (by^) adjoint au systime {aj.„) 
est Sgal A la (m- l)'"put8mnce du dUerminant de ce dernier 
(xxi. 2). 
I, by returning to the identity. 



and substituting the value of B„ just obtained, there is deduced the 
result 

or, in words, 

. , . etant donne an terme qiiekonque ap.., du syatiime (oj-^, 
pour ohtenir le terme corre^iondant du systhne adjoint du 
second ordre (Cy^ il sujira de mvltiplier le tenne d<mnS par la 
(n — 2)"" puissance du det&i-mina'ni du premier misthne. (xxxix.) 
A considerahle amount of space (pp. 82-92) is devoted to the 

consideration of the adjugate systems of 

{«„), (.,.),<»,,), 

and the adjugatea of these adjugates ; but nothing new is elicited. 
The section closes with the manifest identity 

{ai.i+ «3.i+ . . . +«„.i) Ki + a2.i+ . . . +a„.i) 
+ (ai.2+ aa'2+ ■ • • +'^^■2) Kb + «2.h+ ■ ■ ■ +«»-J 

+ &C 

+ (ai.n+ aa.„+ . - . +0 K„ + a2-„+ - - ■ +cr...,) 
= mj.j + m2.^+ . . . +m„.j 
+ i7iy^ + m^.^+ . . . +ra„.2 



which, using later technical terms, we may express as follows ; — 

1/ there he two dekrminmds, and the sum. of the elements of one 
first column be multiplied by the sum 0/ the el&menta of the other 
first column, the sum of the elements of one second column hy the sum 
of the elements of the other second column, and so on, then the sum 
of these products is equal t" the ium of the elements of the product 
of the two determinants. (sl.) 
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The third section breaks entirely fresh ground, its heading being 

Des Systimes de Quantith deriv4es et de 

lews D6term.inans. 

Of tie integers 1, 3, 3, . . .,n all the possible sets of p integers 

are supposed to be taken, and arranged in order on the principle 

that any one has precedence of any other if the product of the 

members of the former be less than the product of the members of 

the latter. The number n{w - 1) (n-p + l) I I. 2. S . . . . p 

o£ the said sets being denoted by P, the P*^ and last set would 
thus be 

n-p + l,n-p + 2, ,n-l,n. 

Now, any two of the sets being fixed upon, say the ja* and v'" , the 
system of quantities {a^.„) is returned to, and from it are deleted 
(1) all the " termes " whose first index is not found in the ^"' set, 
and (2) all the " termes " whose second index is not found in the 
V* set. 'Wifeftt.is left after this action is clearly "nn systime de 
quaatit4s symetriques de I'ordre p," the determinant of which may 
be denoted by a . For example, if ii. = v=\, all the a's would be 
deleted whose first or second index was not included in the set 
1, 2, 3, . . ,, p, and there would bo left the system 
«r2 ■ ■ ■ ■ 'h-P 



of which the determinant would be denoted by 

As any one of the P sets could be taken along with any other, pre- 
paratory to forming sueli a determinant, there would necessarily be 
in all Px P possible determinants. Arranged in a square as 
f oUows : — 
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they manifesUy form "un systfeme symetriqae de I'ordre P," 
■which, in strict accordance with previous convention, is denoted hy 

Cauohy then proceeds (p. 96) — 

Si Ton donne succcssivemEnt kp toutes les vaJours 
I, 2, 3, . . . ., «-3, M-2, w-1 
P prendra lea valeurs suivantes, 

' 1.2' 1.2.3 '■■■' 1.2' ' 
et I'on obtiendra par suite un nomljre egal a n - 1 de aystemes 
symeti-iques differena lea uns des autres, dent le j 
le systfeme donn^ {^^i-^ ■ Ces differena systfemi 
tespectivement pax 

je les appellerai eysihnes dSrives de (esj.,) . Parmi cea syatemes, 
ceux qiai correspondent k des valeura de p dont ia somme est 
^ale 4 n aont toujoura de mSme ordre; je lea appellerai 
systhmes derives complhnentaiTm. Ainai en general 

Ui) .t („*-") 

sent deus systemes derives complemontaires I'un de I'autre, 
dont I'ordre est egal a 

P _ "<"-l) ■ ■ ■ . C n-P+I) ^ 

Up to this puint a thorough underata tiding of the notation 

("■■•) 

is the one essential. Taking the particular instance 

(«) 

ive first call to mind that it is an abbreviation for the " syateme 
symiitriq^ue" whose flrat row has for its last "terme" the detemiiuant 

— that is to say, an abbreviation for the system whoso deterniin- 
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ant wc should nowadays write in the form 



The next point is to ri 



e what determiaants ate denoted by 



Now tho number 10 being of necessity a eombiuatorial, and, as 
the figure in brackets above it indicates, of the form 

1.2 ' 
we SCO that n must hs 5, and that the said determinants arc all 
derived from 



The details of the process of derivation are recalled in connection 
with the interpretation of tho pairs of suffixes. A requisite pre- 
liminary is to form all the different pairs of the numbers 1, 2, 3, 
i, 5 ; arrange them in the order 

12 , 13 , 14 , 15 , 23 , 24 , 25 , 34 , 35 , 45 ; 
and then number them 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 

1 h h fli t k n and 

th ml nat 



These last are the numhe 
what each one as a suffix 
it is here placed. For exampl tl fi t ffi n a 
combination 1 2, and in pi tl d 1 t f U th 

above determinant of tb fifth d x pt th 1 t ar 
second suffix refers totb an nlnt nlnpl 

tion of all the columns e pthl •udnJ ultl 
a whole thus comes to stand for 



nd wh h 
f r? to tl 
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Interpreting c^^\ , af\ j .... in the same way, we see tliat 

(«S.) 

is a compact notation for tlie system of wliioh the doterminaut if 



Similarly 



K-,%..i , K-A, 



stands for tlie system of wliioli the detorniinant is 



and which ia called the " complementary derived system." (xli, 3.) 
To every " terme " of the latter there corresponds a " termo " of 
the former, the one " terme " consisting exactly of tliose a'a of the 
original determinant which are awanting in the other. This lelation- 
sHp Canchy goes on to mark by means of a name and a notation. 
He calls two such "termes," lag. 1^4. 3(15.3] and |«i.4«2.5l for example, 
"termes compMmentaires dea deux syst^mes;" (xli. 4) 

and if the symbol for the one be by previous agreement 



the symbol for the other is made * 



As for the signs of the " termos " 
words are (p. 98) — 



" derived systems," Cauchy's 



* If Canchy had adopted a slightly differetit principle for determining the 
order of combinations, the ;»"' combination of y things and the {?-» + !)"' 
combination of m-y things would have been mntuallj exclusive, and the oon- 
venlion here miide in regard to notation would have been n 
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'En general, il est facile do voir que le ptoduit de deux 
teimes oompUmentaires pria k volont^ eat toujours, au aigne 
pr^, une portion de ce niGme determinant {D„). Cela posd, 
etant donn^ le aigne de I'un de cea deux termes, on dotor- 
minera celui do I'autre par la condition que leur produit eoit 
affects du inSme signe quo la portion correspondante dii 
dctormiaant D„." 
All these preliminaries having been settled, the weighty matters 
of the seetion are entered oil. The first of these is a complete and 
perfectly accurate statement of the expansion-theorem, known by 
the name of Laplace, but which, as we have seen, Laplace and even 
B^zout who followed him were very far from fully formulating. 
The passage, is of the greatest interest. No better example could 
be chosen to illustrate the powerful grasp which Caiichy had of the 
suhject. What Laplace and Bfeoiit laboured at, lengthily expound- 
ing one special case after another, Cauchy seta forth with ease and 
in all its generality in the space of a page. His words are (p. 99)— 
" On a fait voir dans le § 3' que la fonction sjmotrique 



^tait cquivalente h celle-ei 

S[*S(*a,.,o„...„. ).<.,.]. 
On fera voir dc meme qu'ellc est encore equivalente a 
S[ i S( i <.,,,«„...«„) . S( i o„,«...«.-,,-,".,)] , 
les op^rationa indiqudes par le signe S pouvant §tre eonsiderees 
comme relatives, soit aux premiers, soit aux seconds indices. 
On a d'ailleurs par ee qui precede 

S(*«i.i«2.s...a^.^)-±<4^j', 

"I "F+I-iH-l— "■"■"/ - — " .P ■ 

Enfin los signes des quantitds da la forme 

M Jn-p) 

''i.i ' "i'.p 
doivent 6tre tels que les produita semblables k 
^(p)Jn-py 
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soiont dans le di^terminant D„ affectes ilii signs + . CeJa pose, 
il resulte de I'^q^uatioa 

D.. = S[±S( + «i.i«2.a...«^.,).8(±«^i.,+i...«..„)], 

que D„ est la sommc de plusieui'S produita de la forme 

Selon que pour obtenir oes differons produits on 6changera 
entre eux les premiers ou les aeconda indices du systeme {«;,.„), 
on trouvera ou 1' equation 

u„ = a,^ I *r.p + "2 1 '•'p _ 1 1' "r + «p J «| p 1 

On. aura de mSme en general les deux equations 

■^"-"l.ir''p.P-i+l "•" "S,,! "P-l.P-.r+l + ■ ■ ■ + "P.^ "1.P-.+I > 
D ^/,('''ft("-PJ 4- //(P' /it""*"* J- -l-n***' „("-?> 

l'„='«^, ftj^^+ip + a^^ap-^+Lp -i- . - . +Vp"p-«+i.i- 
Ces deux Equations sont comprises dans la suivante 

qui a lieu ^galement, soit que I'on eonsid^re le signe S comme 
rektif k I'indice ;i, soit qu'on le consid^re comme relatif h 
I'indice ir." 
Taking as an illustration the case where to = 6, p = 2, and ■n- = 7 
(that is, the ordinal number corresponding to the pair 2 5, of the 
suffixes 1, 3, 3, 4, 5), and translating literally from Cauchy's 
notation into our own, we have 

With the same certainty of touch and with still greater concise 
neaSj all the identities diiectly obtainable by E^zont a Methods 2 our 
trouvei les f nctiont, ^m botent ^no pai eU'-imemes are 

formulatpl as one j,Hncral ilentitj and estabhshod on a proper 
basis. The pir \i h li, (1 100)— 
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" D„ etant uiie foiiution symdtrique altern^e des indices du 
ajstfeme (aij.«) doit se r^dujre 4 z^ro, loraqu'on y rcmplace itn 
de ces indices par un autre. Si I'on opere de semblaliles rem- 
placcmens k I'egard des indices qui oecupent la premifero place 
dans le aystfeme («i.„), et qui entrent daus la eombinaison (/i), 
eette meme combmaison se trouvera transformee en une autre 
queje d^signerai par (v),eta^^ sera change en a-^\ D'aillours, 
en suppoaant le signs 8 relatif k ir, on a 

D..s'(,.i5«<;:;«.,-.«); 

on auia done par suite 

(xii. T; sxiir. 3), 

On aurait de nieme, en suppoaant le signe 8 relatif a I'indice /t, 
et en dfeignant par (t) une nouvelle combinaison differente de (w) 

O.S'(o;.'><-«„,,^,)." (xii. 1; mil. 3). 

As this theorem is twin with the preceding, it is best to illustrate 
it by the same special case, By ao doing, indeed, both theorema 
become more readily grasped and their details better understood. 
Taking then as before n = b, p=2 and jr = 7, we first form the 
determinants which Cauchy would have denoted by 

and which we denote by 

Next, for eofaetors, we form the determinants which are comple- 
mentary, not of these, as in the preceding theorem, but of the 
members of one of the nine other groups corresponding to the 
values 1, 2, 3, 4, 5, 6, 8, 9, 10 of ir,— say the group 



These complementaries being 



B have the desired identity 

= l«l£«aol'Kl«4S*S,^l - l«12«S5l-k'21«4fl«5r,! + l«J2«55|-|«ll«93' 
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the right-hand aide of which, is nothing moro than an evpansion of the 
zero determinant which arises from the detorminint [<iu.d'^jXj^a^^a^^\ 
" lorsqu'on y remplace un des indices par un autre," viz , the second 
4 by 5. 

With, the help of these two theorems a third theorem of almost 
equal importance is derived, viz., regaidiiig the product of the 
determinants of two complementary systems. Denoting the deter- 
minant of the system 

(o<5) l,y D«, 

and that of the complementary system 

(«Sr') ty 4"', 

and mulfiplying the two determinants together, we see with Cauchy 
that hy (xiv 4) the principal "termes" of the resulting deter- 
minant dre f dch equal to 

and hy (xii. 7) all the other " termes " are equal to aeio. Conse- 
quently 

As ail example of this theorem, it may ho added that the product of the 
two determinants printed above (p. 114) to illustrate the notation 



tliiit is to say, the determinants of the systems 

(«S.) . (.?!.), 

is equal to 

In connection with all the three theorems, the special case, p = 1, 
is given, eo that their relation to previously well-known theorems 
(VL, XII., XXI.) may be noted. It is also pointed out, that when in 
the third theorem « ia even and p = ^n, the result takes the interest- 
ing form 

B,''''-(D.)^, (It... 2). 

This brings us to the last section of the memoir, the fourth, 
bearing the heading 
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Des Systemes d'£!guations dSnvees et de leur 



What it is concerned with is the relations subsisting between a 
1 system " of the prodnct- determinant 



corresponding "derived systems" of the factors 



in other wordSj the relations which must connect the systems 

f.,(.p>\ fjp)\ {.J-pA 

by reason of the relations 

(given in full above on p. 107) which connect the systems 
(a,.) , K.J , (.»„). 
First of all, attention is concentrated on a single " tcrnie " of the 
system 



or, as we should nowadays say, on. a minor of tte product-deter- 
minant. The process of reasoning, which occupies abont four 
quarto pages, is exactly analogous to that previously followed in 
dealing with the product-determinant itself ; and the result obtained 

''V>'~ I ■■■I t'.i/i (sviii. 5) 

where S^ ia meant to indicate that the terms on the right-hand side 
are got by changing the second snffixK into 2, 3, 4, . . . , P in 
anccession. Speaking roughly and in modern phraseology, we may 
say that this means that 
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Any minor of a product-determinant is expressihle as a sum of 
oducia of minors of the two factors. (xviii. 5.) 

Cauchy then proceeds (p. 107)^ 

" Si dans cette Equation [xviii, 5] on donne successivement it 
/i et 6, v toatea les valeurs entiferes depuis 1 jusqii'Ji P, oa 
auia un systfeme d'^quations sym^triiiues de i'ordre P, que Ton 
pourra repr6senter par le symbole 

(63) 5Js'7a'P'^<^A. 

P ^tant toujoi 









n^n-\)_. {n~p + \) 

I. 2. -6 ... p 

Pour di5duire dea equations 

2[S-(.„ «,.,)..»,„] 
les dquations (63), il suffit evidommcnt do r 
systomes do quantites 

{«„) , (a„) , (m„) 
par les systomes derives de nigme ordre 

(a'-^A ['«''''') (vi^^A 

Je dirai pour cetto raison que le second systfei 

d6riv4 du premier," 
Tiie close outward reserablauce here noted between the oi^iaial 
and the derived system of connecting oquationa is due of course to 
the choice of the notation 

for the minors of the determinant 

S±(<.„o„...o.,), 
ind is so far a recommendation of that notation. 

Prom the system of equations (63) two deductions follow 
immediately. In regard to the first Cauchy's words are (p. 108)— 
" Dosignons par 



111 placer 1 



d'^quations est 
(XLI. 6.) 
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les detorniinans dea trois syst^mes 

/'«<^>^ ('a<^A /'m(»>^ 
on aura en vertu des Equations (63) 

(65) M<?'>=D</J8</'." (xmi.) 

The enunciation of this in modem phraseology would be — 

Any compound of a prodzKt-determinani is equal to the product 
of the c<yrrespo7iding compounds of the two factors. (xliii. ) 

The next deduction is stated etinally succinctly (p. 109}— 

" Si I'on ajoute entre elles Ibs equations (63) on aura la 
suivante, 
(06) S' j S'(i.2)s'(o;,';) ) - S'S'(.«W) , (xxn. 2) 

le premier signe S, o'est-i-dire le sigtie ext^rieiir, i5tant rolatif 
a I'indice v, et les autrea, e'est-Ji-dire les aignes int^rieurs, etant 
relatifs h, Tiiidice ji.." 
This (66) corresponds to (xl.) as (65) coiTesponds to the multipli- 
cation theorem 

the transition from the general to the particular being clfected in 
both cases by putting ^ = 1 . 

With these deductions, the 4th Section practically comes to an 
end ; but one or two results, intentionally omitted in the account of 
the 2nd Section because they seemed to belong natuiully to the 4th, 
fall now to he noted. 

The first is very simple. It arises (p. 91) from observing that 

(I>.)"-'x(S«)"-' = (D„SJ"-, 

and.'. =(M„)'— 

by the multiplication-theorem. The result (xxi. 2) above (p. 110), 

is then thrice applied, and athoorem at once takes ahape, which in 

later times we find enunciated as follows :— 

The adjugate of the product-dsterminant is equal to the product 
of the adjugates of the two factors. (xliti. 2.) 

It is not noted, however, by Cauchy that this is but a case of xliii., 
viz., where^ = ra- 1. 
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The next is 

01' 2[S"K,,^,.,) = 8„a^.„] (xLiv.) 

It is nothing more than the result of Bolving the n.ii equations 

(33) S[S-(.,.,o„) -»•..■] 
first, in cohimna, for all the a's, and secondly, in rows for all the (('s. 
The last is 

or 2 [S''(a,., rj.^) = DA.„j (xLiv. 2) 

where {i\.^) is the system adjugate to {my„.). It is obtained from 
the n.n equations (xLiv.) just as they were obtained from the 
n.n equations (33), use beini^ made of the theorem 

In concluding, Cauchy refers to BineL's researches on similar 
matters. Most of what he says in regard to them has already 
been given {see p. 92 above). The rest of it is as follows (p. 
Ill):- 

" II [Binet] nie dit en outre qu'il avait generalise le 
theorfeme dont H s'agit [M„ = D„S,], on substituant au produit 
de deux r^aultantes des sommes de produits de mSme espfecc. 
J'avais dfes lors d^jk d^montre le theorSme auivant : 

D'wn systhme quelcon^e d'6quations symStriques on peut 
deduire cing^ autoes eysthnes du whne ordre ,- mais on ii'en 
saurait dldmre un plus grmid nomire. 

J'ai d^moatr(5 depuis h I'aide des m^thodes pr^cedentes cet 
autre th^or^me : 

D'vn systhte qtielconque d'&qiiaiions symHriquea de Vordre n, 
on peut touj ours deduire deux »yslemea d^&guaiions symUriques 
de Vordre 

2 ' 
ihiix systhnei^ rCeqaatums sy^nkriqiics de Vordre 
.(»-!)(» -2) 

1.2.3 ■*" 

En ajoutant cntre elles lea Equations sym^triques comprises 
dans un mSme eystfeme, on obtient, comme on I'a vuj les 
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fonnulea (50), (51) et (70) qui me paraissent devoir §tro 

semblables a celles dont M. Biuet m'a parld." 

The last sentence here raises an important question for the 

historian to settle, viz., whether Cauchy ia to share with Binet the 

credit of the generalisation of the multiplication-theorem. The 

identities on which the claim is baaed are— 

S"{S"(v^) SX^...)} ^S-St'",.,.) (50) 

S"{S''(^„.„) S"(i;...)} =8"S«(.v..) (51) 

S""! sYa^%^('«^;) } = B'B^U'l\ (70) 

The first of these, given formerly (p. 110) in the uncontraoted form 



(ai.l + «2.1+ . . 


. +a„.0(ai.i + a,. 


■ 1+ . . 


. . +a.,.,) 


+ (ill-2 + «sr2+ ■ ■ 


. +a„.g) (Bi-a + a^, 


■2+ ■ ■ 


, . +«,.,) 










+ K™ + «2-«+ ■ ■ 


. +a„.„){(i^.„ + fla 


.„+ . 


- - +"»-«) 


Jfflj.j +J»2-i + . 


. . +m„.i 






-fmj.j +711^^ + . 


. . +m„.^ 






+ 









+ %.„-+ wig., + . . . +m„.„ 
where m^.;, = a^.^civ-i + «^.2Ci"3+ ■ - ■ -^ (^^■,fi-i~>i j 
may be at once left out of consideration ; it is not even s 
the multiplication-theorem, Cauchy, we may be s; 
only because it is the first of the series to which (51) and (70) 



belong. The next 



adjugate to the systems 



the systems 



(«„) , K.) , (m„) 
dealt with in (50). It indeed is comparable with Binet's theorem ; 
but as it is only a case of (70), — the minors in (70) being of any 
order whatever, whereas in (51) they are the principal minors, — we 
may without loss pass it over. Directing our attention, then, to 
(70) let us for the soke of greater definiteness take the case where 
n = 5 andp= 2, and where consequently P = ^-^^ = 10. The theorem 
then becomes 
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For the purpose of comparison with Billet's lesult, it is absolutely Tieces- 
sary, however, to depart from this exceedingly condensed mode of state- 
ment. Eememberiiig that the inner S's lofer always to the first suffix, 
aud the outer to the second suffix, we obtain the more developed form 







(•S. *<!.+ ■ 


■■+«i2.) (»!';.+<!.+■ ^ ■*"',"',.) 



+ mf +m'^* + . . . +mP' . 

Interpreting now the suffixes and superfixea of the a's, a's, and ni's, 
after the manner already described, — any suffix r signifying along 
with the superfix (2) the r* combiaation of two numbers taken 
from 1, 2, 3, 4, 5, we finally reach the suitable form 

{ I.,.,.;.,! + |«,,»,.J + + la,.,.,j| + |«„.,.J + |.,i»,.J ) 

{ |<.,.,«^J + |«,.,«,,J + + |.,.,o,J + K.,a,.J + |<.,.,o,J ) 

+ 

■*- { K^-l\ + K-3"3-sl +■ ■ ■ ■+ K^i4 + K3«S-sl + l''4'3"5-5l } 

{ K-a^-J + i«l-3«3-5l + + '%3«4-5l + l«3-S«3-3! + K^S'sl } 

+ ( K-4"5-.l + ["fA.,! + + il.3-4-.-sl + K-4V.I + K-.^S-J ) 

( l%4".-.l + i»r4«.-,l + + l%4»4-sl + K-4«,-.l + K-4«.-J 1 

= l»i-,">,-il -^ Inii-A-J * * K,'».-J * K,i»,-J -^ K,m„l 

-f 

* I»,-,>»„1 * l»,-,m.,l + -Hm^B^-J -^ K,™,-,! -^ K3'».-J 

H- i».,-,».,.J -^ [m,-4m„| -^ -f K-.m,.,! -f K-,m,-J -f K.m,,!, 

where m„-„ = aft-^a^ j + Va^-s + ----)- Vs-f-s ■ 

The series oT suffixes for the a's, (t's, and m's are seeti to be the same, 
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tiio series of pairs of first suffixes in every row and tlie series of 
jjairs of second suffixes in overy column being 

12, 13, 14, 15, 23, 24, 2R, 34, 3S, 45; 
that is to say, the combinations arranged in ascending order, of 
the numbers I, 2, 3, 4, 6, taken two at a time. On the first side 
of the identity are 10 pioducts, and as both factors of eacli product 
contain 10 terms, the result of the niultipliflcation would be to 
produce 1000 terms of the tnira 

the whole expansion m fact beiiiT 

2 2 2 Ka,ll«^„J. 

On the right hand side are 100 terms of the form 

and if a proof of the identity were wanted, we should only have to 
show that each of the 100 terms of the latter kind gives rise to a 
particular 10 terms of the former kind. This, too, it is interesting 
to note, Cauchy himsell could have done. For example, the last 
of the 100 terms, 



1 %i '^^2 1 1 "&i "62 I 1 "61 "^ea 1 1 "ai "^aa 1 I " 

which is nothing more than Caiichy's formula (62) 
' (p) JiP)\ 



''S'-^'i^ 



when we put /t = 10 = p, and p = 2, Instead of 1000 terms on the 
left-hand side and 100 on the right, we should clearly have for the 
general theorem F terms oa the left and P^ terms on the right, P 
he it remembered being the combinatorial 
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n{n -l)(>i-2). . ■ (n-p+\ ) 
1 . 3 . 3 . . . i' 

Leaving Cauchy, let us now return to Braet, and in order that 
the comparison between the two may be complete, let us formally 
enunciate in all its generality the latter'a theorem also. Binet him- 
self did not do this. After dealiog with the case in which the de- 
terminants involved are of the 2nd order, he merely added (p. 289) — 
" On aura encore pour lea int^grales 

des rfeultatg semblables, savoir, 

^ < 2r^S3^S3£ + 2j^S2»Sa^ + 22^«xS2/^ 
3{S(;,^W") s(T,^V,r")! 

&C." 

With the help of modern phraseology, the general theorem thus 
intended to be indicated can be made sufficiently clear, Binet in 
effect says :— 

Taie s rectangular arrays each with m elements in the row and n 
elements in the column, m being greater than n, viz. — ■ 



(«,)„<•.),> 


■ ■ ■ W,. 


(■•,)«(«0«- 


■ . («,V . 


■ (<■,).,(»,).. ■ 


. . («,)_ 


WnW.. 


. ■ ■ W,. 


(«,).,(«,)„. 


..<«,),. • 


■ (a3),iK),3 ■ 


. ■ («,)_ 


W,.(«.)u 


...w,., 


{«.).l(".)s! ■ 


■■Wa™. ■ 


. («.).,(«.)., . 


• . («.).. 


and other s 


rectangulai 


■ arrays of the m 


ime kind, vb. 


- 




(«„(!>,),,. 


■ ■ ft),- 


ihUh),, ■ ■ 


. (»,),. . 


■ (*,).,(*,), ■ 


■ ■ (»,)_ 


WaW,, 


. . - <y„ 


(\Uh\. ■ ■ 


■ (»,)» • 


• CJaWo ■ 


■ . (y- 


WiiCO,, 


. . . (»..)„ 


(».),,(».)a ■ . 


. (6,,),.. . 


■ (».)„(6,), . 


. . (».)_ 
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From each array, by taking every sot of n columns, form C^,„ detcr- 
minauts, arranging them in any order, provided it be the samo for 
all tlie arrays. Add together all tha lat determinants formed from 
the first s arrays, and multiply the sum by the corresponding sum 
for the second s arrays ; obtain the like product invoJving all the 
2nd determinants, the like product involving all the 3rd determinants, 
and BO on. Then, tile sum of these products is eijual to the sum 
of the products obtained by multiplying each array of the first set 
by each array of the second set. 
Or WG may put it alternatively as a formal proposition, thus : — 
If s rectangular arrays he taken, each loifh m elements in the row 
and n elements in the coltirnn, m het/iij greatifr than n, via. 



X„ X„ 



, X, 



and other s rectangular arrays of the eame kind, viz., 

Bi, Ha, , E,; 

and if the minor determinants of the n" order formed from Xj, X^, 
. . . . , Ss^i, S, he 






in iu 
4i 4. 



. +^.l)(^u + 4l + 



i^ 



= {XJ + X3+ . . . +x,)(B, + H,+ . . . +B,) 
where C stands for C™,„ i.e., m{m ~1. ...(m-n + 1)/1.2.3 n. 

Now, counting the terms here as we did in the case of Canehy'a 
theorem, we see that on the left-hand side tbere are C multiplica- 
tions to be performed, each giving rise to s x s terms, and that there- 
fore the full number of terms in the development of this side is 

also that on the right-hand side the number is 
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In Cauchy'a theorem, the corrcaponding numbers were found to be 
P' and P^, P being not any whole number aa s is, but like C a 
combinatorial. Witliout further investigation, we might conse- 
quently assert that, supposing the two theorems to be alike in other 
respects, Binet's must bo the more general, the passage from it to 
Cauchy's heing effected by taking s = C. A closer examination, 
howBier, will '*how th it this is not the full measure of tha difference 
hetwppn the two theorems as to ^enerahty INot only must we 
specialise by puttin^ ^ = ^, Imt s must lecome C m a ^ery special 
way In rder to mil e thn clear, let ua take the particular ease of 
Bmets theoiem which appioximates as neiily as possible to the 
particular cise of Cauchys given iho've In the htter the detei 
inmanta weie of the 3nd order, therefore to ^rt thr nomparablecase 
of Bmet s theorem we m ist put « - 2 4giin since P m thf 
paiticulai case of (.aichys theorem wat 10, vie must foi the ime 
purjnse put 

■?=11) 

and C„,„=10, and .-. j;i = 5. 



' ^1X^12 1 ' hih2 II ^o,i^o.s I'll /3,i/3j3 r ■ ■ ■ ■ "^ I /),„,,^j,^. 



Uai^™... bo. 



■\liiA, 



Ko.i«io 



the elements involved being 200 in number, and disposable in two 
sets of arrays — 
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In the corresponding identity of Cauchy, there are only 50 different 
elements, viz., the elements of tlio two square arrays — 



Indeed, — and it is this whioh brings the comparison to a point, — 
if from the first of these square arrays we form 10 rectangular 
arrays by taliing every possible pair of rows, thus using each row 



and similarly from the as forii 



)nd set of 10 arrays, i 



and then to these two special sets of arrays apply Bluet's theorem, 
we obtain Canchy's theorem, Eegarding the two theorems in all 
their generality, tlie decision we have reached may therefore be 
expressed by saying that Einet's is a theorem concerning 2siiin 
quantities, where e, m, n are any positive integers, and Cauchy'a is a 
case of it in which s=m{m--\) . . . {m-)j + l)/l. 2. 3 ... m, 
and in which, further, the number of different quantities involved 



s not 



»K™ 



-1) . 



1.2 



. (m 



but by reisf n of repetitions is only 
2m2. 

Although this decision is against Cauehy's claim as put by him- 
self, if de^nrvea to be noticed that, apparently by oversight, he 
failed to make his case as strong as he might have done. It will 
be rememheied that Binet made two advances in the generalisation 
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of the multiplication theorem In the first jlace, he gave the 
generalisation, from whith the multiphcation theorem is got bj 
putting m = n, or, ia we now 111178 say, by eubatitutmg two squaie 
matrices foi two rectangular matrices, and then he qwe the theoiem 
which we hdve been comparing with Ciuchya ani. which degonor 
itea into his own first theoiem when i it put eqm.1 to 1 Now the 
first of these generalisations Canchy could justly have laid claim to. 
His identity (xviii. 5) is not indeed stated or viewed as a general- 
itation of the multiplication-theorem, but it is unq^uestionably so in 
icihty Ostensibly the identity concerns any minor of a prodnet- 
deteiminant, hut every such minor is obtabed by multiplying 
together two rectangular matrices, and, conversely, every determinant 
which IS the product of two rectangular matrices may be viewed as 
a minor of the product of two determinants. 

On looking back, however, at Cauchy's memoir as a whole, one 
cannot but be struck with admiration both at the quality and the 
quantity of its contents. Supposing that none of its theorems 
had been new, and that it had not even presented a single old 
theorem in a fcesh light, the memoir would have been most valuable, 
furnishing as it did, to the mathematicians of the time an almost 
exhaustive trtatiSB on the theor> of ^eneral di.termiaants It is not 
too much to say although it m*y tome to many as a surpiise ttit 
the oilinaiy textbooks 0! determmanto supphe I to university 
htudente of the pieient daj do not contain mcie of the general 
theory thin is to be foui d in C lULhj s memoir of about eiglity years 
ago One i]]arently trivial instrument, ■isliich Canchy hid not 
received fiom his predecessors, and whieh he did nit make fcr 
himsplf, vii! , a nctatinn tor deteimicants whose elements had specitl 
values, IS at the foundation of the whole diiieience between his 
treati'^e and those at piesent employed AVhen this want cami ta 
be supplied latei on, the functions i,rept steadilj into everyday nie, 
and a fiesh impetus 'was consequently ^iven ti the study of them 
But if from the woik of tho said eighty yeirs all researches regard 
ing special forms of determinants he left out, and all investigations 
which ended in mora rediscoveries or in rehabilitations of old ideas, 
there is a surprisingly small proportion loft. If one bears this in 
mind, and recalls the fact, temporarily set aside, that Caiichy, 
instead of being a compiler, presented the entire subject from a 
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perfectly now point of view, added many results previously mi- 
thought of, and opened up a whole avenue of fresh investigation, 
one cannot but assign to him the place of highest honour among all 
the workers from 1693 to 1812, It is, no doubt, impossible to call 
him, as some have doai" the format founder of the tl cory Tl s 
honour is certunl^ lue to '\ andermonde who however ore tel 
on the foundation compiratively little of a buperstructuw Thtse 
who followe 1 Yandermonde contril uted knowingly or unknowingly 
only a stone or two laigei or smaller to the building Caiichy 
relaid the foundition lebuilt the whole anl initiated new enlarge 
ments , the lesult bein„ an c lifi e whicl the architects of t day 
may st 11 admiie and fin 1 worthy of tu !y 

Pftf '^pbct f the Pprnn Ibii ISl 
I'rom what has ju t Icen siil ly wij of estimate f Cx 1; 
memoir it will readily appear that a suitable opportunity ha,=! i ow 
presented itself for tiking a general retrospe t of thp work d ne 
from the date at wh ch the hi'itniy eommi.nce'" ihe sj tem wl K,h 
has bpon pursued of numb ring the new advances made by c-uAi 
wntLi, enal les ns tf do thi'i very convenipntlj in 1 with a t leralle 
approximation to acciracy by mems of a tahiUr i im. The table 
heiewith annexed so far explains itself The authois names it 
will be seen are aiiinged both verticallj and hoiizcntally in chroi o 
logical order vaA veit cal and h nzontal Imei of eparation are 
drawn so as to ipj ortion to each nai le a gnomon shaped space The 
crediting of any entirely i pw result to an a thoi is done by giving 
its number m Poman h^ure aftei hio name m the veitical list 
On the other hanJ any mere modification fiesh peaentment or 
extension of a pie'; ously known lesult is notihed to the right of 
the original numbei oi tl e lesult and nnder the new writers name 
in the horizontal se es Iimtead of thp Arabic hgures pla'.ed in 
the gnomon shape! spaces a cross oi other nifoim muk wu Id 
have suffice 1 but in ordei to inciease the usefulness <f the talle a 
numbei has been mseited telhng the pi e (LCuntUf, fic i the 
commencement of the Histo y) at wl ich the le ult is t 1 e 1 un 1 
For example if we lo k to the spa e allottel to Bezout (li /'') we 
find him credited with one entiiely now result, numbered XXIII., 
and with some contribution to each of five previously known results. 



y Google 



132 HISTOEY OF THE THEORY OF DETEEMIXANTB. 

whose numbers are II., III., IV., XII., XIV.; and we likewise see 
that information regarding them all will ho got at p. 53 of the History, 
Speaking generally, more importance ought to be attached to the 
exiateace of numbers at thD corner of a gnomon than elsewhere, 
because these indicate fresh departures in the theory. Sometimes, 
however, a fresh departure may have been very trivial, the real 
advance being indicated hy a number well removed from the 
corner of a subsequent gnomon. Thus if we examine the history 
of the multiplication-theorem (Nos. XVII., XVIII.), we find the first 
step in the direction of it credited by tbe table to Lagrange, and 
subsequent steps to Gauss, Binet, and Cauchy ; whereas careful 
investigation at tho pages mentioned shows that what Lagrange 
accomplished was of exceedingly little moment, in comparison with 
the magnificent generalisation of Binet and Cauchy. Again, it 
must be borno in mind that ail the results numbered in Koman 
figares are not of equal importance, it being well known that one 
theorem in any mathematical subject may have vastly more 
influence on tho after development of the subject than half a dozen 
others. Such imperfections, however, being allowed for, the table 
will he found to afford a very ready means of estimating with 
considerable accuracy the proportionate importance to be assigned 
to the various early investigators of the theory. 

If we look Jot a moment, in conclusion, at the nationaUty of the 
authors, one outstanding fact immediately arrests attention, viz., 
that almost every important advance is due to the mathematicians 
of France. Were the contributions of Bezout, Vandermonde, 
Laplaee, Lagrange, Monge, Binet, and Cauchy left out, there would 
bo exceedingly little left to any one else, and even that little would 
be of minor interest, 

GEEGONNE (1813). 

[DSveloppement de la thdorie donndo par M, Laplace pour 
I'flimination au premier d^e, Annales de MaiMmatiques, 
iv. pp. 148-155.] 

This \s such an exposition of the primary elements of the theory 
of determinants and their application to the solution of a set of 
simultaneous linear equations as might he given in the course of an 
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1750. Cramer, . 



1784. Hindeuburg, . 



181-2. Wron$ki. 



XXIV. 
XXV. 
XXVI. 



XXX. 
XXXI. 

XXXII. 
XXXIII, 
XXXIV. 

XXXV. 
XXXVI. 

. xxxvn. 

XXXVIII. 
XXXIX. 



iifthe Theory tif Determinants from 1693 to I'm. 



6,56,57,51', 57, 58, 50, 61 
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hone's lecture. It is confessedly founded on Laplace's 

1773; but, though the mittei of it is thus not original, it is 

neveitheless noteworthy on acLDunt of its bieiity, clearness, and 

elegance. 

The word ' inversion ' i" mtroduceil t denote (iii. 20) 

what Cr^mcr called a "deiangement and th n by easy steps the 
reader is led up to the theorem re„iiling the interchange of two 
non-contiguous letteiH 

"(9) Done, &i Ion jermito entre elles deux lottres Hon 
conafcutives, on changera ncco'wiirt.ment 1 e'ipcce du nombre 
des inversions. Soit en efEet n le nombre des lettres inter- 
m^diaires i ces deus-ll on pourra iabord jortor la lottro la 
pins a gauche immediatement a gauche de 1 autre, ce qui lui 
fera parconi'ir n places puis remettie cette lernifere a la place 
de la premiere ; et, commo elle sera obligee de passer par-dessus 
ccUe-ci, etle se trouvera avoir parcouru w + 1 places. Le 
nombre total des places parcourucs par les deux lettres sera 
done 2re + l, ot consoc[uemmeiit I'esptee du nombre des 
inversions se trouvera changee." (iii. 21) 

This, it must be noted, is not identical with Eothe's proposition on 
the same subject, Gergonno's w being different from Eothe's d. 

The proof, that a determinant vanishes if two of the letters 
bearing suffixes be the same, proceeds on the same lines as Eothe's, 
but is put very shortly and not less convincingly as follows : — 

" Supposons, en effet, que Ton change h en g, sans toucher a 
g ni aux indices. Soient, pour un terme pris an hasard dans 
!e polynSme, j> et q les indices respeotifs de ff et h; ce poly- 
n6me, renfermant toutes les permutations, doit avoir nn 
autre terme ne differant uniquement de celui-la qu'en ce que 
c'est h qui y porte I'indieo p ot (/ Tindice q; et de plus (9) 
ces deux termes doivent 6tre affect6s de signes contraires ; 
ih se d^truiront done, lorsqu'on changera h an g ; et il en sera 
de meme de tous les autres termes pris deux h deux." (xii. 8), 
On putting " le polynSme D," i.e. the determinant [ffljJ^^B'— I ^ *'^^ 

Aja^ + A^fta + Aj^ij-f-. . . .+A,^a,^, 
this theorem of course leads at once to the identities 
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AiCi + A2C2 + A3«3 + . . . .+A„c« = oC 
and fcliesK to the solution of m linear equations in m unknown! 



WRONSKt (1815). 

[Philosopliie de la Technie Algorithmii^ue. 
contenant la loi supreme et unlverselle ( 
Par Hoen4 "Wronski, pp. 175-181, &c. Paris.] 

llere as in the Refutation of 1812 "combinatory sums" make 
tlieir appearance, aa being necessary for the expression o£ the " loi 
saprcme." "Wronski's point of view is unaltered toward them. He 
now, however, calls them 

Bchin functions, (xv. 5) 

from the letter formerly introduced to denote them, et " pour ne 
pas introduiro de noms nouveaux " ! Two or three pages are 
occupied with tlie statement of the recurrent law of formation 
(B&out, 1764). 



DES^AN"OT I (18U) 
[f ll t 1 1 Tl d Eii t 1 r Dg 

t t P P D t C C Ild£, 

RyldNny Pns] 

A f b g th d D t 1 irnted th th 

t f y f f 1 p d th tfe t f 

dtm tsTh ly hhmlfmt B t d 

thfir;titfliwk d t t t ftp hh 

tl 1 tt h d 1 H b k m 1 f 1 b d 1 tad 

A It lltkm p wthl Td ] bfe 

lldf mtiflmeshltb ird Amhtb 

p t d tl f 11 th t eally tli t f 1 w k 

b t m II f t f tl 64 t b h 1 p 

p t 
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; des Relations qui ont lieu entre le denom- 

inaterwr et les nv/mdratev/rs des valev/rs gSn^rales des 

incownues dans chaque syst^me d'^quaOons du preiriier 

degrS ; 

and, after a reference to the impossibility of obtaining any result in 

the ease of one equation with one unknown, proceeds as follows ; — 

Si Ton a les deux Equations 

ax + bij^e, a'x-\-h'y = c' , 
el lea donnant 

ah' ~ha" ah' ~ba' ' 

nommant D le denominateur commun, JT et N' les numerate urs 
des valeurs de x et de y, nous aurons 

D = aU-la', N = i!&'-&c', W = aa-ca'. 

Multiplions N par a, N' par h et ajoutons, nous trouveroua 

aN + hW = c{aV - ha') = <iD ; 

Nous aurions de nieme, en niultipliant N par a' efc N' par //, 
cette autre equation 

a'^^im' = c'-D." 
With this may be compared B6zout's Metltode pour trouuer des fonc- 
tiona .... qui soient zero par dies-mimes (see p. 50). 

Exactly the same method is followed with the set of equations 
ax +hy +« 
a'x + h'y + c' 
a-'x + V'y + c' 
Here fifteen relations arc obtained, only seven of which a 
as necessary, vik., 

(ah' -W)N'+ {ae' -ca')N" = {ad' -da.')I> | 
{ah" - 6a")N' + (ac" - ca")S" = {ad" - da")D f , 
{da' - ad' )N + {db' - hd' )W + {d,f -ed' )N" = ( 
{da" - ad")N + {db" - hd")W + {dc" - cd")'S" = ( 
aN + bW-ioW^dD-] 



a"N + h"N' + c"ls"^d"l)} . 
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From a modera point of view there are but two which are really 
different, viz,, 

]ab'\.\ac'd"[ - \a<^'].\ab'd"\ + ]ad'[.]ah'c"\ = 
and a\bo'd"\ - b\ae'd"\ + c\ab'd"\ - d\ab'c"\ = , 

the twelve quantities concerned being 



a" b" c" d" . 
The former is obtainable from B6zout'e identity 

\ah'e:'\.Wf"\ - \aVd!'\}fiif'\ + |ac'd"|.l&fiy"| - ifc'd"|.|«e7"| == 
by putting 

The other, as is well known, comes from Vandermonda 
Before proceeding to the case of four nnknowns, a notation ia 

introduced in the following words (p. 6) : — 

" Soient a, J, c, d, f, g, h, etc. des lettrea representant des 
quantity quelconques ; k, I, m, p, q, r, etc. des indices d'accens 
qui doivent Stre places k la droits des lettres. Au lieu de 
mettre ces indices comme des exposans, plagons-Iea au-deasus 
dea lettres qu'ila doivent affecter, de manifere que j^ designe a 
affecte du nombre i d'aceons ; que ^ j indique le produit 
de ^ par ^ ; ainsi de snita Repr^aentona la quantite (ib~ ba 
par f a j) de sorte que nous ayons cette equation 

{alj^ab-bl. 

This being settled, the similar quantities of higher orders are 
defined by the equations 

\ahcd) = d\ahc) - d[abc) + d[abo) -d\abc)^ 

&c. &c &a. 

It is thus seen that Desiianot's definition is exactly the same as 
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lo7 



Vandermonde's, and his notatmn eiscntially tiie simD a*. LapJan, h 
To this definition and the proof of the theorem regarding the effect 
of the interchange of two indices oi two Iptters seven pages are 
devoted, and then a freih step is taken. Tiie e\act words ot the 
original (pp. 13, 14) must be ^iven, a^ thf j distinctly f iie-jhidow a 
great theorem of later times 

" H. Si nous dcveloppons cette expression 

(^;,)C:^(:i)("0 

lo resultat sera 

done nous avons cette Equation 

(^) (:0(n}-ei)(:0 = (:-)(-)■ 

15. De cette formule je vais en deduire d'autres. Jc dis 
quo si j'intioduis la lettre c dans les seconds facteurs de chaque 
termeet en mgme temps I'indice k, I'^quation subsistera encore, 
et que j'aurai 

L'egaiitc serait prouv^e si en d^veloppant les deux membres, 
lea quantises multipli^es par la mcme lettre c, affectee d'indices 
egaux, ^taient ^gales dans chaqae membro ; or j'ai 



s(jO(s) ' 




*i^ip^, 


:((:Oas)-(:s)(:0) 






'.{{u){:i)-m£)) 




^:mi) 


p^(;f) 




rP){:i 



Les quantities multipliiSes par gi g et ^ dans chaque membre 
sont 6gales entr'elles, c'est Evident ; et la formule (A) rend les 
coefflciens de ^ ^gaus; done puisque dans (B), 11 n'y a quo des 
termes multiplies par ^ , '" , ^ , et ^ , je conclus que I'equa- 
tion (B) est osaote." 
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Having thna shown that if in each of the second factors of the 
identity 

i«l*2ll%*4l - \'^A\\"2h\ + l»1^4!!«5^sl = (A). 

a new letter c be added and the index 1 be prefixed, the sign of 
equality may still be retained, so that we have a new identity 

he then goes on to prove m the same fashion that the faist factoi's 
of this derived identity njay be treated in a similir -niy witii 
impunity, viz., that thej miy bo extended by the appending of the 
letter c with a new index 5, so that we hive i further derneil 
identity 

|»,V.i!«iV.I - ^VJKVJ + f,l>At"i'V;\ - (C), 
already known to us from Monge. 

And this is not all, for the next paragraph shows that these two 
extenaiona may bo repeated in order as often as we please, tho 
opening of the paragraph being as follows (p. 15) : — 

"17. Gen6ralisons et prouvons que ei la formnle 

(:j;:^(S::^(:-::;P::;) = a-')(-4 

est viaie dans le cas oil il y aurait n lettres comprises dans 
chaqne facteur, e!le sera encore viaie en ajoutant une nouvelle 
iettre d dans lea seconds facteurs do cbaque terme avec I'indice 
I qui n'y entre pas ; et qu'ecsuite, si Ton ^outc la mcme 
Iettre d dans lea premiers facteurs de chaque terme avec un 
nouvel indice r, I'cgalit^ no sera pas troublce. 

II s'agit done de d^montrer que cea deux formules soni, 
exactea ; 

/kl . . q\/'lr m . . I p\ /km . . is/k}! . . t ■j\ (k I . . p\f km. . I s\ 

[ab.. e)\a b..cd) - [ab.. e)\a b..cd) = [ab.. e)\a h..cd) , 

(xxni, 4) 

\ab..c d)\a b..cd) " [ab ..c d)\a b..cd) = [ab . .e d)[a b ..ed). 
The line of proof is still the same, and may be sliortly mdicatod by 
treating the case 
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which, comes immediately after (C), and is derived from it by ex- 
tending the factors in which Orfi^ does not occur. Since by defini- 
tion 

and la^b^Ogd^l = dj^jb^c^l - d^aj/^^l 4- d^la^l'^c^l - ':^i|a2''3'^5l . 
it follows that 

laih^ciaj/^e^d^l - [a^b^^iWa-Jt^c^d^^ 

= {-hKV^l - a,Kb,c,\}\a,b,c,\ 1 

+ {KVsIKVJ ~ KV4iKV6l Hs r 
- { iaiV6ll*A'^4l - KVilKV5| l*^! ■ J 

But the cofactor here of d^ is by (G) equal to 

-\a,b,c,\\a,b^c,\; 
and the cofactor of d^ 

and therefore by (C) 

Making those substitutions, we have 

= - Yt^b^slayb^e^d^ , 
as was to be shown. 
The next three cases are 
\a^b^^d^la^b^c^^ - laih^td^Wa^b^Cgd^l + la^b^^p^b^c^d^] = (E) 
\ci^b^^,\\a^b^d^e^\ - \a^b^c^\\a,b^c^^e^\ + \c(A'^a<ie\\^^^'A^5\ ^ (F) 
lafi^d^BjWojb^c^d^e^ - \aih2C^.,e^\\ajh^gd^e^\ + \a^bf^d^e,\\a^b^c^d^e^\ = (G). 

When the factors of each product are of the same order, as in 
(C), (E), (G) the identity is, in modem phraseology, an " exten- 
sional" of (A); that is to say, there is a part common to every 
factor of the identity, e.ff., a^ in (C), afi^ in (E), a-fi^g in (G), and 
this common part being deleted, the result is simply the identity 
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(A). When the factors of each product aie of different orders, as iu 
(B), (D), (F), the identity is an " extensional " of something atill 
simpler than (A), viz., 

In exactly the same manner and at quite as great length the 
identity 

&){",) -("«){"f) -("/>)('■) 

— already known to us from Lagrange — is made the source of a 
numerous progeny. By putting figures for Jc, I, . . . and at the 
same time writing them as suifises, these identities, original and 
derived, take the form 

ajb^.sf^\aj>^^\ . - laiiaCgtJ'JIttiVs/ol 

Of these (C), (E'), (C) deserve to be noted, being along with the 
original (A') extensionaJs of the manifest identity 

ASe - 92A = l/ai7fil - (xxin. 5). 

On the other hand (E'), (D'), (F) are essentially the same as (E), 
(I>), (F) already obtwned — a fact which Desnanot overlooks. 

As the source of a third series of results, obtained in still the 
same way, the identity 

(:9(/;)-(^;x/")=(»»ay- ■ (^'') 

is next taken. In reality, however, tliis docs not differ from the 
first identity so treated, viz., 

In (A) the letters ab remain unchanged throughout, and the indices 
vary; while in (A") the indices remain the same, and tho letters 





(E') 


I'AMMfii, 


(C) 


l«A/.i'JI°iVs! . 


(D') 


[«lV8/4S'JI«lV.I . 


(B) 


l«,V,/Al»A«^.l 


, (F) 


hVA/.s.lKV.'*.! 


.(ff) 
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vary. As we should now say, the difference is a mere matter of rows 
and columns. Tlie derived identities (B"), (C"), (D"), - - - are 
consequently found to be quite the same as (B), (C), (D), .... 

The fourth and last source made use of ja the well-kaown theoreio 
regarding the aggregate of products whose first factors constitute 
what Cauohy would have called a " suite verticale," and whose 
second factors are the cofactors, in the determinant of the system, 
of another "suite vertieale." Desnanot however, viewing the 
theorem from a different stand-point, enunciates it as follows 
(p. 26) :- 

" Si Von a n lettres ab .... cdf, ei qu'on les combine n-1 & 
n - 1, on aura n arrangemms ab .... cd, ab .,.. cf, ab .... df, 

, a .... cdf, b .... cdf; gu^on appUgve dans 

ckague arrangement lesn-1 indices kl....mp, ce qui donnera 



[ah..cd),{ah..cj),{ah..df)^ [a . .c d /} , [h . . <: d/)\ 

ei qu'enmite cm les nmltiplie ekacune par la lettre qui n'en^'e 
pas dans I'arrangemeni en, Vaffectant d'un m&me indiee et 
donnant au produit le eigne plus ow le dgne moins, suivant que 
la lettre mulUplicateur oecupe un rang impair ou pair dam les 
n lettres, en partani de la droite, la somme des prodiiits sera 



z&ro." 




(m 9). 


Before proceeding to dodui 


ra others from i 


t, he gives a proof of it 


for the case 






/{Ih.'.ld) - d{al:: 


-f)*i:i. 


■"f) -. . . . 




. i". 


V'<3/) ± o(s.'.VS/)-o 



The method of proof is interesting, because it depends almost 
entirely on the definition which Desnanot follows Tandermonde in 
uamg. It will be readUy understood by seeing it applied to the 
simple case 

Espanding eath of the determinants l&^Cgifj], j^iCgrf^l , in 

terms of the h's and their cofactors, we have 
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+ feslfiiMJ - &2M4I + 64M4 

= 0. 

for the terms in the expaaded form destroy catih other in pairs. 

The derived identities are obtained exactly in the manner 
followed by BSzout in 1779 (see pp. 51, 52). The fundamental iden- 
tity is taken, say in the form 



f^A', 



«.I«,VA/.I + *6l< 



aad another instance is put alongside of it, 
letters and sufiixes are involved, say 



,/,l - oJo,4A«./,l 

»,1»,<A«4/J - «.IVA"4/.I ■ 

which the a, 



na,\c^d,e4 - 






One of the constituent determinants, say the last, {b-iC^d^e^f^l is 
then eliminated by equalisation of coefficients and subtraction, tbe 
result being 

+ K»,11VA"4/J - hM«,«.<is«</,i - (C") 

In the next place, two additional instances of this derived identity 
are taken along with it, the iirat differing from it in having a 2 
instead of a 5 in all the first factors, and the second in having a 2 
instead of a I; viz,, 

\aji,a,b,c,d,e,\ - \a,e,\\a,b^c^dj,[ + \aA\\aA<^seJ,\ 

and 

\a,Ma,b^.,d^e,\ - \a^,]\<hl>^dj^\ + la^.Wa^b^^eJ.} 

+ \a.,c,\\aj>,d,ej^ - \a^bja,c^,,e,f,j = 0. 
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Multiplication by h^,~^^,~b^ is then effected and addition per- 
fonaed, when by reason of sucli identities as 

and I'^KW - hKh\ - H'^A\ = 0, 

elimination of {a^e^d^^f^l is produced, and tlie result takes the form 

^^'"^ - l«iV5ll«lM3^4/5l = 0. 

The process of derivation may be pursued further, giving next an 
identity in which the first factors are all of the fourth order. 
Desnanot says (pp. 31, 32)— 

"Pour ne pas nousr^p^ter constammont, nous diroiis que 
cette formule s'eteniJrait a un nombro quelcouijue de lettres 
plac^ dans les premiers facteurs, et que 

+ [ab...c){ab...df) - .... =0. 

Les termes sent alteriiativemenfc positifs et m^gatifs, lea indices 

sent les mSmes dans les premiers facteurs de chaqae terme, ils 

font partie des indices qui ae trouvent dans lea autrea facteura et 

sont places dans le memo ordre ; quant aux lettres, ii y a ou 

une, ou deux, ou trois, etc. lettres communes aux seconds 

facteurs tScritea toujours dana le m§me ordre et auiviea da la 

re"™ lettre qui n'entre pas daus les seconds facteurs; de sorts 

que s'il yaw' lettres communes k tons les facteura, le nombre 

des termea de (II'") aera n - n'." (xxiii. 6) 

The general result (H'") ia simply what would now he called the 

oxtensional of the identity of Vandermonde from which Desnanot 

derivea it. 

Co-ordinate, in a sense, with the said identity, is that other which 
Desnanot uses as a definition ; aud this latter is the next of which 
the extonsional Is found. The process, so far as indicated, ia 
exactly similar to that employed in the preceding case. The results 
obtained are 
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(j;){SS;:-|)-p^)(U::::^.(n)(:J::::;;0 
. . . .. (2;)(i:::.3^ = {S)(;i::::5/) 

[abf)[ab...cd) - {ahd)[ah...cf) 

ah...d/) - -[ab)[a7>...edf). 

and the general result including them is referred to. (xlvi.) 

Tliat they are extensionals of the definition is evident from the fact 
that the index ^ may be moved to the left so as to make ^ common 
to e^erj factor of (B ), and ^ j common to e\erj fietor of (C ) 

Still another sfwe^ of results is ohtained, hut they aie essentially 
the sime is thr forLgoing, the difterenee iL.oin hemg merely a 
matter of rows and columns. 

411 these preparations havmg heen m^de, Deauanot letuin^ to 
the subject of the i elation 's Tietween the numerators atid denominators 
of the values of the unknoTuns ma set of linear equition=! Ihirteen 
ptges are opcupied with the case of four unknowns, the number of 
relationi fornil being 74 of nhii,h, aftoi scrutiny, li aio retained 
The case of five unknuwns, and the case of six unknowno are gone 
into With about as much detail, ind then, lastly, the general set 
of n equations with n unknowns is dealt with None of the 
lelations obtained need be given at. they are all included la the 
identities which have been spoken of above as extensionals. 

The second chapter (p. 94) bears the heading 

Sim/pHjieation des formules gdn^ales qui donnent Us 
vahuTB des incon-mies da/ns les dquations du ^rewier 
degrS, lorsqu'on veut les Valuer en nomhres. 

Here again the cases of three, four, five, six unknowns are dwelt 
upon with equal fulness in succession. The consideration of one of 
them will suffice to show' the nature of the method, and will enable 
the reader to judge of the amount of labour saved by employing it. 
Choosing the case of four unknowns, wo find at the outset the equa- 
tions stated and the solution condensed as follows (p. 104} :— 
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"Equations boknieeb. 
ax +hii +CZ +dt =f 
ax +&V +c'j A-d'i =f 
a"x+h"y-\-e'-t!^-d't=f" 
a"'x + h"'y + c"'3 + d"'t =/". 
Calcul. 

ah" ~b"a =/3, 
a'h" -h"a' =y , 
aV" - M" = 3 , 

« =c"'a-c'S +ce, 
D = U )-rt(a(r" - &i' + *rf) - «(ad" - ^cr + yS) I . 

j^^<, = 1 i m'{o.d"' - M + Erf) - «'(«^" ~ ^'^' + 7'0 (■ . 

/r)-cN"-c;N"'=S, 

/'D-c'N"-rf'N"' = S', 

■j^, _ aS' - Sa' 



I)' ^ D ' ^ D ' D ■ 



The explanation of tke mode of procedure is not difficult to see. 

(1) The determinants \ah'\ , \ab"\ , \a'b"\ , \ab"'\ , \a'h"' are calculated, 

(2) With the help of these are next got four of a higher order, 
Viz.\ah'd'\,\ah'd"\,\ahy"\,\ah'f"\. 

(3) Two others of the same order, viz. 

ad'" - Sd' + id, ad" - /Id' + yd 
ab'd"'\ , \ab'd"\ , 
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having been calculated, the identity 

\ab'\ . D = \ab'c"\ . \ab'd"'\ - |a6'c"'| , [ab'd"\ 
is used to find D. 

(4) A similar identity 

is used to find N'", 

(5) A similar identity 

1 ah' I . N" = [ab'f"\.\ah'cr'\ - jaft'/ "'| . \ab'd"\ 
is used to find N". 

(6) Two subsidiary quantities S, S' are caieulated, the first being 

= f\ah'c"d-\ - c[abr'd-\ ~ d\aVc"f\ , 
and the second 

= /' \ab'd'd"'\ - a' \ab'f"d"'\ - d'\ah'e"f"\ . 

(7) Prom theso N' and N ave readily got. For evidently 

aS' - Sa' 
= \af'\ . \ab'c"d'"\ - \ao'\ . \aby"d"'\ - \ad'\ . \ab'e"f"'\ 
and thfe by a previons theorem 

= \ab-\.\afVd'"\, 

= \ab-\.W. (xiii. 3.) 

The third chapter consists of a lengthy examination {pp. 137-264) 
of the singular cases met with in the solution of linear equations, 
and does not at present c 



CAUCHY (1821). 
[Coars d'Analyse de I'Eeole Royalo Poly technique I. xvi. + 57G pp. 

When Cauchy came to write his Course of Analysis, afterwards 
so well known, he did not fail to assign a position in it to 
the subject of his memoir of 1812. The third chapter bears the 
heading, " Z)es Fonctions Symetriqites et des Fonctiona Alte7-ne.es." 



y Google 



DETBEMINANTS m GENRliAL. 147 

It occupies, however, only fifteen pages (pp. 70-84), and of these 
only nine are devoted to alternating functions and the solution of 
simultaneous linear equations. Of course, in so limited a space, the 
merest sketch of a theory is all thit is possible An altuiiiating 
function is first defined, the word ' altemee hemg now (-et in 
contrast with "symctnque, ' and not, as faimerly, with "per- 
manente." Functions othei than those that ire ritional and 
integral heing left aside, th' latter if alternating, aie shown (1) 
to consist of as m«iy positive aa npgative terms, m eich of which 
all the variables ocuur with different indices, and (2) to be 
divisible by the simplest of ill ilternitin^ funi'tions of the ^ enables, 
viz., the difference-product. The set of equations 

a^ + h^y + c^z + . . .+g^u + Kv = 7c, {r=0,l,. . .,«-!) 

is then attacked, the method being — to take the difference-product 
oi a, h, . . . h, — denote by D what the expansion of this becomes 
when exponents are changed into suffixes,— denote by A, the 
co-factor of a, in D,— then obtain the equations 

A^a^ + k^a^ + A.fl^-\- . . . . + A„.,a^^,^'D, 
A/o -)- Ai6, + A A + ■ ■ ■ ■ + A,_,&„-i = 0, 
Ao<;, -(- AjC, + A„C2 4- . . . . + A„_,c„_, = , 



—and thereafter proceed as Laplace had taught. As in i 
of 1812, the "symbolic" form of the values of x, 
unfaiUngly given. 

A note is added (pp. 521-524) on the development of the 
difference-product, showing how all the terms may be got from 
one by interchanging one exponent with another, how the signs 
depend on the number of said interchanges, and how it may be 
ascertained whether any two gi en tern a have 1 ko o nl ke s ^n 

It will thus he seen th t not only h the ni ne letern n at 
never mentioned n the chapter an 1 the not^t jib + a6 / 

never used, but tl at the hje t s s i kIj m h a to chel 
upon. Althoug! t! erefore Cauel y ■? text \ ook vent t! rout,l 
a considerable n tmber of ed t nn an 1 ha 1 a w lesj ea, I nfi enc 
it gave no such imp Ise as t n gl t 1 lone to tl t 1 f 

the theory of dete n it 
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SCHEKK (1825). 
[Matlieniatisehe Abhandlungen. Von Dr. Hetnrich Ferdinand 
Scherk, . . . iv. + 116 pp. BerHn. Pp. 31-66. Zweito 
Vhliandl ing \llgcniemo Auflosung der Gleichungen des ersten 
Criddes mit jedei 1 elipbii^Bn Anzahl von unbekanntsn Groaaen, 
und eini^e dihm ^ehuiige analytische Unte ranch ungen.] 

The only i.ie\ioii? writings o£ importance known to Scherk were, 
accorhng tj hia own atitement, those of Cramer, Bdzout (1764), 
Yandermonde, Eezout (1779), Hindenbui^, and Eothe. His style 
bears moat resemblance to Eothe'e, whose paper, however, he does 
not sj.eak of with unmixed eulogy, characterising it as containing 
" eine strenge iber ziemhch weitlauft^ Auflosung der Aufgabe." 

The ma n pait of the memoir consists of a lengthy demonstration, 
extending, indeed, tu 17 pages quarto, of Cramer's rule, or rather of 
Cramer's set of three rules (iv., v., iii. 2), by the method of so-caHed 
mathematical induction. The peculiarity of the demonstration is 
that it is entered upon without any previous examination of the 
properties of Cramer's functions (determinants) ; and it is note- 
worthy on two grounds — (1) as being new, and (3) because the 
properties, which it really if not explicitly employs, had also not 
been previously referred to. 

The cases of one equation with one unknown, two equations 
with two unknowns, three equations with three unknowns, are dealt 
with in succession, the solution of one case being used in obtaining 
the solution of the next, All three solutions are noted as being in 
accordance with Cramer's rules, and the said rules being formulated, 
aud supposed to hold, — tor n equations with n unknowns, it is 
sought to establish their validity for w-t-l equations with w + l 
unknowns. In other words, the set of n equations being 
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aad the corresponding values of 



it is required to show that the solution of the set of w+ 1 equations 






*: u+i ft hJ 

/n+l 1 1\ ' ■ ■ 

P(« ;«,«) 

\n+l ft a/ 

Before proceeding, the notation 

requires attention. It is meant to be an epitome of Cramer's rules ; 
the first half of the group of symbols, viz. Vla implying permuta 

tion of the under-indices of the product aaa ... a and a^g e^ t on 
of the different products thus obtained, each taken w th ts i oper 
sign : and the second half implying that in every te m of th a 

aggregate s is to be substituted for d, A modern witer vould 

ft h 

denote the same thing by 



■ <■ . 
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only it must be noted that in using Pf a ; s , a\ at this stage, we 

leave out of account the signs of the terms composing it, the rule 
of signs being the subject of a separate investigation. Any one of 
the forms 



KH'«)' KH'?)' 



it need scarcely be added, will thus stand for the common 
denominator. 

Of the n + l equations the first n are taken, written in the form 



+ ax + , . . + 



and solved, the results being by hypothesis 






<t'l-d 



These values are then of course substituted in the (it + 1 )'" equation, 
which thus becomas 
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and as this manifestly involves none of the unknowns but x , the 

B+l 

object niust now lie to solve for x , and then show what the value 
obtained is transformable into. The way in which this is eiiectfld 
is well worthy of attention. Scherk's own words in regard to the 
first steps are (p. 40)— 

" Da aber a- a x in joder einzeliion rormutationsform nnr 

Einmal, namlich in der ersten Potsnz vorkommt, so bedeutet 
das 2eichen 



ill I. heachriehenen Peimutationsformen fU.r 

1+1 

X gesetzt, und beide Resultate von einander 

a. werden soUen ; folglich ist 

.n «+lB+l K /n fc\ /a n+ln+1 It-. 

P(«; . - a ^ , o) - P(»; ,,«)-?(,.; <■ » , ») . 

V« h h h! \n h iJ \n h hJ 

In dem letzten Gliede dieser Gleichung kommfc aber in jediir 

B+I n+l 

Form X , und zwar znr ersten Potenz, vor ; x ist also gemein- 
schaftlicher Factor aller Pormen, und folglich ist 

/B H+Jii+1 kx /n K n+l ,H (1+1 \ 

l(a ^ « r .) = ?( . i) - ^P(«; a ,«). 
\ h h ft/ \l h h/ \b ft iJ 

Macht man diese Substitution f ir ^ I 2 ...,«, in der 
letzt«n Gleichung und hcmerkt di o 
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ao geht diose in folgende Gleicliung iiber 

,1+1 fv. k Tt\n+\ 

(.B+l \n K 111 n+1 \n h h' h+1 \n h I) 

I n+l \n k ft/ »+l \« ft ft/ H+1 ^n ft ft/ J 

«+l \n h ft/ 

folglich 

"' ^ ^ 71+1 \« ft ft/ n+1 \n ft /-/ n+1 Vb ft ft/ ii+l Vn h ft/ . 

n+l V ft ft/ n+1 Vh ft ft' n+1 ^1 /I ft' B+l ^« ft ft' 

The first theorem here made ase of and formulated, viz., 

/n fl+l »+l K /n *\ /» n+lji+l i, 

PU; s- a «, aj = pfa; B,aj-PU; a x , aj (xlvii.) 

is the now familiar rule for the partition of a determinant with a 
row or column of binomial elements into two determinants, or for 
the addition of two determinants which are identical escept in one 
row or one column. The second theorem, viz., 

/H H+l «+l k'. n+l /n n+l A\ 

VU; a x,a\= X via; a,aj (xLvm.) 

is the now equally familiar theorem regarding the multiplication of 
a determinant by moans of the multiplication of all the elements 
of a row or eolunm. That these two very elementary theorems 
should not have been noted until the time of Scherk is rather 
remarkable. 

The consideration of the constitution of 



is next entered upon, with the object of showing that the terms a 
exactly the terms of tho denominator 
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More than two pages are occupied with this part proof of 
recurrent law of formation. The identity of the terms of 



DETERMINAKTS IK GEHBEAL. lo6 

1 /J! ii+l Is 2 /» B+I 2\ I. + 1 /« * *\ 

-«pUi ,. ,,.)- afia; a .a)- + .p(.;.,a). 

.n+1 Vii h hi n+1 ^K h h,/ n+1 ^n h h' 

', occupied with th 
)n. The identity 

pr:';,,-:') 

with the terms of the numerator then follows at once; and the desired 

form for the value of a; , so far as the inagnitude of the terms is 
concerned is thus obtained The corresponding forms for x-^ if, 
a f mm d t Ij d 1 1 1 

Tl 1 f >t th t f th to I 

d m t 1 1 th fc bl h I il tl lity 

th 1 f g t d It with Tl t eatm t ml m 

b t f h d t t It p ted t to ta t w th th t th 

c tmg f th f d f p t t q %! t 

to btr t p t ly fr hi t 11 th 1 t whi h 

f II w t L +1 g t t wl tl 1 ft 

P 'fit 1 1 1 tl (I ft t d th tak g 

th p 1 t f 11 th I f t Th t ill b II J 

ess t lly 1 t 1 w th 1- t f C hy S h k 

hw to ktltth ft yb wd 

as f t f th 1 If es wl h t t Ih 1 y be 

s I t d Wl th th t lly b ft h h 

eq 1 + 1 t 11 r t 1 f tl gum t \ \ \ 1 

f 11 £, t 1 1 ft f f t it C 

rule of signs is thus made to take the following form (p. 45) ; — 

" Wenn "^{yS) eine solohe Function dor ganzen 2ahl ^ ist, 
welche= + 1 ist, wenn ;S positiv, und - 1, ivenn ^ negativ ist, 
so ist das Vorzeichen Z irgend eines in dem 



-'i^Vi 



enthaltenen Gliedes 
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Z = 4>{a" -<.'). ^(a'" -«').. .^(a(*-l)-a').<^(«W - a'). ^(a(*+l) - <,')...<^(aW - a' ) 
>"' - a") . 4'{<^"- - a").. . ,/,(a(^) ^ a") . <l>{a'.^+V - „") . ^{a(*+^> - „"). . .^(„W - a") 






^(„(") _„(-■)). (III. 

And it is this form which Schcvk seeks to establish, Tlie mode of 
proof is again, the eo-called inductive mode, In the case of ttvo 
permutable indices the law is readily seen to hold. We thus have, 
preparatory for the next case, 

V(l; o,o)-,J,(2-l)oo + *(1-2)«,1, 
l'(oio,u).,>(2-l)oo + ^(l-2)»o, 
P(a;c;,«).*(2-I)oo + ,(,(1-2)00. 

^Z ft // IS 2 1 

But " nach dem Obigem " 

<H't)--f(2-^t)-fG'';'i) + 5^G^H) 

Consequently 

But as -i^(2-l) = <f.(l-2) 

and -1 =<;.(2-3) 

and -1 =^(1-3), 

■\ve may suhstituto 

^{l~-2)</.(2-3)^(l-3) for -.^(2-1). 
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This and five other similar substitutions givo us 
P^a; a, a) = ^,{2 - 1)^(3 - l)<f>{3 - 2} a a a + 4,{5 - l)'l>{2 - l)<p{2 - i) a a 

+ ^(1 - 2)^{3 - ■2)4,{3 -l) a a a +4,(3- 2)0(1 - 2)0(1 - 3) « a 

+ 0(1 - a)0(2 - 3)^(2 - 1) a « a +0(2 - 3)0(1 - 3)0{1 - 2) a a 

so that the law is seen to hold also for the case of three permutable 
indices. The completion of the proof, giTing the transition from 
M to n+ 1 pevmutable indices, occupies three pages. 

This is followed by two pt^es devoted to the subjects temporarily 
set aside at the outset, viz., the possible existence of functions 
having the peculiar properties of 0, Two amusing instances of 
such functions are given, — 

_p3-l_p3-3_p3-H_ 



"(/3-l)2ir (/3-2)2,^{/3-3)2t 
ain 2^ir sin ^/Br Bin 2)9^ 
(^+l)2x (;3+2)2;r (^ + 3)2jr 



<!^. 



where P^' stands for the A '' ccefticient m tho exjin im of ((1 + 6)" 
Success however fai tiom brilliant it may be m thus expressing 
the rule of signs by means of the lyml oh of analyses led bcherk 
to try to do the ame f i the rule of formation of the tetms 
Nothinf, ca le f the atttn pt howevet Paid abei he says 
"zeigtees s ch dass Peimutationen nicmalsdui hinleie inalytische 
Zeichen eisetzt werden Xcanten 

Such sjeculationa ire not lit ^ether unintPtestin^ when latei 
work bke Hankela ccme to be consideiel 

In in A).].endix dealing (1) with the case ot a set of linear 
equations whi h are not all mdepenlent (2) with the soliticn of 
particulii t f equati ns tl ere is ^i^en t the oit et a proof nf 
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the theorem regarding the sign of a permutation which is got from 
another permutation hy the interchange of two elements. If the 
under-indiccs of the one term whose sign is s be 

aW" . . af^'a^XV'"'"" b<*- V*ln'*+^' . . . . a^"', 

and of the other whose sign is Z * be 

olaa!" .... a('-l)aWa<'+') .... „,<» -%'(!(*+ 1) .... a<"> 

it is shown that 






and there being here 2k-2i-l quotients each - 
arrived at is 



- 1 , the result 



-z, 



as was to he proved. ( 23 ) 

The body of the App 1 of al v tl otl e atter 

which falls to be considered 1 ter the titome t an 1 j roof of j rn 

positions identical in esscn ebtntnf mwththef Uowing — 




' More than a page is occupied in writing the expressions for a and Z. 
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The fii^t of these is proved from first principles, and not by the 
immediate use of theorems xlvil, xlviii. above. The second is 
proved by noting that any other term is got from the first 



by pennatation of the under-indicos, that any sueh permutation, 
will introduce one or more elements whose upper-index exceeds the 
lower, and that such are all zero. (vi. 5.) 



SCHWEINS (1825). 

[Theorie der Differeaaen und DiSerentiale, u.s.w. Von Ferd. 

Sohwems. vi. + 666pp. Heidelberg, 1825. Pp. 317-431 ; 

Theorie der Products mit Veraetanngen.] 
With much of the preceding literature, Sehvjeins, our nest author, 
was thoroughly familiar. Cramer, Bezout, Hindenburg, Eothe, 
Laplace, Desnanot, and Wronski he refers to by name. The one 
notable investigator loft out of his list is Canchy, whose important 
memoir bearing date 1812 might have been known, one would 
think, to a writer who knew Desnanot's book of 1819 and Wronski' s 
memoirs of 1810, 1811, &c. Still more curious is the omission of 
Vandermonde's name, whose memoir, as we have seen, is to be 
found in the very same volume as that of Laplace. 

Schweins' portly volume consists of seven separate treatises. It 
is the third, headed Theorie der Peoduate mit Vorsetzimgen, 
which deals oxprassly and exclusively with the subject of deter- 
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mmaiita Ike tredtisp la lo„icilly tirantjcJ md Lai h J: ully written. 
It opens 11 ith m mtrorluction of -i pp , the main pait of which 
series as a table of coatenU •»iid m i guide to the theorems which 
the authci i,3iiiideied his owo. It consistB cf tour Sections 
(Abtheilun^n), aubhvidod into poitions which we may oaJl 
chai ters, the first section containing five chiptLrs, the second also 
fi\e, the third one, and the fourth foui 
Schwems' name for the functions is 

FirJu ipnii Viiketzmgen (xv. 6.) 

his notation is a modification of Laplace's, viz., Vie uses 

II ) (VII. 6) 

where Laplace used simply 



and his definition is the same as Vandermonde's ; that is to say, he 
employs B^zout's law of recurring formation. His words at the out- 
set arc — ■ 

"Die BQdungsweise der Producte, welohe hier untersuelit 
werden soUen, geben folgende Zeichen an ; — ■ 

I A. ii)- II A.). A, -[a,).!;, 

\i^i,i^-\i^s^ ■ i, -|a',a',).a^ + II a, a,). a,, 

II A, A, A, Aj) - 1 A, A, A,) ■ A, " || A, A, A,) . A, 

+ I Aj A, A J . A^ - II Aj A^ A J . A^ , 
mid allgemein 

|A;;-;:;t)-(-'lii:;;:t;,).A: + (-)1lt::":X.)A:"+-- 
+ (")-||i;;:":r""rr';:A,_,)i:-+.-.+(-rii;,::v; 
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The seijuencQ of propositions as might be espeeted is not unlike 
that found in Vandermonde. The first sis propositions are — 

1. The under elements (Aj, Ag, &c.) being allowed to remain 
unchanged, the upper elements (a,, a^, . , . ) are interchanged in 
every possible way to obtain the full development. 

2. The sign preceding each term is dependent upon the number 
of interchanges of elements necessary to arrive at the term. 

3. If two adjacent upper elemeuts be interchanged, the sign of 
the determinant is altered. 

4. If an upper element be moved a number of places to the right 
or left, the sign of the determinant is changed or not according as 
the number of places is odd or even, 

5. If several upper elements change places, the sign of the 
determinant is altered or not according as the number is odd or even, 
which indicates how mauy caaes there are of an element following 
one which in the original order it preceded. 

6. If in any term the said number of pairs of elements in reversed 
order be even, the sign preceding the term must be positive ; and 
if the number be odd, the sign must be negative. 

The proof of the 3rd of these, which gave trouble to Vandermonde, 
is easily effected in what after all is Vandermonde's way, viz., by 
showing that the case for n elements follows with the help of the 
definition from the case for n — 1 elements. {xi. 4.) 

Sehweins' 7th proposition is that there is an alternative recurring 
law of formation in which the under elements play the part of the 
upper elements in the original law, and vice versa. Tliis amounts 
to saying in modern phraseology, that if a determinant has been 
shown to be developable in terms of the elements of a row and 
their complementary minors, it is also developable in terms of the 
elements of a column and their complementary minors. The proof 
is affected hy the so-ealled method of induction, and is interesting 
hoth on its own account and from the fact that Cauchy's develop- 
ment in terms of binary products of a row and column turns up in 
the course of it. The character of the proof will be understood by 
the following illustrative example in the modern notation : — 

By the original law of formation we have 
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and, as the new law is supposed to have been proved for deter- 
minants of the 3rd order, it follows that 

Combining now by the original law the terms involving 6^ as a 
factor, the terms involving e^, and those involving d^, we obtain 

KVs'^il = «il^aC3^4l - MwaCg^^J + ei\a^b^d^\ - d^\a^b^c^\ ; 

and thus prove that the new law holds for determinants of the 
4th order, (vi. 6.) 

Canchy's development above referred to appears in the penulti- 
mate identity in the convenient form of one term Cilb^c^d^] 
followed by a square array of 9 terms. The form in Schweins' is — 

||aj...aJ=||a,...a„.,J'a., + ^A(^) ||a,.,.a„_„.,a„_,+,.,.a„.J-a„ -i 

Laplace's expansion-theorem is next taken up. To prepare the 
way a theorem in permutations is first given, the enunciation being 
as follows : — If from n different elements every 2>^'^^^''^io,tio'ti of q 
elements he formed, and every permidation 0/ n - q de^nenis ; and 
if each, of the latter be appended to all such of the former as Jiave no 
elemettts in eowmon mtk it, aU the pei-mutaMom of the whole n 
elements will be obtained. Thus, if the permutations of 12 3 4 5, 
or say P (1 3 3 4 5), he wanted, we first take the permutations 
three at a time, viz., 

r(l 2 3), P(l 2 4), P(l 2 .5), .... , P{3 4 5) 

where 1 2 3, 1 2 4, 1 2 5, ..., 3 4 5 are the orderly arranged combina- 
tions of three elements; secondly, we take the permutations two 
at a time, viz, , 

r(l 2), P(l 3), P(l 4), , P(4 5) ; 

and, thirdly, we append each of the two permutations included in 
P(4 5) to each of the six included in P(l 2 3), each of the two in 
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P(3 5) to each of the six ia P(l 2 i), and so on. The identity 
here involved Schweins writes as follows, the only difference being 
that P ia put instead of V ( Venetzungm) : — 

P(l 3.345)= P{123)xP(45) 
+ P(12 4)xP(3 5) 
+ P(12 6)xP(3 4) 
+ P(13 4)xP(2 5) 
+ P(13 5)xP(2 4) 
+ P(14 5)xP(2 3) 
+ P(2 3 4)>;P(1 5) 
4- P(2 3 5) >c P(l 4) 
+ P{2 4 5)xP(13) 
+ P(345)xP(12). 



Another example 



P{12345 6)- P(12 3) . P(4 o li) 
+ P(1 2 4) . r{3 5 6) 



+ P(3 5 6) . P(l 2 4) 
+ P(4 5 6) . P(l 2 3). 



The proof consists in the assertion that ao permutation can occur 
twice on the right-hand aide, and in showing that the number of 
permutations which occur is the full number. 

From this lemma Laplace's expansion-theorem is given as an 
immediate deduction. The paas^e (p. 335) is interesting, as the 
mode of enunciatbig the theorem approximates closely to that of 
modern writers, and has a certain advantage over Cauchy'a, 
perfectly accurate, more general and more compact though the 
latter be. 

"Kachdieser Weise, alle Versetzungen zu bilden, welche wir 
hier zuerst bekannt ma<;hen, kiinnen auch die Summen der 
Producte mit Versetzungen vind mit veranderiichen Zeichen in 
niedrigere Summen zerlegt werden, wenn bei jeder Vetset- 
zung nach der oben gefundensn Vorschrift das ! 
Zssichen bcstimmt wird ; k. B. 
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|JA,AiXX'4)"|!i'i?i^,).|A,A,) -|a\a'j2,).| AjA's) 
- 1[ A, A, A,)|[ A, A,) - II A, A, A J-| A, A J 
+ 1 A, A, A,)J1 A, A.) +1 1", A, A,)| A, aJ 

+|j,j.a'J|a'.a;) +irj:y.i|A',i'.) 

- 1 a', a, A,)J a; a.) - 1 A, A, A,)H A, A.) 

+ 1 a', a', A,)| 1^ A,) +1 a', Aj A,)-1 a, a,) 

-||A.A,A.).|i'.A.) -[a,A.A.)I1a,A.) 

+ li'A".A'.>|A;A'.) ^2,SX}lll) 

-|lA,i;2.)l|A'.A.) -||A',r.2.>|i;A'.) 

+ 1 A, A, A,)-| A, A,) + II a', a, a,) I A, 1',). 

In dsr ersten Scheitelreihe sind die obei«n und in det zweiten 
die unteren Elemente veriinderlich ; die Zeichen + und - 
befolgen das Gesetz in g liO. Eben so ist 
(Anotlior example is given.) 

Wii- wollen ftir diese Bildungaweise folgende aligemeine 
Zeichen walilen : 

I A, ; V ." ■ A.) - 2< - )' I i'; :'■ ::: if") ■ II v. h. : ': : i " ) 
-5(-)i(A.,i;,;:;-,A:)'!'t(l7;i7;:.v:i:)'"') 

ttu * luch ilem Gesetze bestimmt werden muss, Welches in 
g 140 gefundea iat." {siv. 5,) 

The one impcrfictinn in this is in regard to the question of sign. 
It is implied that the sign to precede any product, say the product 
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1 Ai A^ a'J ■ [ A^ A J 
in fixed by making it the same as the siga of t!ie ierm 

A, A^ As A^ It, ; 

but nothing is said as to how this ensures that the U other terms 
of the product shall have their proper sign. 

Consiilerably less interest attaches to the next theorem dealt 
with, — Vandermonde's theorem regarding the effect of the eij^uality 
of two upper or two lower elements. All that is fresh is the 
lengthy demonstration by the method of so-called induction. The 
identities immediately following from it by expansion Schwoins 
expresses as follows ;— 

2<-)iA,v:; aU,a„ :•:".'":'; vlDi,-" 

^' ~ Ml Ai A,_, A, A,^i . . . A„_ J-A, - '^ 

whore «= 1 , 2 ,...., ». (xii, 10.) 

This c n lud tl fi t h pt f tl h t t n 

The Jjn I hapte d als th a n t n t hi n ah t n nd 
is worthy fin i du 1 th I ttl 1 d m t Th 

subject mybl 11 tit fmtnofanaret f 
product ffa-sflt mat t nth a tefs uula 

kind. A pe al xampl f th t f mat n t Ti t p 
the eha] ter with thntala ^tefidtl ntl 

Kxpanding the first factor of each product Sehweins obtains 
+ { /4KVsl - /■J.<h¥Ji + M'^A<^^> - /il«2^3';4l I-I-^s^o^tI 
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He then i-omhinps the teira.^ wliich contain | i^b^c^ aa a factor, tho 
terms which uontam yi^J2<-^ ^ a factor, and so forth, the result 
being hy the law of foimatioa, 

+ 1 6 li<? 4/1 * W rj 

Tb d t ty f th gr t th th m 1 I te 
tt t h tl 

Th ly 1 1 1 ft t f 1 1 t nnect w th t 

la th t t f th a„^ g t f p 1 t p t d tl e 

tttb f pblthtyggttl t 

wdl ! t f m bl A m m t ffi to 
shuw that when once the first pioduct of all 

M 8^11 fg\ 

h th tl r^ 1 hi t m t acLoidance with a 

mpl 1 — th eq t b (1) 1 n^e of sufhxes, (2) 

h 1 t 1 tt f th fi t f to t b pi d by the letteis of the 

d f t (3) th f tl products to be + 

d il talj A f th fli t p d fc f 11, It 19 not difflrult 

to thth 1 tthdte t mposmg it aie quite 

te L I t d f t k d t m t f the 4'" and 3'^ ordeia, 

Ipl lytrafmt g tef pioducts of deter 

•mtfi ftlS d4 d mhth taken determinants 

f th ( 1) d d ipb 1 th t ■ansfoimafion, and 

bta d ggre t f].lt8fl m nta of the n"' and 

( 1) d Tl th ss f S h ns' first geneiabsa 

tion. His own statement and proof of it leave liftlo to be desired, 

and are worthy of examination in order that his fiim grasp of the 

subject and his command of the notation may be known. He taya 

(p. 346)- 

" Die Eeihe, welche in eine andere iibertragen werden soil, sei 

<3-2.(-r'|!l';.'.":::A.'Bl')'liE,;.:i!„.B;„v.:B:.J 

wo »■-!, 3, .« + l. 

Dor orate Factor wild naoli 515 in niedere Summen aufgelost 

Ia, A„B. ^-2,(-) I! A, A„ J-B. 

wo J. 1,2, . . . ,»+l 
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wodurch die vorgegebene Keihe in folgende iibergebt: 

■3 = 2,2/-) |Ai A„ ^||Bl...B,_,B,^., ...B^^J-B.- 

Es ist aber iiach 522 

\(-) |BV/^'iViBl^!iV/."Bl+J-B!=||BV..'.!'. .'b1+i) 



oder es ist 
2,( - > I A, A. B.*') ■ II b','.".' .' bU, B„, . . . i".n) 

-2,(-r"ir;;::'";:-:";vA:')-|S;''v;::B„.) 

odor es ist 

||a', A..Br)'|BV.. . ! .. . b2^,) 

I|a,..,.a.,bJ'|1b,b, B„,) 

+1 1'.V. ,■ '. i's,') ■ II b,b,'b; ; .'.'rij 



' Ia',,;.;;a!, )-tv.''.'..','; ij 
" l| aV .' .■ .■ "Ta" .*') ■ II b; * .■:■.■■.■.■ b1+,) 
*| a';; ;■":": aI') ■ I b""'.' ;;. : : b„,) 
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The furttcr geneialisation of whi h this is poobible and which 
Schwems effects depends on the fwt that the kw of formation 
twice usel la proving th identitj i^ but the siraplest (,t e ot 
Laplates expansion theoi em and that the said theoieni wn be 
similarly used in all its generJity In othei woids inotead ot 
takm^, only one of the Bs at a time ts go along with the \.b to 
form the first factors of the left-hand aggregate, we may take any 
fixed number of them. Fot example, out of six B's we may take 
every set of three to go along with two A's, and we shall have the 



lAiAsEjBi,] 
+ 1 r;,A3BiB3l 
+ 1 Ai Ag E^ B3 B J 
+ ||A'iA2B',BgBj 
+ |Ja'iA'2BiB^E°) 

II a, 0.. 03 a, 

+ |AiA^B^B4l 
+ |AiA3^B4B;J 

A, A,: 



\ II '1 


62 


'^\ 


) ■ 1 Bj 


B5 


bJ 


\ II fr 


«2 


"sX 


)-||b. 


B4 


B.) 


A 11 ^ 


S2 


h\ 


)-|b 


b. 


B.) 


)-|b 


B. 


i) 


\ 11 *! 


i. 


J. 


) ■ 1 B 


b!, 


B5) 


11 


h 


t^x 


)-|b' 


B. 


B.) 


^ II *' 


h 


6s\ 


j-||B 


\ 


B.) 


,)-|b 


b 


4) 


\ 1 >> 


h 


fl3\ 


J.|b 


B 


B.) 


s\ II fr 


h 


'^\ 


J-p 


B 


B.) 



-| Ai AjBjB^B^, 

- II Aj Ag Sj Bg B^ 

- I I'l A2 B\ Bg B; 

-JAiA^BiB.B. 
~|Ai A^BiBsB' 

- I A\ Ag Bj Eg bI; 

- 1 a'i ^3 f J B^ Bj 

- I a'i A3 Bj b!, B^ 
- 1 &\ As Ej B^ b'j 
-ll'iA^B^B^Bg 



62 (^\ 
B5BJ 

b^eJ 
b^bJ 

B3 E J 

BgBj 



EgE^j 



— the sign of any term being datermined by the number of inver- 
sions of order among the suffises of all the B's of the term. In this 
particular case the first use of Laplace's expansion-theorem is to 
transform 



I! A, A;, Bi B, b\ ) 
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and the other similar determinants each into an aggregate of ten 
products, the two factors of any product in the expansion of 

I Aj Ag Bi Bj Eg ) 

being, as we should nowadays say, a minor formed from the first 
two rows and the complementary minor. In this way would 
arise 20 rows of 10 terms each, and these being combined by 
a second use of Laplace's expansion-theorem in columns of 20 terms 
each, the outcome would be an aggregate of 10 products, viz., the 
aggregate 

Ai A J ■ I Bj B^ Bg B, B, bJ - 1[ A^ aJ ■ | B^ Bj Bg B, Bg B^) 
+ 1 Ai A J ■ |! El Bj Bs B, B, bJ - 1 Aj A J ■ | B^ B^ Bg B, B^ Bj 
+1 Ai aJ ■ I! Bi B3 Bg B, Bg bJ - 1 A, A.) ■ \\ B^ B^ B^ B, B^ Bj 
+ |A,A3)-|BiB,B3B,B5Bj-|A,Aj'||BjB2BgB,B, Bj 

A, aJ ■ I Bi B3 Bg B, Bj B,J - I Ai A.) ■ I B^ Bg Bg B, B^ bJ. 

The following is Schweiiis' statement of this moat general 
theorem:^ (r- 3) 

j(-)'[A,v.::A.,,Bv:y. v« )-||Bv.^--'-'ifc') 
-a-flA,;: ;;;■.,;;::: /.a::;)- |iB;7t':;!:!':;iC')- 

The only points abuut it requiring explanation ai* the exact effect 
to be given to the symbol S, and the meaning of the dashes affixed 
to certain of the letters. The two symbols are connected with each 
other, the di hes not being permaneutly attached to the letters, but 
merely put to as 1st in explaining the duty of the 2- On the 
leftr-ha d n en be of tl e identity, the two symbols indicate that the 
first term is got by dropping the dashes, and that from this first 
term in tl er teim i got, if we substitute for Bj . . . . B,, some 
other oet t qT chosen from B^ . . . . B„ , and take the remain- 
ing B' to t th I '< of the second determinant, ^the two sets of 
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B's being in both cases first arranged in ascending order of their 
suffixes. On the other side of the identity, the use of the symbols 
is exactly similar, re - ij of the k upper elements a^ ,...., «„ being 
taken for the first determinant of any term of the series, and the 
remainder for the second detenninant. The number of terms in 
the series on the one side is evidently m\jq\{rii-q)l and on the 
other ™!/3!(n-2)t 

In the demonstration of the theorem greater fulness is evidently 
necessary than in the case of the previous theorem, tlie rule of signs 
in particular requiring attention. This Schweins' does not give. 
He merely teUs the character of the first transformation, symbolising 
the expansion obtainable, and then says that a recombination is 
possible, giving the result. 

The succeeding five pages (pp. 350-355) are devoted to evolving 
and stating special cases. This is by no means unnecessary «'ork, 
as in the case of a theorem of so great generality it is often a matter 
of some trouble to ascertain whether a particular given result be 
really included in it or not. To students of the history of the 
subject the special cases are doubly interesting, becauso It is in 
them we may espect to find links of connection with the work of 
previous investigators. 

The first descent from generality is made by putting some of the 
B's equal to A's, the theorem then being (i,. 3) 



2( - )i Ai . . . A^+„B'i . . . . B', j ■ I B', ^, . . B,„Ai . . . . A^, ) 

- 2( - )i A, '. ::: : liz) ■ II Br.*t'.' ; ; ; ^'.T:X^i^i. : : : 17) . 

If in addition to this specialisation, some of the b's be put equal to 
the a's, the result is (l. 4) 

A, A„,, I ■ 1 B, . . . . B,+,.„,,„A-, A„ I 



= 2( - )i A,'.'. . . A^+fi\ . . . B'/ '" J ■ I B',+, ; . BV.+.-^ A^ .". A^ j 

— a notable theorem, which it would not he inappropriate to con- 
sider rather as a generalisation than as a special case of the theorem 
from which it is derived. Returning, however, to the preceding 
case, and putting /i: = 0, we obtain (l. 6) 
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-2(-)1a, . . . . : a;:;) •iib'::". . . b,a. r™ aJ- 

This may be viowed as an extension of Laplace's expansion-tlieorom. 
to whicli it degeaerates when p is put equal to 0. Though a com- 
paratively very special identity it is considerably beyond anything 
attained by Schiveins' predecessors. In fact, we only come upon 
something like known ground, when ia descending further, we put 
in it 9= 1. The result thus obtained is 



II Aj A^^B, )-\\^i K) 

= 2(-nA,'- ■■■■'■' ■■AIH) ■1bi"'"""Ai'.';V!'. A^J, (xlvi. 2). 
which closely resembles a theorem of Desnanot's. The difference 
between them consists ia the fact that here the second factor on the 
left-hand side is any determinant of a lower order than the cofactor, 
whereas in Desnanot the second factor is a minor of the cofactor. 
A further specialisation, viz. putting Bi = A^.^i, brings us to the 



2( - )*|| A, ■.■:■;.■■. A,*;.) ■ I a,**' '" : v : i'^) - » ,1 

I (ixm. 7), 
2( - >1 A, A, B* ) ■ t B'„ B', b;!.) - » ■) 

The form here ia that of a vanishing aggregate of products of pairs 
of determinaats, and identities of this form we have already had to 
consider in dealing with B^zout, Monge, Cauchy, and Desnanot 
To the last of these only does Schwcins refer. His words are 
(p. 352)— 

"Wird in dieser Gleichung « = 2 gesetzt, so entsteht 



2<-)1a, . . . aJ'D ■||b',B', b';j-o, 

wovon Desnanot einige ganz specielle Falle gefunden hat, oder 
vielmehr der ganze Inhalt seiner Untersuchung ist in folgenden 
droion Gleichungen hegriffen 
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1*1 Sa *3 \ II *! Ii- ^a 6, \ 
A^A^B'i j ■ I B'gB'^E'jB'J = , 

II h l-i \ II *i h h \ 
2(-)*||AX)-||!jy3B',)=0, 

2( - )* b\ ■ I E^B'sB'^B',) = , 

welche mit ermudetider Weitlaufigkeit iDewieseii siiid " 

This statement is unfortunately not by any means accurato. Aa for 
the " ermiidende Weitlaufigkeit," there can be no doubt aboat it 
and to assert its existence is fair ciiticihrn, but to say that the whole 
of Uesnanot s results ire to be found m the thiee idLntitiea spocifipd 
is a misrepiesentation cf the actual facts, ind therefore quite uniiir 
The leader his only to turn back fa a mi meut to oui account of 
Desnanots woit, to venfy the tact that the two moit important 
generJ results attained by the latter (win 6 iiid xlm ) ait 
ignored by Schneini altoEtethei 

The reniuBing piragiiplis of the chaptoi aio taken up with the 
very elementary cise m whuh the products ire three m numbei, 
and the theoiem itself nothing more than one of the estensionals 
so lon^thily dwelt upon by Desnanot, viz the oxten'*ioml 

«,1V 1 - !•,[",<■ I + ',l«,! I " 
It if \viii.t(!]i in several forms, e.g. — 



^„+,..'.a„+,„+,b''""''"") 



■ I Aj '\ i\ 1 ■! B y |i A. \ ,y 

The next chapter, the tli rd coneuns the sjlution of i let of 
Imeai equaticns, although according ti the title it-i subject is the 
transformatitn of deteiminints into other determuunts when tho 
elements are connetted by linear equations It presents no new 
featuie 

The fouith chtptei deals with a special form of deteiminant, the 
consideration of which mu'^t theiefoie be deferred Suftice it for 
the picsiLit ti as, L an evidence of Sthueins £,Tisp ft the subject 
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that the solution of the problem attempted is complete and the 
result very interesting. 

The fiftt gives the solution of a problem on which the general 
Theory of Series is said to depend, the problem being the trans- 
formation of 



a, aj , . 

llBA. 


. ' A.J,A„iV 


.■■/i: ) 




I A, A„ . 




..A. j 



into an unending seiies The numerator, it m dl he obaeived, if. of 
the order co the denominator is of the same oidei ind all the 
rows of the funnel except one olcui in the latter Indeed, if the 
first row of the numeiitor were deleted, and the h'" row of thp 
denominator, there would he nothing to distinguish the one fiom 
the other. The subject is best illustrated by a special example in 
more modern notation E«i,uriing to the e^tenaional above lefeiied 
to as the concluding theorem of the second ehiptei, and tikiii„' th 
case where the fai tns ii tf thf l'" md 5'" oidfi-- wc mamtcstlv 



from which, on dividing by \a]b^C3e^\arJ>2C^fd^ , we obtain 

\ <^A<hiiJ,\ _ [«iVA L kiV3^4A I , l«iVa/4L Q 

l«lV»''4'*5l KVs'«*ll«lVs«44l l«lVse4l 

Similarly 

hiVjAl _ l".V.U»iV./i ^ KV.Ln 

l -A/.l "AI J"!'./. ! , 1a4.1 
oftS.i - |<.,«,iivAI \v,\ ' 

and [iil - a,ijiAJ + 4.0, 

the last fraction of each identity, be it observed, being the same as 
the first of the next with its sign changed. From the foar by 
addition we have 
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-iVA/i . l»iVAI. I»iV.«./, 



"iV^A 



^ I -A 1 . 1 111,/. 

lv,ll«A«, 



The general result, as stated by Schweins, is that 
, •« I B A, . . . A._,A.+, . . . A,+.. 



- l';'. y'" - l"',. v'"*'' + l'". V" 



awl V" 



(II,) 



Since the expression thus expanded ia itself one of the L's, 
l}^^ — ^^ i^ readily seen by transferring the B from the t 
to the endj and denoting it by A„.,_„^j, — and since Lo = 1, the 
identity may equally appropriately be written with L^^^^ at the 
end of the right-hand member, and looked upon as the recurring 
law of formation of the L'a in terms of the V'a. This Schweins 
does, giving indeed the result of solving for L^ , L^ , . . . 

The Second Section, consisting of five cliapters, and extending 
to 30 pp., is devoted to a special form of determinants) viz., those 
already partly investigated by Cauehy, and afterwards known as 
alternants. 
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The Third Sectioiij extending only to i pp., deals with another 
special form, whose elements are finite differences of a aefc of 
functions. 

The Fourth Section, consisting of four chapters, and extending 
to 27 pp., has for its subject a third special form, foreshadowed by 
WronsM, the characteristic of which is that one of the iadioee 
denotes repetition of an operation involving differentiation. 

When these Sections coiac to be considered in their proper 
places, it will be seen that very great credit is due to Schweins for 
his labours, and that he has been most undeservedly neglected. 
The fact that he had ever written on determinants was only brought 
to light in 188i ; * and, so far as can be gathered, his treatise had 
no influence whatever either on the work of succeeding investigators, 
or in diffusing a knowledge of the subject. 



JACOBI (1827). 

[TJeber die Hmptd\en der Flaohen der znaitHn Ordnung 

Ctelles Journal, n pp 327-233] 
[De sinj,ulari quadam duphcis Integialis transformatione Cielle'' 

Jrminal,u pp 234-2i3 ] 
[Ueber die Pfoffsche Methode, erne gewohnliehe Imeue Diffeientiil 

gleichung zwi&chen 2n Variabeln durch ein System \on n 

Gleichungen zu integriren Cielk a Journal, ii pp 3i7 357] 

We come here simultaneously on the names of a great mithema 
tician and a great mathematical journal Crelleo JouinaJ fur he 
teiif nnd angpwandte MaihemahJi which began to appear at the 
end of the year 1825, and whiih without an^ of the symptoms of 
fid age stiU survives, has rendeied on more than one ocoasinn 
important service towaida the advancement of the theory of deter 
minants Its first contributor on the subject and one nf its greatest 
was Jitobi At a later date he published m the J'wnal an 
excellent monograph on Determinants; hut even his earhest papers 
show that he had begun to find it a useful weapon of reseai'ch. 

In the first of the memoirs above noted, dealing with the subject 
erlooked Discoverer in Ois Themy of 
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of oil:hof,onal subitituh n, constant nee is, of couric, made of the 
fnnctioE'^ , hvti therp is no special iiotatitn employed, nor indeed 
anything to indicate that tho expie-isions used were members af a 
class having piopprties peculiar to themselves 

In the second memoii which likewise is taken up with a tians 
foimation but in w hirh the sets of eq^uatir ns involve / m) unknow ns, 
any special notatim is still avo ded Espressirns, leidily &een to 
he determinants of the third order, aie even not set down, because, 
as the mthor expre&sly states, they would be too lengthy The 
last clause of the passage m whi h thia statement occurs is note 
worthy. The words are (p. 236)— 

" Jlato systomato icqiiationum 

a- n + ^' ^ + y' y + 8' z = m, 
a"M + ^"x + y"y + h-Z^m", 

" ponanms earum resolutione crui ; 

Am 4- A-'m' + k"mJ' + A"'m"' = it, 
B)ii + B'm' + E"ni" + W"m"' = a^, 
Qm + C'ra' + G'vi" + C"'m"' = y, 
Jim + !")')«' + D"m" + D"'m"' = s. 

" Valores sedecim qnantitatum A, 15, etc., snpprimimus eorum 
prohxitatis causa ; in libtis algehraicis passim traduntur, et 
algorithmus, cuiua ope formantur, hodie ahunde notus est." 

On the next page, in eliminating D, I)', D", D'" from the set of 



= Di' ■ +D'(rt' + «) + D"c"' +D'V, 

= D?)" +DV' + D" («" + «) 4 D'V, 
= 1)//" +DV'" +D'V " +D"'(a'" + a), 

he arranges the resultant as one would now do who had expanded 
it from the determinant form according to products of the elements 
of the priQcipal diagonal, viz,, he says {p. 238) — 
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" Fit ilia, eliminationis negotio rite iustituto 

0= (a-x){a' + :,){a" + x){a- + x) 

-(a-^){a- + x)c'a- - {a-^){a" + xy'c" - («-.■)(«'" + ^)."V" 
-(a"+x){a:" + x)b't,' - {a"-i-x){a' + x)b"b" - {a' ■\-x)(a" +x)rb"' 
-\-^<ia"d"{a-x) + 2fi'6"6"'fa' + ic) (lii.) 

■ +2c"6'"&'(o" + 3;) + V"6'&"(a"'4-3;) 
+ 6'6V 6 & ; 6 ?A Ih h b 

From the n xt p il w lea h £ f t d 

infer that y t P 1 y k t 1 ITi f t 

eecteace (p 39) — 

"It d I ttteso,^ tdmq 

derivantiu A A te plu m'B t d ot 1 t pi 

gantes q le la n ly t qii» Laf 1 ce V d m nd 

in con to nta d m £e P A 17 i C as. n 

diaq is.th tYJBtnl d mnsttt 

polytechn P liq tadil t t nt 

paueas tant frnqse t plp 1 

tion m ( ) f ACil x ii d nt 

The th d m m 1 y f th t p t t t I tl 

coarse oftl ttn palf fdtmt. 

afterward w 11 kn by tl 1 t ^ w 1 te m t 

turns up I th f d It ti f tt 

final exp 1 d f m f Th m t t f 

now ente | bttfpta ttht Jl 

takes th tep f d pt tl mi/ ; — t t wl h 

doubtieaa a. d f U f t f th w I Th 1 pt th 

made (alth h t t d t b f m C us ) 1 tl f tl 

words " H t ! h V t I h m k t i 1 bl tl t 

Caucky's mm ladnw mtohis t 

REISS (1829). 

[Memoiie sur Jos fonetions semblables de plusiours groupcs d'nn 

certain nombre de fonctions ou elomeus, Gorrespondance 

math, et phys., v. pp. 201-215.] 

In Reiss we have an author who starts to his subject as if it 

were entirely new, the only preceding mathematician whom he 
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mentiuns Leinj, Ldgrange. Like Camliv liP opens by explaining 
a moJe of tornung functions more general than tho'^e of which he 
afteiwaids treat'^, the essence of it being that an expression involv- 
ing seveial of the n v q^uantities, 



b- 


bf ht . 


. b" 


If- 


c? cy . 


. c 


,-» 


»-js n . 


n- 



IS taken, and each pvyonent {" evpoaant ") changed aueeesaively 
■with all the other exponents, re, ft . . , or each l>a^e changed 
with ^11 the othei hasi,-:, n, h, Only a line or two, however, 

15 given to this, the ipecial class known to us as determinants 
being taken up at oni,c 
His notation for 

ftifis^s _ ^163^2 - a^iics + a^fis^i + a%\-^ ~ a^b^c^ 

{abc , 123) , (VII. 7) 

a line bem^ drmn 'ibo(e the exponents to indicate permutation 
Hifa rule of foimation of the terms and lule of signs ate comhiiieil 
aftoi the manner of Hindenhurg Like Hmdeiihurg, ho arranges 
the pel mutations as one iiranges numbers m increising order of 
masinitude , hut, unhke Hindenburg, aftei the airangemenfc lia-> 
been made he determines the sign ot any i at hudar term On thw 
point hi^ words are (p 202) 

" Cela fait, d^terminons g^nfiralement le signe du M™° pro- 
duit (soit M) de la mani^e suivante. Le nomhre M sera 
renferme entre les produita 1.2.3 . . . ^ et 1.2.3 . . .l[l+ 1); soit 
M=m.-\-'Ky. 1.2.3 . . .1, de sorte q^ue \<l-\-\, et j»>0 et 
<1 +1.2.3. , . I. Cela etant, faisons M=m{-\)K" (iii. 24.) 
This apparently means that if the sign of the 23"* term in the 
expansion of 

{abi:d,\^)* 

be wanted, we divide 23 by 1.2.3, getting the quotient 3 and the 
remainder 5, and thence conclude that the sign wanted is got from 

" Or (aMc, 13345), or indeed ((i|(is . . .a„, 123 .. .n). 
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the sign of the 5"" tenn by mnltiplying the latter by ( - 1)'. Of 
coui-se 5 haa then to he dealt with after the manner of 23, the 
quotient and remainder this time being 2 and 1, so that we conclude 
that the sign of the 5"' term is got from the sign of the 1" term 
by multiplying by (-1)^. And the sign of the 1" term 
being +, the sign of the 23'^ is thus seen to he 

(-!)■+■ .-... -. 

It would seem at first as if tbe case where M is itself a factorial 
were neglected. This however is not so, the condition m < 1 + 
1.2,3 . . .1 being corrective of the opening statement that M must 
lie between 1.2.3 .. .1 and 1.2.3 ...I (l+l). For example, the 
term being the 24"", we put 24 in the form 3 x 1.2.3 + 6, and 
thus learri that the sign required is different from the sign of the 
&^ term : then we put 6 in the form 2 x 1.2 + 2, and thus learn 
that the sign of the 6* term is the same as the sign of the 2"* term ; 
finally, we put 2 in the form 1x1 + 1, which shows that the sign 
of the 2"'' term, differs from the sign of the 1°' : the conclusion of 
the whole being that the signs of the 24* and 1" terms are the 
same, or that they are connected by the factor ( -- Ijs+a+i, 

Though interesting in itself, a more troablesome form of the rule 
of signs for the purposes of demonstration it is scarcely possible 
to conceive, and, as might therefore be expected, it is on the score 
of logical development that Eeiss' paper is weak. Through 
inability to use the rule later in the demonstration of the so-called 
Laplace's expsCnsion- theorem, he is forced to supplement it by 
another convention. His words are (p. 203) — 

" Avant d'aller plus loin, faisons encore la determination 

suivante. Soit aj une fonction quelconque dans laquelle les 

k quantit^s A,E,C, ... A' entrant d'une manifere quel- 

conque. Supposons que ces derni^res soient lea Zipremi^res da 

/A B C . . . A' . . . 8\ 
Techelle ( , „ „ , )■ Qu'on fasse avee ces s 

^l^mens toutes les combinaisons sans repiStition de la elasse k, 
et qu'on les substitue successive ment a« lieu de A,B, ... A' 
dans la fonction m ; c'est-Ji-dire lo premier element de chaque 
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combinaisoii a A, le second a B, etc. Nous, obtipiidrons par \h 
autatit de foncfcions semblables k <u q^u'il y a de combinaiaona de 
la clasae A de s dl^mens. Or, entre toutes lea combinaisons qui 
en pt^oMent une queloonque, il s'en trouvera une qui aura fc — 1 
6l6meas communs avec elle, tandia que lea deux eJ^mens qui 
restent isoles dans I'une et I'autte se suivent imm^diatoment 
dana I'^chelle. Donnona Ji la fonctioii qui contieafc la demifere 
de ces combinaisons le signs oppose a celui de I'autre fonction ; 
par consequent les signes do toutes les fonctions semblablea Ji 
(u seront parfaitement d^termin^s, et d^pendront dn signe de 
la premiere fonction {/ (A,BiC, . . . A'} ). Soitj par exemple, 
s = 5, ft = 3 ; nous aurons successivement, ea remplagant 
A,B,C, . . . S par 1, 2, 3, 4, 5, et ea dormant le signe ( + ) a 
/(123), 

+/(123) , -/(1 24) , +/(125) , +f{ldi) , -X135) 
+ /(U6) , -y(234) , + /(235) , -/(245) , +^345) . 



Voici comment o 

tion semblable h, m d'aprfee celni d'une antre quelconque. 

Qu'on clierclie les nombrea qui se trouvent dans I'^chelle 

/AEG. . . A». . .S\ , ,,, , „ 

I 1 aous les elemens de rune et de 

I'autre de ces fonctions. Si Ton nomme ft et h' leurs sommes 
respectivos, on trouvera le signe de I'une des fonctions = 
( — 1)*'"' X le aigne de I'autre." 

Four theorems he considers fundamental, viz., those known to us 
as (1) B^ut'a recurrent law of formation, in all its generality ; 
(2) Vandermonde's proposition that permutation of bases leads to 
the same result as permutation of exponents ; (3) Laplace's expan- 
sion-theorem ; (4) Vandermonde'a proposition regarding the efieet of 
making two bases or two exponents equal. The two most important, 
viz. (1) and (2), he leaves without proof, and the 4"* he says he 
would at once deduce from the 3'^, — doubtless by choosing the ex- 
pansion in which the first factor of every term would be of the form 

(a«, W) 
and therefore equal to zero, 
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The proof of the 3°^ theorem, viz., 

{ahc . . .r, a/Sy ■ ■ . p) = {uhc . . .T, a/3y . . . p) , 

is by the mothod of so-called iiiiJuction, and may ho iilustrated in 
a later notation by considering the case 



From theorem (1) wo have 



But hy hypothesis all the determinants on the right here may have 
their rows changed into columns ; and this being done we have by 
addition and the use of theorem (1)— - 



h. 



and thence the identity required. (ix. 4) 

To this proof the following noto is appended (p. 207) ; — 

Cette lem at at <1 o ^ aaaez s ra\ le semble reposei 
eepen lant si r «n art fice de ealcul n ai en eher hant une 
d^monstrat on d ede j a ren o tre ne d flic lt6 1 un f, n e 
part c 1 e En eftet on trouve fac lement q e / te no de 
1 e des fonct on en q est on est a sa 1 o au b me 

m 1 1 tr ou ^n I n t a n et q e dan 1 
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demier cas, le m'°' terme de la premiere est aussi 4gal au 
V" de la secoade, abstraction faite des signes. (12. 5) 
Mais I'ideatit^ ds cea demiers (qui est de riguenr) ex^e des 
explications trea-longues et beaucoup moins ^Mmentaires que 
la demonstration que je viens de donnor." 
The remaining six or seven pages of the paper are more interest- 
ing, and concern the subject of vanishing aggregates of products 
of pairs of determinants. The theorems were suggested by taking, 
as we now say, a determinant of even order having its last n rows 
identical with its first n rows, e.g., the determinant 

{ahah , 1234) , 

and using theorem (3) to expand it in terms of minors formed from 
the first 11 rows and their complementary minora. When w is even, 
a proof is thus obtained, as we have seen in the footnote to the 
account of E4zoufs paper of 1779, that the first half of the expan- 
sion is equal to zero. When n is odd, the method fails, although 
the proposition is still true.* Reiss's enunciation is as follows 
(p, 209):— 

" Theoreme V.— Soient les ^chelles 

(al..r, a , & ,... ^ X/a^ y ... a", «"+■,... p\, 
Vl 2.. TO, m + 1, TO + 2, .. . 2V Vl 3 3... h ,b+1,. . . 2«/ 

qu'on fasse avec les Clemens jiy p toutes les combinai- 

* It ia worthy of nota in pas'; ^ tlati nTinin ethod does exist for 
establishiiig the two cases, — a metLotl q te analog us to Reiss's, but difficult 
of suggestion to one who used I is notation or indeed to any one who had no 
notation snitable for deteiminants nhostt tl'^ments Lai special numerieal 
values. All the change neceasarj is to make tbe last elements o£ the first 
column each equal to zero. This a laea a I 3cr n e the result when «. 
is even, e.g., from, the identity 

«! [[3 it, itj 



. h h *4 
we have, as before, 

and when «. is odd, the second half of the terms which previously gave trouble 
do not occur. 
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sons de la classe (n — 1), i 

dans le premier facte at du produit 



Ics substitue succossivcment 



(«i. . 



.«■).(»!,. 



. .p) 



au lieu de ^y . , . a'' ; qu'on remplace maintenant dans 1' autre 
facteur les exposans a""''^ . . . p par toua ceux qui ne se trouvent 
pas dans le premier, eu ayant soiu de les 4crire suivant I'ordre 
indiqud par lea ^chelles. Si Ton doiine au premier produit le 
signe ( + ), efc qu'on determine lea aignea de tous les antres 
d'apr^s (II)i la somme algdbrique en sera = 0, que le nombre 
TO soit pair ou impair." (xxiii, 8) 

An example of it is 

(abe, 123)(a6c, 456) - (ahe, I2i){aie, 356) 

+ (ahc, U5){abe, 3i6) - (abc, 126)(a6c, 345) 

+ {a&c, 134)(a&c, 256) - (06,;, 135)(<i6^, 246) 

+ (ate, 136)(a6c, 245) + (ahe, U5)(abc, 236) 

-{afe, 146){n6c, 235) + (tsic, 156)(«Sc, 234) = 0, 

the left-hand side being nothing more than the first ten terms of 
one of the expansions of the vanishing determinant 



or the otl er ten t y th tl e □ s cb i Re proof is 

len^tl y an 1 t oublesome tl e metl od 1 e n^ to expa d each factor 
n ter n of the sad their con plementa y m nors pe fo m the 
mult pbc^t n (e 9 a the -spec 1 ca e j t ^ von tl e mult ph 
cat on of a 1& | aj^i c^\-i-a]f c\ hy a \b J aJJ.c | + a^lV i ^"^ ) 
a d show that the terras of the fi 1 ag^ -egate occur e 1 a ts wh b 
a nul tl e n elv 8 

The next tl e em t 1 11 . t r nte e t le use t tl t 
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peculiar generalisation of the preceding which in later times came 
to be known as the Extensimal. The way in wliich it is estab- 
lished is also noteworthy, viz., by deducing it as a special case from 
the theorem of which, as we have said, it may he viewed as a 
generalisation. The authors words are (p. 213) i — 

" Ce thoorfeme nous conduit h. une relation qui existe dans le 
cas le plus general, savoir si v-n eat un nomhre quelconqiie 
ou positif ou n^gatif. Suppoaons v >«, et v - n == N" ; soient les 



mh... r, a , b , ... r , A , B , . . 
U2...N, N+1, N + 2, ,..2N, 3N + 1, 2X + 2, .. 



M 2...M", N + 1, . 



. 2JS' , 2N + 1 , 2N + 2 , 



Qu'on fasso aveu lea Clemens P, y, . . . a", a""''^. . . p toutes 
les cocubinaiaons de la classe N — 1 ; qu'on les substitue succes- 
sivement au lieu de j3 . . . o" dans le premier facteur du 
produit ' 

(ab... rAB . . . E , a^ ... a^AB . . . P) 
x{ab... cAB . . . R , a"*'. . . /. AB . . . P) ; 

qu'on remplace dans I'autre facteur les exposans a"''"^ . . . p 
par tons ceux qui ne se trouvent paa dans le premier : qu'on 
determine enfin le signe dc chaque pioduit d'aprcs (II) ; la 
somme alg6brique en sera = 0. (sxin. 9) (xlv, 6) 

"En effet, supposona les ochelles 



/ab...T , A , B , ... E 

VI 2...N, N+I, N-l- 



N, v-N + l.r-N+S, . 



I'ormons avec cea cli5mens la fonction d^crlte dans le dernier 
theorfeme ; la somme totale en sera donc = 0, et le premier 
termo aura la forme 
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(ab... rAB . 
x{ab... rAB . 



■ R, a/3... p A... A"-''') 



, E , A"-"'' 



.PA. 



P). 



Or, on ^olt faoilemetit que tous les termes qui ne oontiennent 
pas dins ehaqiie factmr tnwi les exposans A B P, 

1 e\ anouiiont aeparement, paice qa il y aura des exposaub 
identiLiues dana lun ou liutie des facteura II ne lestera 
doni, que les termes qui, contenant a dans le premier facteur 
y dpuisent successivemont toutes les combmaisona de la claise 
N-1 des el^ iiena ,8, y, p Mais les signer de oes termes 

sont ^vidomment determmis eomme lis devaient letie, 
partant li Bonime al|,eliriqiie de tou^ lea termos est = ci, j^u il 
iailait deraontrei 

Thi'j\iill be liHHt unier-.tool bj onsilering i ^j ecial examj-l" 
Goingbuk to tlie (.leiious tli orem, ml sile tiHo its simikat ei'-e 
■V, e have 

l"Ml«iJ l«»il«».l + "M1"M - 

N w h t the new theorem asserts n regard to th s i, t! dt we 
n ay w th pun ty e^en ^ ea h of the determ naiit oc n^ it, 
proT ded the xtens on be the sam thro ^h ut ior etami-Ie, 
choo Ug the extens n ^ f^ ; * we c n n tue of the new 
theorem aasert the truth of the dent ty 



WA^.iid7\-\^Mt.vM 






That the two may be viewed as cases of the same theorem will be 
apparent when it is pointed out that juat aa the first is derivable 
from 
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way from a perfectly 



so the second is derivable in exactly tli 
similar identity,* viz. 



Oj ttg Oj % ftjj dg chj a^ a^ a^ 
h h h h h h h h h h 
ii i2 i, i, 4 fe ^ ^5 ^B ^7 

Vi V2 % Vi Vb Ve, n<7 % ''a '?7 

t, U k L U U 'Ci 4 ^6 ^7 

, h.^ \ b^ \ bg &j 65 b^ &j 

?, £, i, i 4 t, U i, ^1 

% Vi Vi n >?( '/r % '?8 'Jt 

C ^a U t' Ce tv U k li 

Many moie producti than thiee (126 in fact) arise in the latter 
case; but, foi the reison stitci by Eciss, only three of tliem do 
not Yamsii 

JACOBI (1829, 1830). 

[Exorcitatio algebraiea circa diacerptioneoi singularem fraotionum, 

quae plurea variahiles involvunt. Crdle's Journal, v. pp. 

344-364.] 

[Do resoliitione aecLiiationum per series infinitas. Crelle's J(mrnal, 

Ti. pp. 257-286.] 

By such memoirs as these, in which Jacobi continued to nse 

determinants, the functions lyere kept before the mathematical 

* It ia pcrliaps 



little mor 


readily 
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world. For tlie present it will suffice to note in regard to them 
that although general deteTininants in Laplace's notation occvir 
(p. 351, &c.), the real interest of the papers arises from the fact 
that use is made in them of that special form which afterwards 
came to be associated with Jacohi's name. His introductory words 
concerning it are as follows (pp. 348, 340): — 

"Vocemns porro A dotorminantem differential! um partial- 
ium sequentium : 









dx^ ' dx2 ' 









ibus X, y, 



g. pro tribus functionihus ii. 


u-^, u^, tribusqiie variabil- 


y>^: 








du 3?fj @Mg 




dn 3;! J ^u.^ 


du, dv^du 


0^'8)/ *3z 




di'dT'df 


dij cte ' Bz 


34*3 3w ^ 
'dz 'dy'dx 


+ 


dy'dz --0X 


du 3mi Swg 
^' dx ' dy ' 



quam patet expressionem casu, quo u, «j, u^ sunt expressiones 
lineares, in expressionem ipsius A supra exhibitam redire." 

MIS"DING (1829). 

[Auflosnng einiger Aufgaben der analytischen Geometrie vermit- 
telst des barycentrischen Calcnls. CrdUs Journal, v. pp. 
397-401.] 

Unlike Jacobi, Minding was unaware, apparently, of the ex- 
istence of a theory of determinants. The functions occur at every 
step of his investigation, yet he makes no use of their known 
properties to obtain his results. 

He deals with four problems in his memoir, the second two 
being the analogues, in space, of the first two. Nothing noteworthy 
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oucurs in connection with the latter save that use is made of the 



^y" P"t ^a{Vc"-h"c!) + a-(b"c-hc") + a"{M -b'c), 
where ^ = ba' ~ Va , fi" = b'a" - h"a\ 

This identity, it may be remembered, we have noted nnder Lagrange 
as an elementary case of the theorem afterwards well known regard- 
ing a minor of tlie adjugate determinant. Strange to say, it makes 
only its second appearance here fifty-aix years afterwards. In the 
interim, too, no other special case of the theorem seems to Lave 
been establislied. 

The third is that if P, P', P", P'", be four points in space, given 
hy the equations, 

q V =a X + ?iB + a C + d D, 
^r =a' A + b- B + c'C + d'B, 
q"F"=a"A + &"B + c" + d"I), 
q-"P"' = «"'A + &"'B + c"'C + d"'I) ; 
then for the bulk of the tetrahedron P P' P" P'", we have 
PP'F'P'" A + A' + A" 





ABCrT- 


^^<l"f' 


wher. 






A.8'(/3-V"-/3"V') 


, A'.S"(/J" 


V-/SV"). 


and 






/I' =«' & -a b' 


, y =«' 


e -a c' , 


ff -c"b' -a'b' 


', y-a" 


c' -a'e" , 



8' =a' d -ad- , 
h" = a"d' -a'd" , 
/3"' - a"'b" - a"b'" , y'" =- a"'a' ~ «"«'" , S'" - a"'d'' - a"d"' . 
The transformation of A + A' + A" into the form 

— a transformation all-important for Minding's purpose — is r 
made : but in the remark, 
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"Man kann den Ausdruck A + A' + A" leiclit entwickeln, 
und wird ihn dann durch a'a" theilbar finden," 

there is evidently a foreshadowing of the identity 

Itfsi, l«'«l, Kiil 

i" b' I , \a" d I , [a" d'\ ^ - a'a"]ah'c"d"'\ . 

:t\, i»"V1, KWi 

The fourth thoorem, concerning the tetrahedron enclosed hy 
four given planes, 

A + xB + i/C + {a +b x + e y)C , 
A + xB + ^C + {a' +b' x + c' y)C, 
A + xB + pG + {a" +h"x + e"i/)C, 
A + xB + yC + (a'" + b"'x+c'"y)C , 

is made dependent on the third, Tlie jjiterseotions n, n', II", 11"; 
of the four triads of planes are found to be given by 

q U = (6 c' )A + {c a' )B + {a i' )C + (a b c )D, 

q- n' = (b- c")A + (c' a")B -I- (a' b")G + (ct' b' a' )D , 

2"n"= {b-e"')A + (c"a"')B + {a'' b"')G + («"?^"c")D, 

/'n'"= (6"'c }A + (c'"a }B -{- (a"'6 )C + (a"'i''V")D, 
where 

K) = .(«'-a") + «'(«"- «) + «>-«'), 
(ay) = a{b'-b") + a'{h"-b) + a"(6-6'), 
and (a6c) = a{6c') + 6K) + c{ab') , 

= a{b-a'--b-c') + a'(6"c^&o") + a"{be'-b'c). 

Hence, by the third theorem, 

nn'n"n'" a+A'+A" 

ABC D ~qq'q'YW'''Wo"')' 
where now 

A = ^(pY' - rvi A' = s"(^"v' - ^v")' A" = s"'(^v" - -s'V) . 
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j3' = (SV')K)-(6c')(.V), ^" = . 
y = (6V')K)-(a'J")(6c'), y" = . 
h' = (6'c"){a&c) -(&<!' )(a'i'c') , S" = . 
1 continues (pp. 399, 400) :- 



a-{bc-) - a{l/c") + a\b"c"') - a"{b"'c) = M. 

" Nach den uothxgen Eeductionen crhiilt man ; 

j8' = - (c" - p' )M, y' - - (6' - 6" )M , S' = ~ (h' c" - 6" c' )M , 

/3" = + (c'" ~ c" )M, y" = + (6" - 6'")M , S" = + (6" c'" ~ h"'c" )M , 

/3'"=-(c -c">I. y"=-(/y^6 )M, S"'= -(&"■<! -J c'")J^- 

" Hicrans orhalt man weiter : 



-('>"<^))^ 



A - -MS(6"t^' -b' c").(6V"), 

A' = -M«(5'V' -t"c"'). {(&'V") 

A"=-M^(6 c"'-6"'c ).{Vc"). 
"Eine weitere Rednction ei^iebt : 

(bd" -b"'c){h-&") - (b"-c)(b-"o"~b"o"-) = {c"'b'-c'b"'). 
" Hieraua folgt A + A' + A" = MS(6V')(i"c'"), und als Eeaiiltat : 

ABC D "qq'qy"' 

The first point to be noted here is, that since 
(te'), («>■), W, 
are in modem notation 



a" h V b 



the identity 



-&"b') + a'(b"c-l^") + a"{!K' 
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b b- b" U 
111] 



b 6' h" 



111 111 

— a disgiiiaed spscial case of Vandermonde's theorem (xii.), the four 

elements of one row being each unity. (xii. 11) 

The next point ia, that since the expression denoted bj Jf, viz., 

."(;»■) - a(6V) + «•(»"«"■) - «"((/",■) 

IB in modem notation 



b b' b" b'" 



1111 
S'= ^(6'c"-iV)M 



the identity 

is the same as 
b' h" b'" 

1 1 1 

b' b" b'" 



and therefore is, hke its eight companions, a fresh case of tlie 
theorem regarding a minor of the adjugate.* (xx. 2) 

DEIifKWATEE, J. E. (1831), 

[On Simple Ehraination. Philosophical Magazine, x. pp. 24-28.] 

Up to this date, almost 140 years after the publication of Leib- 
nitz's letter to De L'II6pitaI, no English mathematician's name 

* Instead of following Minding's lengthy process, a mathematician of the 
present time would of course ohserve that the coefficients of A, B, C, D are 
tile principal minors of M, and using Cauchy'a theorem would at once reach 
the desiriid eonclusion, vis., that the detenninaiit of tiiem = M'. 
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t th tb bj t f I t t — f t m t 

^ifltft] mit Itf thmtltd 

B t I th 18tli tiT Ap tf mtb t t tl 

f mltl t ttahtDkwt htpp 

b tbfit t fthtTilIh, iswllL 

th h 1 tak tl m t w y b f 

Dktkwfthmtt fCm B6t d 

L pi 1 p f d ly t p t th 1 m t3 f th 5-j t 

m tf H 1 f t d d U 

trated as follows (p. 25) : — 

" "Write down the faenei of natural n imber 13 3 4 n 

and underneath it all the lerrautituns of the e » numbers, 
prefixing to each a positive or negative s gu icc, ji ling to the 
following condition — 

" Any permutation may be derived from the first by con- 
sidering a requisite number of figures to move from left to 
right by a certain number of single steps or descents of a 
single place. If the whole number of such single steps neces- 
sary to derive any permutation from tlie first be even, that 
permutation has a positive sign prefixed to it ; the others are 
negative. For instance, 4 2 13. . . n may be derived from 
13 3 4. . . . w, by first causing the 3 to descend below the 4, 
requiring one single st^.p ; then the 2 below the new place of 
the 4, another single step ; lastly, the 1 below the new place 
of the 2, requiring two more steps, making in all 4. There- 
fore this permutation requires the positive sign." 

In this there is essentially nothing new : it at once recalls a 
theorem of Eothe's {iii. S). In the following paragraph, however, 
we find the discussion of a point not previously dealt with. The 
words are (p. 25) ; — 

" The same pmttnmybl du y ml 

it 13 necessary, th f t i that th 1 is n t n 
sistent with its If thu th npmttu4213 ?7 
might have hnbtnlbjhtml Itl h 

three places, th n th ugh t an 1 I tly tl £,1 n 

making six in all, an even number as before. Without accum* 
ulating instances, it is plain, if q be the smallest number of 
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steps by which an\ number p TBaches the place it is intended 
finally to occupy m that pernnatition, that if p should advance 
in the fliat instance m places beyond this, it must subse- 
quently return thiough m places oi, Mhich la the same thing, 
it must at a htct peiiod of the march, allow m of those which 
it has passed to repass it, so that it will regain its proper place 
after the number of steps has been increased from g to y + 2m, 
which, by the rule, require the same sign as q. The same 
reasoning applies to every other figure ; and hence the consis- 
tency of the rule is evident." (in. 25) 
He then establishes four properties of the functions, viz. (1) 
Vandermonde's theorem regarding the efiect produced on the 
function by transposition of a pair of letters; (2) Bezout's recur- 
rent law of formation ; (3) Scherk's theorem regarding the partition 
of one of the functions into two ; and (4) Scherk's theorem regard- 
ing the removal of a constant factor from one of the functions. 
The two latter theorems, which, as we have seen, had been stated 
for the first time only six years before, are given by Drinkwater in 
the following form (p. 37) : — 

" (S) If my fictor in /{XYZT . . . (w) }, as X, he divided 
into two parts, X = Y -1- W, the function may be similaTly 
divided, bO that 



f{(V-i-AV)YZT {K)}=/{V"iZT 




<)} 


tiy^ 


YZT 


■ («)}, 


placing eich pait of X tl 




1 t 


P 


t {which in 


this example is the fi t) wl h X 


t It 




p d b f re the 


division 
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VII. 2) 


(9) If an> quantity 1 h d 
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yf 
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1«ation 


to the othpr, ind whicl tl f 
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1 11 
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aected 


With an index, is founl 1 
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ymh 1 
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le con- 


sidoied a constant coefti t 1 
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f ti I 


eloped 


function andwntten si h 
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of this uiture are the k wn 
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th 


msl 


so that 


for instance, 













and so of like quantities." 



■ B/IXYZT. . . («)), 



the problem of the solution of « linear 
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equations in n unknowns is takeu up. The metliod followed i; 
essentially the samQ as Scherk's. 



MAIWARDI (1832). 

[Tn,sfoiimzioni di dLune funziom tlj^hiii he, e loro uso nclla 
giometiii e nelk meci,ann,a Memirid di Uispite Main\iJi 
44 pp PdVia, 1S32] 

In his preface Mamirli explains that the al^ehiaical funition=i 
referred to m the title aie "/"" * "'■ ii'nilianti o detei'miTianfi " 
But although he thus speaks nf them as if they ^ere known to 
mathemBti''Uiis by nime, and mentions the reseiTches of Monge, 
Ligrange Cauchy, and Emet in regard to them, he does not take 
foi gianted that his reidei hii a knowled^ of iny of their pio- 
perties The one theorem on determinants, — the multiplication- 
theorem,— which forms the basis of the whole memoir, is eon 
sequently sought to be established without the use of any previously 
proved theorem. The attempt, as might be expected, is interesting. 

The first two sections (pp. 9-29) of the three into which the 
memoir is divided may be passed over without much comment. 
The first deals with the multiplication-theorem for two determinants 
of the 2nd order, and with those applications of it to geometry 
which arise on. making the elements of each determinant the 
Cartesian co-ordinates of two points in a plane. No proof is con- 
sidered necessary for this simple case, the opening paragraph of the 
r being; — 

" Eappresentate con x„, j-„, x^, x^; y^, y„, «/„, i/j otto 
quantitii qualsivogliano, ed mdicati per breviti il binomio 

•''oi'^n + Um-Va col simbolo {x-„x^ , 
il binomio 

x„.x^ + y^.y^ eon {x„x^) 
e simili, si proverb faoilmente essere 

(a) ^^•^" ~ '^"^"■)^'^°^' " ^^^'') 
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The second section i 
theorem, viz. (p. 13) — 



like 



opens 



witli a 



algebraical 



where {a^^C^/p - j/n)] and {a!„3i„) stand for 

(' '/ - W-^) + {'J/ - ^^) + ('^Vn - <- */) 

re=ipecti\ oly ind the remainder i& occupied with the a^-plications 
of the theciem to (,eometiy and dynamios Eauh factor of the left 
hand side of the identity is evidently a dLterminant nf the third 
Older, and the three pairs of lines on the ii^ht-hind side are eich 
the e\paniion of i dptoimmant of the same arder eo that m the 
notatiun uf the p 



». I 



? Drder 
t daj the identity may be written 
; / 1 



(v.) 


(V.) 1 


(v.) 


Ka^J 1 


iv.) 


(V.) 1 


iv.) 


(«i) 1 


iv.) 


{"A) 1 


(V.) 


fe"i) 1 


(^^n) 


(«.) 1 


(V.) 


(V.) 1 


(«j,a^s) 


(v.) 1 
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There has been no previous instance of an identity perfectly similar 
to this; the nearest approach to ETich being, as the nnmbering shows, a 
result obtained by Binet in 1811. The exact charaeter of the affin- 
ity between the two, and the general theorem which both foreshadow, 
will be most readily brought into evidence by a little additional trans- 
formation. Taking first the right-hand aide of the identity, we ob- 
serve that the three determinants have only twelve elements among 
them, being obtainable in fact from a single array of four rows and 
three columns. Their sum may conseciuently be pnt in the form 
I 1 (3^«^«) (»«%) {3^»^.) j 



1 (VJ 






3 that the first factors on the left-hand side are 
similarly obtainable from 



)nd factors from 



and as the so-called product of these arrays is equal to the s 
hand member diminished by 



Mainardi's theorem may be put i 
[ 1 («™«») («««=) (i^p^J 
■ 1 («««6) i^^t) i^p^^) 
i 1 («mi^.) («a) {»a) 



the much altered form— 



1 



1 



1 



yGoosle 



DtTBrHIN\.MS IN IjBM-lvAl 



195 



The constitution of the Sid 'lectiun is quite hi e thit of the 
otheiB, the first parajnpli dealing with the multipliiatioa thtoiom 
foi the ease of deteimmants of thp "icd oiJei the second pangiapli 
with the same theorem foi dBterminants of the ith order, and the 
remaining eight paiagiaphs witli geometrical appbcittons The 
mode of proof of the multiplication theorem is partly mdi^itel hy 
sajmg that any particulai ease ii made dependent on the case imme 
diately prete Jiiig it , but its etoct charoetei tan only bo unJoiitood 
by a somewhat minute examination. The investigation for the case 
of determinants of the 3rd order stands as follows (p. 29) : — 

" Si eonsiderino i due polinomj 
(I) "K.2/™^ 

Se ne effettui il prodotto, quale, mediaute I'equazione (a) del 
primo articolo, si potra disporre sotto la foniia seguente 



CO 



+ ^Mi/'^V'^iyvy") 

S^aminando ora la quantita 



- x^J.y^^)(y0.) 

- x^6{y^.)(y^, 

- x^i{y^y,){y^..) 

- '^My^^Ky-s.:} 

- '■e^.iy^iKvpy^ 

- x„xly^^{y^y^ 

- x^.{y^>.)(y^. 



'^My'^^) 

+ x„x„{x^x,{y,iy^) + x^,(y^^) 

- x^^iy^^ 

■^x^J,x^x^{:y^^) + x^ly^y^) + x^x^^., 

- x^xly„y^) - x^J^y,^^ ■ 



+ X^^^i 
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e le due espiessioni ehe si traggono da questa, caml)ianclo, 
jjiinta am b,h in , o m a, poacia am c, a in h, bin a; con 
facihta ^1 scorge che i\ ^omma di questi polinomj e nuUa 
ideiiticimento, per cui ai potife, aq^rangne al prodotto (h) senza 
pnnto alteiailo Fatti q^uest' addizione, I'a^regato altro non 
tax\ che lo 'jfe^so pobnoniio (A), ove si siipponga che i simboli 
{VnVb)> (i/pyc)} ecc 1 ippiebriitmo iispottiTamcnte i trinomj 



Se ora ei ordineranno le espressioni (l) portando fuori dalle 
parentesi y ovvero z in luogo di x, lormeremo il prodotto deUe 
mede^ime coal scritte ed opereremu come sopra, il lisultato 
satk il polinnmio che ?i dosume da (I } cambiando le x che 
sonci fuon dalle paientesi in y oyycio in egualmente aocentate. 
&B fuemo per ultimo la somma di queste tte espressioni, tal 
somma si caveri dil polmomio (? ) sciiveiido (x^a)^} ovvero 
(f/nV ) myece di Ca ( 0)111 Inogo di x^a ec ec. e sara 
eguile al tnplo piodotto delle expiession (I). 

Eiaendo poi qaella somma diTisibile per tre, effetfuata la 
divisione pei queato nuniero avremo 

(1) {« y, ,}{^. I/, .]-(cA){v,)('^) + (v.XvMv.) 

- {v.}(v.)(v.)-" 

(X,,,. 6) 

That the essential points of this method of demonstration may be 
seen, let ns apply it as it would be applied if adopted at the present 
day. 

The given determinants being 

|«iV,| and laArsl. 
we should say 

1 «i^/3 i = «! i ^a^g \ - a^\ 61C3 I + «3 I b-^c^ \ , 
and i a^H^y, | = ttj^ [ 0^y, \ - a^\ fi^ys I + «3 I ^Sira I i 

heaee, using the multiplication -theorem as established for detetmin- 
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a,li,y, . . . 



^Ay3 1 
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ants of the 2nd order, and (to save on the breadth of the page) 
denoting 

aa + h^ + cy + . .. by '■'■■■ 
we should have 

i,.y, ft.y. 



P.» ft.ys 
ft,y, Sr. 
ft,T. ft.r. 



^2 ^a 


- "a«i 


^2-72 ^3-73 





ft,Ti A'7. 


+ %■! 







ft.ri /s»r. 


+ V! 


A.ri A,7. 





71 ft.78 


- Oaihi 


_l3 ^s 

71 &73 





i'7i 



2-72 









'I'Vi P2'7z 
That each line of this result is not altered in substance by writir^ 



»2^fe72 



for 



'3.72 



'3.73 






'3. 73 



, (fee, 



would probably bo shown by expressing the line in the fomi of a 
determinant of the 3rd order, e.g., the fli^t line in the form 



^2,72 P^'li 



ft'72 ^3-73 

and increasing each element of the second column by a^ times the 
corresponding clement of the first, and each clement of the third 
column by Og times the corresponding element of the first. The 
whole result would in this way be tranaformed into 
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".An 






' '^At, 


"aA-rs 


a„h„c. 




- 


»-5la 


.,A.T. 


«s.S„c, 

..Ay, 


«.A,T. 




"- ^±5 


"sAya 



' 'Urn %S ■ 

Now hy either of the interchanges 

^h>b^,h<(^pr^\ 7 V y ' 

the fifst Golunms of tlis,^^ni tl e fi st c 1 u oily — oull 1 
affecteiJ, the a's and h'b 1 ecom n^ ? s u I ;S ^ e j ect vely n tl e one 
case, and c's and -/s in the otl pi and as ther inte change eoul 1 
affect the left-hand sile of our identity e ?1 ould conseq sntly 
note that thns three differe t esj as o a wo ild he at onco obta ed 
for K V3I ■ I'^ii^gyal . AdI n^ these together an I com! nm^ the 
nine determinante of the u n m sets of tl e 1 j neans of the 
addition-theorem (xlvi ) v sho Id have tinaU> 



Z\a,h,c^\.\o^/3^y,\ = 3 



from whicli it is only 



«iAyi 


.i,ft.y. 


-.Ay. 




«iA.yi 




..As 




"lA.yi 


■^Ay, 






y to delete the coiim 


ion factor 


3 
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JACOBl (1831-33). 
[Dc traneformationo integtalis cluplicis indefiniti 



qb + C'sm^)cosi^ + (A" + B"cos<i. + C"si 



in formam siinpliciorem /p- 



- G'cosijcosS - G"smijsmS ' 
\Crdliis Journal, viil pp. 253-279, 321-357.] 
[De transformatione et detenninatione integralium duplieinm con'- 

mentatio tertia trellesJo lal \ pp 101 !"&] 

[De binia quibuslibet functiunibus bomogeneis secindi orlnis pei 

substitutioaea hueares m aliis bmas tion&foimandis quio sclis 

quadratis vaiiabilimn constant una cum \aiiis theoiemitis de 

transformatione et dotprminatione lUteoTali ini 1 1\ It pb um 

OreUe's Journal xu pp I 69] 

The first two of these memoirs i ay be vi'-we la c nt n at on& of a 

memoir with a similar title, which appeared in the second volume of 

Crelle's Jotvnal, and to which we have already referred. They are 

noted here merely in order that the thread of investigation may be 

pieserved unhioken, for the last memoir practically swallows up, by 

moans of its splendid generalisations, all those that had gone before. 

So long as we confine ourselves, in problems of transformation, to 

three mdependent variables, the explicit employment of the theory of 

deiflrminanta may he dispensed with. When, however, a sufficient 

numhei of special eases have been investigated, and an alluring 

glimpse has thereby been got of a generalisation involving them all, 

he who attempts the establishment of the generalisation must have 

recourse to the new weapon. In this latter position Jacobi now 

found himself. He wished to pass from the problem of orthogonal 

substitution in the ease of three variables to the analogous problem 

in which the number of variables is m, or in his own words (p, 7) ; — 

" Investigate substitutiones lineares huiusmodi 
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quibus efflciatur 

VlVl + ViVs + ■ ■ ■ ■ + VnVn = »il^l + »s*'2 + ■■■. + x„x„, 

simulque data functio homogenea aecundi ordinis vatiabiliiim 
Xi,x^, , . , , x„ tranaformetur in aliam variabilium i/pp^r • - ■ i J/m 
de qua binaium products evanuerunt." 

Thia being the case lie introduces determinants at tlie outset, 
fixing upon a notation whicli ia practically Cauchy's, and imme- 
diately using propertiea of them without proof. Much that ia 
contained in the memoir falls to be considered later, as it concerns 
special forms of determinants,— those afterwards known as Jacobiaos, 
axisymmetric determinants, and, of course, determinants of an 
orthogonal suhatitntion. Indeed, the half-page of introduction is 
almost all that is of interest at preaent, but evuTi in this a new and 
important theorem ia enunciated. The first sentence of it stands as 
follows:^ 

"Supponamus, designantihns a^'^'datas qnantitates quashbot, 
ex n Eequationibua linearibus propositis h 



per notaa regnlas resolutionis algebcaiose haberi fequationcs 
form®: 

Aa:,-ftVi + A"?/2+ ■ ■ ■ ■ +A'"V«- 
Ipsum A supponimiis denominatorem communem valorum 
inoognitarum, qui por algorithmos notos forraatur; sivo fit 

A = 2±a/a3". . . . a<^, 

signo summatorio amplectente terminos omnea, qui indieibus 
ant inferioribns aut auperioribus omnimodia permutatis pro- 
veninnt ; signia eorum altemantibus secundum notam regulam, 
qnani ita ennnciare licet, ut termino cuilibet per certam 
pemmtationem indicum orto idem signum tribuatur, quo 
afiicitur productum seqnens conflatum e differentiie numerorum 
1, 2, . . . , K 
I - 1)(3 - 1) ,...{»- 1) . (3 - 2}(i - 2) .... (m - 2) . (4 - 3) etc, 
eadem numei-m'um petmutatione facta." 
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It will bs at once observed that Cauchy's italic letters S, c 
simply changed into Greek 2, a, 13. 
Then 



"Eadem notatione adhihita, sit 

uhi ipsam B e quantitatibus ^t'""' eodem niodo coiapositam 
acoipimus, quo A ex ipsis Ot'"" componitut. Qaibaa statutis 
obaervo fieri : 



2±ft'^2", - , ./?!:' = A-'-'s+a'::;:;^:^, . ..<">." (xx.3) 

As for the first theorem thus formulated, the credit of it is, of 
course, due to Caucliy : the second, however, is new, beiug indeed 
the theorem referred to above under Minding as having been fore- 
shadowed by Lagrange, and left for over fifty years undisturbed. 
Jacobi evidently knew it in all its generality, for he adds — 

" De qua formula generaU cum pro variis valoribus ipsius n»., 
turn indioibus et superioribus et inferioribus omnimodis permu- 
tatis, permultac alias similes formulae profluttnt." 

The only other point to be noted at prescDt is contained in the 
casual remart that the (3's may be expressed as differential coefficients 
of A. When dealing later (p. 20), with a special form of determinant, 
he says — ■ 

" Data occasions observe generaliter, si a,^ et a^^^ inter se 
diversi sunt, propositis n aequationibus linearibus hujusniodi : 



slatuto 

r = 2±ai,,o 

seqid vice versa 
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JACOBI (1835). 
[De climinatione variabilis e duabus aequatioiiibus algebraicis. 
Crelle's Joui-nal, xv. pp. 101-124.] 
In a memoir having foi its subject Bezout's metliod of ulimijiating 
X from the equations 

(i„a^ + fli„_,3;"-' + .... +aj3; + aQ = 0,'| 
&„a^ + &^_i3;"-'+ .... 4-6i3; + 6(| = 0,/ 

deteim nanta are certa n to occur expl c tly o m].lic tly and the 
anthoi be ng Jacob one is not a p ed to find the u mt od el 
& r tl 6 out et and emj 1 j 1 tl on etorward It f o ae only 
a spe j1 fo m of them which appears v z. tl at aftprwaids d at 
g fched 1 V the te m jier y ef con equently for tl e [ o ent 
the ma n c nte t'5 of tl o m mo r do not o ce n us Nnte hi? to 1 e 
ma le ho veve of two p nts- — (1) that vhile Jacol loes not d card 
his former notation 2 + a^ .! ",.1. ■ ■ ■ %,>»> h^ introduces and uses 
another, viz., 

4'"''"'" '"!. (™.8) 



(2) that a page is devoted to a fuller statemi-nt of the above- 
mentioned theorems regarding the adjugate deteiminant and a minor 
of the adjugate. The final sentence of this statement is all that 
need be reproduced. It is 



" Sint ^itur 



- 1, (luocunque ordme scripti j 
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(XX. 4) 

where L stands for 2 ± a^oa,,! .... a„-i^^i aJid the ailjugate of L 
is S±A(_5A,_, . . . A„.i_„_i. As before, no proofs of the theorems 
are given. 

GEUNEET (1836). 

[Supplemente zu Geoi^ Simon Kliigel's Wiirterbuch der reinen 
Mathematik. Art. Eliimnation (I, Gleiohungen des eisteu 
Grades), ii, pp. 52-60.] 

With Gnmert it is necessary to take a long step backward. 
Although the memoirs of Bezout, Vandermonde, and Laplace were 
known to him, in addition to those of Hindenhutg, Eothe, and 
Seherk, he advances only a short dlstanco into the subject; hia 
aim, indeed, is little more than the establishment of Cramer's rule 
for the solution of a set of simultaneous lineai equations. His 
mode of presenting the subject, however, is fresh and interesting, 
the method of " undetermined multipliers " being taken to start 
with. 

Writing his equations in the form 

(l)i»i + (2),»i + (3)ft + ■■•■ + »A - [1], " 
(l)ft + (2)ft + (3)A + .... + W,i. - [1], 
(l)ft + (2),rt, + (3)^, + + (»)jt. - [1], 



(1)^, + (2)A + (3)A +....+ {«)A = [1], J , 

multipliers, lie readily shows of 
e got to satisfy the conditions 
(2),p, + (2)j, + (2)^s + .... + (2)j.. - 1 
(3),}., + (3)j,, + (3),y, + .... + (3).r. - 
<*),?, + (4)* + (4).P! + .... + (t).r. - 



and taking jij, p^ p^ . . 
course that if the mnltipli 



WiJi, + ('),!', + WtT, + .... + (»).J). - ) , 
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the value of x^ will lie 

m iPi + ['i\P^ + [I JaFs + ---■ + [ 1 ]^~ . 

a)lPl + (1)32'2 + (1^3 + ■--. + {l)nPn ' 

in other words, that x^ can be determined at once if a function 

can be formed of such a character that it will vanish when instead 
of the coefficients (1)„ (l)^, (!)(., . . . , (1)„ we substitute the 
members of any one of the re - 1 rows 

(2), (2), (2), (2). 

(3), (3), (3), .... (8). 

(4), (4), (4), (4). 



{«), (»)■ (»). .... (»).; 

the said function itself being the denominator of the value of x^ 
and the n in eratur being d«rii ible from the denominator by insert- 

>»B [1], [I], [1] [1]. » Pl™ rf (1), (1) (I). (1). 

Further is any no of the unknowns ma^ be ma le the fnst 
the comi lete lut on is thus put in pr apecf AHes komrat 
demaacb i f d e Entwickelung einer Function von lei iu^egelenen 
Beschiffonheit ^n (xiii 5) 

Two lule L lunert siy« have been given foi the coi struetion of 
such a function one by Gran ei the othei by Eezout The former 
he states anl lUustiates bj constructing, the desired functiun foi 
the Cdse where j-4 The proof cf it is then attempted anl is 
lai I at the out et to consist essentially in estabbshmf, the propoi 
tion that 1 permutatioi md anv ether di'iiviblo finm it by thi, 
aimpk interchange cf two ii d ces mu t, ace rbn^ tj Ciamere rule 



differ in 


sgn 


This prop s tion % thercf le atta ke I 


The p 


tatioii 




(^). (1).+^ 




s tal en 


1 


^h h fh infeii 1 mb & arc m thn i i 


1 tuiil 


1 " - 




ai I A 1 1 leiu mtei hm^el tl 


e an 


lermut i 


on 


. , - (1)„ (fcUa 


I 
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The part preceding (ft)„ in A is called I,, which thus of couvae also 
denotes the part preceding (1)„ in B: the part between {/c)« and 
(l)(t+i3 in A or between {1)„ and (&)o+p in B is called II.; and the 
remaining part common to both A and B is called III. The 
number of inversions in both, when 1 and Ic are left out of account, 
ia denoted by y : tlie number in both due to ?c and the division III. 
is denoted by A : the number in A due to k and the division IL 
by \' ; and the number in both due to the division I. and k by X". 
The counting of the inversions then taltes place for the two permuta- 
tions. In the case of A there are the inversions due 



(1) 


to I. mdJ, whic 


li are X" 


<2) 


to I. and IT. 




(3) 


to I. «nd 1, . . 


. . .- 


(4) 


to I. and in. 




(5) 


to k and IL, . . 


. . \' 


(6) 


to k and I, . . 


. . 1 


(?) 


to J and III, . . 


. . X 


(8) 


to II. and 1, . . 


• 11- 


(9) 


to 11. and III. 




(10) 


tol and III., . . 


. . 






and as those not counted here a 



Similarly in the case of B the total is found to be 

a + fi + y + k - y + X" - -2. 

But the foimpr total oxneds the latter by 2A + 1, and this being 
an odd number the pcopnsiition is pioved (in Sb) 

Before proceeding further it is important to note that Gmnert 
here establishes a more deiinite theorem than he proj-Oied to 
himself, viz., the theorem of Kothe (III 7) If he attains greater 
simplicity it ia in part due to the fact that instead of taking any two 
indices for interchange, k and r say, he takes k and 1. 
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T p w tt t th t t t t d d tl 

C 1 dl t fy th q t d t t ffi t 1 

"by ra f th th m th t m k j f th 1 

p it d t f 1 1 1 t til t t w 11 h t i It 

t f p it h h 1 h tl tl 

dtp \and nl th la d th ft t i 

mk twnleslk Thiisdn 1th t hw 

h an b J, t >y nt h ^ g i II th n 

q t th flret t p b f t t >1 1 tl f t th t 

th d n min t f d tl i at f Ij 1 ft 

gn 

B t I f 1764 ttkap 11 thdtl 

ff t w th C m Th p f ty f tb in 

h-at tthf It tit t ytdm 

t t d th t f tl t 1 th t k th T 

t 1 TB tl f +1 P ihi th r f b fc 

tkfht ktl b =4 ytltt 

1 tl t 1 th 1 tl th i p It 

1234, -1243, +1423, -412S, -1324, +. . . 

Now for the case where w = 5 Bezout's rule directs that to the end 
of each of tbese permutations, e.g., the permutation - 4123, a 5 is 
to be p t anl asse tt. that the result 41''3'' w II I e on of fl e 
desire 1 p r nutat o s w t! ts prope e ^n That t b t pe muta 
t on of the tir t five nt gers is man f e t d nee the number 
of invers ona n 41*" 5 s neces. ar ly the ime as the n mber n 
4123 its 8gn correct a cordng to Cramers nle In ordo to 
obta n four ther peim tat on lezouts r le then [.r eeds to b I 

1 ft t! e 5 one place an 1 alt the s gn sh tt the -in th 
pla and alter t e s ^ aga n and o n Ihe r ult a 

+ 41253, -41523, +45123, -64123. 

In regard to thjs, it IB cleir as befoie that permutations of the 
first five integeis hive been got, and that the altering of the sign 
simultaneouily with the shifting of the 5 ii in accordance with 
Cramer'n luie, beciuse every time that the 5 n moved one place to 
the left the number 'if mvpisions is mcjeaied hy unity. The only 
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queation remaining is as to whether all the permutations are thus 
obtainable ; and as it is seen that each of the 24 permutations of 
the first four integers gives rise to 5 permutations of the first five, 
we Jiave at once grounds for a satisfactory answer. (in. 27) 



LEBESGUE (1837). 

[Theses de Mccaniquc et d'Astronomie. Premiere Partie ; For- 
mules pour la transformation dea fonctions homogenes du 
second degr^ i plusiems inconnnes, lAouvill^s Journal de 
Math., ii. pp. 337*-355.] 

This simply-worded and clear exposition is a natural outcome of 
a study of Jacobi's memoirs on the subject. Like these it mainly 
concerns determinants of the special form afterwards individualised 
hy the term axisyrametric ; and, indeed, it is notable as being the 
first memoir in which a special name is given to a special form, the 
expression "determinants symetciques" being repeatedly used for the 
particular determinants referred to. 

His general definition is (p. 343) : — 

" Si Ton considfere le systcme d'equations 

r Kih + K^k + ...-..■¥ Ai,X = mi, 



le d^nominateur commun des inconnues t^, t^, . . . , t„ est oe 
que I'on nomme le determinant du systome des nomhrea 

f A.,, A.,, A,,„, 

A,,! Aa,2 A;,,,, 



(17) 



! 



Comme ce denominateur peut changer do signe, aelon le 
mode de solution qu'on emploiera, on conviendra de le 

* jV, 5. —There are iicu pages nnmljarcd 337. 
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prendre de sorte que le terme A, ^A^^Ajj . . .A„^ qui en. 
iait partie, soit positif." (viir. 3) 

No use, however, ia made of this for the purpose of establishing 
the properties of the functions, results being for the most part 
taken from previous investigators and merely restated. A notation 
for what are nowadays called the minors of a determinant is given 
in the following words (p. 344) : — (sLi. 7) 

" Ceci rappeW, si Ton repr^sente par D le determinant du 
ajstfeme (17), par [i/, i] le determinant dii systime qui se tire 
du systeme (17) par la suppression de la B6rie horizontale de 
rang g et de la serie vertioale de rang i, et semblahlement par 

la notation ly I le determinant du sjstfeme qui r^sulte de 

I'omiBsion des series horizontales de range i; et i et des series 
verticales de range i ei k dans le systfeme (17), on ponrra, . . ." 



[Essai analytique et geom^trique. Correspondance math, et phye., 
X. pp. 229-290.] 

Eeiss's memoir, the first part of which appeared in 1829, was 
never completed. In the course of some remarks introductory to 
the present essay, he says l>y way of excuse : — 

" Je m'aper^us bient6t, et plusieura savans me I'ont fait 
remarquer, que oes reeherelies, fussent-elles trfe-fecondes en 
r^sultats 416gans, ^taient trap abstraites pour int&esser le 
publio qui n'apprecie Ids theories qua solon lo degre de leur 
ntilite, J'ai done tSche de montrer, par un exemple, de 
quelle maiiifere on pout se servir de ces fonctions dans la 
giSometrie analytique ; et j'ai choiai le Utrahdre qui, par le 
concours de plusiaucs circonstances qu'on aura occasion de 
leconnaitre plus tard, perraettait une application trfes-faeile et 
presque immediate des premieres consequences auxquelles 
j'^tais parvenu." 

The analytical portion of the essay is to a considerable extent 
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identical with tlie original memoir. In so far as there Is a differ- 
ence, the change ia towards greater simplicity, leas seemingly aimless 
plunging into widely exteoaive theorems, and in general a better 
and more attractive stjle of exposition. Less space too is given to 
it, — not even half what ia occupied by the portion on the tetrahedron, 
the main aim now being to urge on mathematiciana the capabilities 
of the analysis in its application to geometry. 

The matters falling to be noted as not having been given in the 
original memoir are few in num"ber and of little importance. In 
restating the theorem 



{ahc 



. p) = {aba , 



. .p) 



the remark is incidentally made that the order of the t«rms on the 
one side is never the same as that on the other except when the 
number of bases is 1, 2, or 3 ; for example, the number of bases 
being 4, we have 

(abed, 1234) = aji^c^d^ - a^h^^d^ - a-^^c^'l^ 

whereas 

{ab<:d, l'2^i) = a^\e/l^- afi^<Lf.^- a^l:JJ^d^-i■ 

+ a-^e,^^^-\- . . . , 

the dlfi'erent^^ f r t appealing at the fourtli term (ix 6) 

Be/out s recurrent Liw of foim^tion foiraulj meiely enunc ated, 
IS now aceompaniel by a de uonstiation Tlis is n t without its 
weai point the cause of whiel as m ,! t be exj-ecte! la the 
awkwardness of Pt,isss lule of signs The first pan^ rap h whiLh 
will suffice to ^how its character is as f llows (p 233) — 



Port 



(all 



i not p attont on d ahord aeulement sur la foaction 
a;8y p) &1 Ion se represente la mani^re 



dont on fait les permutations des w ^lemeni a fiy p on 

verra qui partu de la fremitre il j aura 123 (™~1) 

Cfmpkxions qui commencent par a et que si Ion separe cet 
element jar un triit veitical des autrea en aura k hotte toutes 
les peimutati ns de? iflifmens j8 y p Les 12 3 (" - 1) 

premiers termes le ( tbc i a^y p) c n me cent 

done tous par a" et puisque les signea de eea termer s iit dc 
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termiiies d'aprfes la maniere exposee plus liaut, on ti'ouvera 



leursomme KO'^Jc . . . r, ^y . . . p)." 

Vanderraondo's theorem regarding the effect, on the function, of 
interchanging two bases is stated generally, and a demonstration je 
given. The mode of demonstration, which occupies one page and a 
half, wiU be readily understood by seeing it applied in later nota- 
tion to the case where there are four bases, that is to say, where the 
theorem to be proved ia 

I a^bgOyds I = - 1 b'^ageydi \ . 
Ry repeated use of the recurrent law of formation wc have 
\aJ'gCyds\ = a^\f>pa,d^\ - up\I>^Oyds\ + ay|6„c^rfi| - aslKf^gdyl, 
= M h\eyd^\ - bylcffdA + Sskp*?^!} 

- afl{6„|c/8| - by\c^ds\ + b^\e^dy\} 

^ a,{b^\c^\ - b^\o,dy\ + b^\c,dff\ }. 

By collecting the terms which have b^ for a common factor, &3 for 
a common factor, and so on, this result becomes 

I aJifiCydt I ■■ ba{aff | (-yds \ - ay\c^s\ + %j c^dy ]} 

+ b^{aa[Cyds\ - a^|c„(?il + aslcaC^yl} 
-bylaj^e^ds] - ag\c^da\ + as\ej^\} 
+ bi{a^\c^dy\ - a^\c^d^\ + a^tcj.^]} , 

= - 6. ] ag,aydi \ 4- b^\aJ>-^U\ - 6j| 'Kc^d^ \ + h\ a^c^-, \ , 

= - 1 b^a^Cyds \ , 

as was to be proved. (xi. 5) 

The su^estion readily arises that this process would be equally 
applicable in proving Vandermonde's theorem regarding the vanish- 
ing of a function in which two bases are identical, and the process, 
it may bo remembered, was actually so employed by Desnanot. 

One of the theorems given by Schcrk, and later by Drinkwater, 
appears in the following form (p, 240), the peculiar notation adopted 
for a determinant with a row of unit elements being constantly 
employed throughout the remainder of the essay: — ■ 
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" Si utie des bases, pat exemple a, est telle que la quantity 
qu'elle repr^seate soit la mSina quel qae aoit I'exposant dont 
elle est affectee, c'est-)i-dire, si a" = a^ = aT -^ . . . , on aura 



-<,.[(Sc. 



'■,ft^..p) - (Se- 



.,) + (SB...r,a;38...p) : 



La quantity qui se trowve sous la pareiithfese, pent done etre 
repriisentee de la manifcre suivaDte : 



(Be 



a^y - 



■ p); 



(XLVIII. 3) 



en admettant une fois pour toutes que le chiffre romain I soit 
tel que l=I'' = P = Iv= ... II va sans dire que toutes les 
proprietds qui oat lieu pour {abc . . , r, a^y . . . p) se rap- 
portent ^galement k 



(Ihc . 

The character of the identities u 
hedron will be learned from a glan( 



oft. 



^ pV 



3d in the treatment of the tetra- 
1 at the following examples: — 

aj{I6c, 123) - 6i(Iac, 123) + .i^{lah, 123) = {aha, 123). 

(%-aj)(I6c, 123) - {h^-h^){laa,UZ) + {e-y - c^(J.ah, 133) = 0. 

{ab,U){ae, 34) - {ah, 34)(<k, 12) = - a^{abe, 234) + a^abc, 134), 
- + a^ialjc, 124) - a^{ahc, 123). 
(Ia6, 123){I«c, 124) - (lah, 124)(I»c, 123) = - (oj - a^Xlate, 1234). 
{lab, Wd){abc, 124) - {lab, \M){dhc, 123) = + {ab, \2){labe, 1234). 

The first of these wo have already seen used by Minding; the 
second is nothing more than the manifest identity, 

1111 



the third is evidently the equatement of two expa' 
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the fourth ia a case of the fifth : and the fifth is itself a case of a 
theorem (C) of Desnanot's. 

CATALAN {]839). 
[Sur la transformation des variables dans les intograles multiples. 
Mf.Tiioires c,ouronnf.B par TAcademie royale . . . dc BruxeUe«, 
siv. 2™ partie, 49 pp.] 

The first of the four parts into which Catalan's memoir is divided 
bears the title " Valeurs generaJeB des inconnues dans les ^uaiions 
dupremier degri, etproprHtes des dSnominateurs eommuns," and in 
the introduction it is said to contain several remarkable new pro- 
perties of the functions called resultants by Laplace " et connues 
aujourd'hui sous le nom de ditenninants." 

Hia method of dealing with the opening problem is to derive the 
solution of TO equations with n unknowns from the solution of 
TO - 1 equations with b - 1 unknowns ; or more definitely, to show 
that if the multipliers A,^, A^, Ag necessary for the solution of the set 
of equations, 

aj^i + h^x^ + CjX.^ - 

a^i + 6^2 + v^x.^ = 
a^Xj^ + h^^ + CgiCg = 
be the determinants of the systems 



then the multipliers A^, X^, X.^, A^ necessary for the solutlou of the 
set 

a^^ + b^X2 + e^Xy + d^^ = a, I 



y Google 



DETERMINANTS IS GENERAL. 

are the determinants of the systems 



)urse mi 


ian 


s that ii 


1 the first C3 


se 








«L^l 


+ 


a,X, + 


«,X, 


= 0, 










6A 


+ 


h\ + 


hh 


- 0, 














and 


% 


^1»1 


+ A^a^ 


+ 


V, 




e other 


- k-c^ 


+ A^Cj 


+ 


\<--l 




+ a^\ 


+ 


a^Xg + 


a,\. 


= 0,* 










+ h^. 


+ 


hh + 


hh 


= 0, 










+ e^K 


+ 


c,\, + 


^A 


= 0, 














and 


^. 


Xid, 


+ ^2^5 


+ 







(xiii. 6) 



The proof is disappointingly weak and unsatisfactory, and, what 
ia still more surprising, rests at one point on a manifest inaccuracy. 
He eajs (p. 9)— 

" Par un calcul direct, on verifle la formule (6) et les 
relations (5) pour le cas de troie ^ijuations, En mgme temps, 
Ton reconnaat que 

"1" Lb denomioateur de la valeur de «j, par exemple, 
renferme toutes lc3 eombinaisuns trois k trois des coefficients, 
chaqae comhinalson ne contenant ni doux fois 1ft mSmo lettre, ni 
deux foia le mSme in dice. 

"2" Doux termea ijui, dans I'oxpresaion de ce denorainataur, 
peuvont so d6duire I'un de I'autre par une permutation tournanfce 
out mSme signe, 

" 3° Deux termes q^ui ne different que par le ehangement 
d'une lettre en une autre, et r^ciproquement, scat de signea con- 
traires. 

" 4" Par suite, le dSuominateur est le mSme pour toutes les 

* Note, however, tlie error iu sign of A^ mid A4 . 
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mconnuea, pour v a que 1' 
iiam^rateur." 



e oonvenablemont le signe du 



He then p 

" SupposoQs done que pareille verification ait iti faite pour 
«-l equations entre n—X inconnues, je dis qu'elle ae fera 
encore dans le cas de n (Equations." 

Now although t!ie statement in 2° is true for the case of three equa- 
tions, it is not true generally, and therefore cannot be proved.* 

The theorems which follow this introductory matter 
special determioant, vie,, the determinant of the system, 






1 which the elements are connected by the ^ « (ra — 1) relations 



«A 


+ i>,e. 


+ 


a^e^ 


+ . 


. + 


a„c„ 


= 


•A 


+ V, 


+ 


<hh 


+ . 


- + 


«X 


= 


"A 


+ V. 


+ 


h-:. 


+ . 


■ + 


i,fi. 


= 


V, 


+ »A 


+ 


b,d 


+ . 


. + 


bA 


= 


Vx 


+ b,l, 


+ 


hh 


+ . 


. + 


Kk 


= 



Sueh determinants are only a little less special than determinants 
of an orthogonal substitution, and thus naturally fall to he con- 
sidered later along with those of the latter class. 

• Itt the prooE he ia fortunate (or unfortunate) enough to use another 
special case in which the statement is true. He says:— "Lea deux termes 
OjbsCjd^/s et e^ftfijb^^i qui cntcont dans D4, et qui se dMuisent I'un de 
I'aatre par une purrautatioii touruaiite entre les lettrea ont memo signo." 
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GARNIER (1814). 



[Analyse Alg^brique, faisant suite k la premiere section de I'algobre. 

2' edition, revue et considerable meat augmentee. xvi. + 6S8 

pp. Paris.] 
The title of Garnier's chapter xxvii. (pp. 541-555) is " DSmloppe- 
ment de la thSorie domt4e par M. Laplace pour Veliminatton an 
premier degri." It consists, however, of Qothing but a simple 
exposition, confessedly borrowed from Gei^onne's paper of 1813, 
and six pages o£ extracts from Laplace's original memoir of 1772. 
As forming part of a popular text-boot, it probably did more service 
in bringing the theory to the notice of mathematicians than a 
memoir in a recondite serial pubHcation could have done ; and we 
certainly know that Sylvester, who afterwards did so much to 
advance the theory, expresses himself indebted to it. 



SYLVESTEfi (1839). 

[On Derivation of Coexistence : Part I.* Being the Theory of 

simultaneous simple homogeneous Equations. Philosophical 

Magazine, xvi. pp. 37-43.] 

bjl t w pp re tly ti t b ht t ta t th d t 

m t whl est t th Ij fc f th Im t f 

b t tw q t f th d d -ee At th I f 

p p th bj t (PI I Mag p 435) h j — 1 1 1 1 

be bl t p t tl re 1 rs f tl m w th 7 ( d 

jffiJmthdflmt y mb i k 

1 tt bt y 1 f q t f J 1 !y 

wly tip f J mb heal m ilt pi cat d th f 

compound symbols of nr tat on These last words, indicative of the 
method, exactly de^fiibe the matter ileilt with in the paper we 
have now como to, and as will ooa. 1 o seen, the functions which 
are the outLome of the said compound ymbol " of operations are 
determinants 
It would also appear that Sylvester was unacquainted with any 
* Misprint for II., as an e.>:pi'ession in the paper itself shows. 
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of the important memoirs of his predecessors regarding the functions : 
the twenty-seventh chapter of Garnier's Analyse AlgSbrique, to 
which he refers, may very probably indicate the extent of his 



Premising that he is going to use such symbols aa a^, a^, . . . 
he calls tho letter a the " base," and the complete symbol "an argu- 
ment of the base," a^ being the first argument, a^ the second, and so 
on. Taking then a number of expressions, " each of which is made 
up of one or more terms, consisting solely of linear ailments of 
difierent bases, i.e., characters bearing indices below but none above," 
e.g., tbe expressions, 

he alters them by writing the index-numbers above, e.g., 



takes the product of these resulting expressions in its expanded 
a^ _ aiji - aV + b^c^ ; 

and then reverses tlie operation on the index-numbers, thus finally 
obtaining 

The full seiies of these operations he indicates by the letter ^, and 
denotes by the name of "zeta-ic muUipUeafton." Thus, as results 
in zeta-ic multiplication, we have 

and ^{a^ + SJ^ = «9 + ^<h'^i + h ■* 

Further ^^^ is used to denote that, after the operations ^ have been 
performed, the indices are all to be increased by r, the result of so 
doing being called the zeta-ie product in its r"" phase. 

He nexts recalls a notation previously introduced by him for 
the functions which came later to be known shortly as difEercnoc- 
products; denoting, for example, 

* He would not even hesitate to extend the nsa of the symhol, denoting, for 
eKample, 
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{h-a){c-a){c-l) by PD{«6c), 

(jj.a){,-a)(c-h)(d^a)(d~b)id-o) by PD(«6fl;f). 

and .-. abe{b-.a)(a'-a){c~b) by PD(0a6')- 

Lastly, he combines the two notations; and any leailec who 
remembers Cauchy's mode of solving a set of simultaneous linear 
equations can with certainty predict the result of the unioa to be 
determinants. A new notation and a new name for the Junctions 
thu3 come into being together, the determinant of the system 

Oj (Tg (tc. 



represented by 

Cabel>D{abc) or (PD{Qabc) , 



(VIL 9) 



and being called a xela-ic product of differences. (xv. 7) 

These special zeta-ie products being reached, the rest of the paper 
J8 taken up with an account of some of their properties, and the 
application of them to the discussion of simultaneous linear equations. 
Some of the matter may be passed over aa being already familiar to 
us, although its earlier appearances were certainly made in a less 
picturesque dress. The first really fresh theorem concerns the zeta-ic 
multiplication of a determinant ^PU (Oa6c ... i) by those symmetric 
functions of a, 6, c, . . . , I, which we should now denote by 

2a, 2ffl6, 'S.abc, 

hut which Sylvester writes in the form 

Si{a6c ... 0, S2(a&fi . ..I), Ss(a6c . . .1) 

In his own words it stands aa follows (p. 39): — 

" Let «, 6, c, . , . I, denote any number of independent 
bases, say (ji- 1); hut let the argument of each base be periodic, 
and the number of terms in each period the same for every 
base, namely (7i), so that 
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r being any number whatever. Then 
<_iPD(Oa&c . ..I) = t{^^{ahe . . . l).^-pD(Oabc . . . I)) 
^-2PD(0a&c . . .1) = t{&Jabc . . , l).CPD{Qabc . . . I)) 



(^;PD(Oabc ... = d^^iahe . . . l).iFB(Oahe . . . I))." 

The limitation made apon the arguments of the base would seem 
to imply that the theorem only concerned determinants of a very 
special kind. Such, however, is not the case. A special example 
in more modem notation will bring out its tme character. Let the 
determinant chosen be 

and let the symmetric function be 

ah + ac + ad + ie + ld + cd. 
Multiplying the two together "zetarically," that is to say, in 
accordance with the law 



we find that 120 of the total 144 terms of the product cancel each 
other, and that the remaining 34 terms constitute the determinant 

the identity thus reached being 

Now Sylvester's i;PD notation being unequal to the lepre'sentation 
of the determinant {ajb^c^d^ | in which the index numbers do not 
proceed by the common difference I, he would "ji-eni ti h*\e been 
I to give a periodic character to the argument's ff the 
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hases in order to remove the difRculty, At any rate the difficulty 
is removed ; for the number of terms in the period being 5 the 
index-numbers i and 5 become changeable into — 1 and 0, and thus 

I ^A<^A I = I «i*2C-i'^ii 1 . 

•^a determinant in which the index-numbers proceed by the 
common difference 1, and which is obtainable from | a^j^c^d^ \ by 
diminishing each indes-number by 2, Sylvester's form of the 
result thus is 

l{B4(ihcd).(PJ){Qahcd))- = l.^iOahed).* 

Following this comes the application to simultaneous linear 
equations, or as they are called " equations of coexistence," The 
system is represented by the typical equation 

a^ + b,y + c^+ . . . + y = , 

in which r can take up all integer values from — co to + oo , there 
being really, however, only n equations, because of the periodicity 
imposed on the arguments of the bases. One so-called "leading 
theorem" is given in regard to the system, its subject being the 
derivation of an equation linear iax, y, %,..., thy & combination 
of the equations of the system, The theorem is enunciated as 
follows (p. 40) :■ — 

" Take/, g, . . ., ft as the arhUrary bases of new and ab- 
solutely independent but periodic arguments, having the same 

• It is rather curious tliat Sylvester overlooks the fact that the legitimate 
equateinant of two zeti-ie proiiuets implies an identity altogether independent 
of the existence of zeta-iemultiplication. Thus, the identity just discussed is 
essentially the same as the identity 



d (P 



d* 



X + od + lo + id + cd) = 



where the index-number denotes a power and the multipUoBtion is performed 
in accordance with the ordinary algebraic laws. From this point of view the 
above quoted proposition of Sylvester's involves an important theorem re- 
garding the special determinants afterwards known by the name of alternants. 
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index of periodicity {n) as a,h,c, . . .,1, and being in number 
(w— 1), i.e., one fewer tlian there are units in that index. 

"The number of differing arbitrary constants thus manu- 
faeiured is m(«— 1). 

" Let Ax + 'By-\Cz + . . , + Li = be the general piime deriv- 
ative from the given ecjuations, then wh may make 



A.{PD(Oo/j, . 
B-{PD(OS/!,. 
C-£PD(Ot/y . , 



L-{PD(0!/j, 



*>" 



(X. 



As in the case of the other theorems, no demonstration is vouch- 
safed. In order, however, that the connection between it and 
previous work may be more readily manifest, it is desirable to in- 
dicate how it would most probably be established now. Taking 
the case where the number of unknowns is three and the number of 
given equations /iJitr, viz, — 

a^x + b^y + c-^z = 0' 

OjH; + h^y + c^z- 
«4^ + hv + e^z = Q 
we should form an array of 4{4 — 1), i.e, 12, arbitrary quantities, 
/i Si h 

h 9l ^2 

/g ?3 \ 

from which we should select the multiplier \f^gh^\ for the first 
given equation, the multiplier \fig^h^\ for the second equation, and 
so on. The multiplication then being performed we should by 
addition obtain 

which is what Sylvester would call " the general prime derivative of 
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the four given equations," the process being an instance of what he 
would similarly term the " derivation of coexistence." 

By proper choice of the arbitrary quantities it may be readily 
showH, as Sylvester proceeds to do, that the theorem gives (1) the 
result of the elimination of n unknowns from n equations ; (2) the 
too equatioDs of condition in the case of ii + 1 equations connect- 
ing n unknowns; (3) the ratio of any two unknowns in the case of 
n - 1 equations connecting n unknowns ; and (4) the relation 



between any three 


unknowns in the 


^se of M - 3 equat 


one eonneot- 


ing n unknowns. For example, the equations beiii 


g 




«!« + \y + c^z =■ 0\ 






a^ + b^y + 0^ ^ o\ 






a^x + hy + c^z ^ 0) , 






the theorem gives the general derivative 








«i /i 9i 




h A 9i 




•^1 A 


9i 






«2 /a J/a 


X + 


h f, 9-1 


.'/ + 


H A 


9'i 


z = 0, 




«3 A ffs 




h /s 9i 




H A 


9i 





■which is true virhatever A> A' A' 9v ^a- 9s ^^y ^ ^J putting 
A A' A> 9i, 92, 9s' = h> h' K '•■V ^2' "3. tli's take« the form 

whence the equation of condition, or resitltant of elimination, 

As a corollary to one of the deductions from the leafling theorem, 
— the deduction numbered (3) above, — the following proposition of 
a different character is given {p. 42} ; — 

" If there be any number of bases {abi: ... 0, and any 
otlier, two fewer in niunher, {fg . . . k), 

CPD{afg ... ft) X i;PD(fe ... 
+ ^PD(6/i/ . . . k)x ^PD(ac ... 
+ iPT>{afg . . . k)x i¥X){bc ... 



h) >c CPD(afe ... ) = 0, 
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a formula that from its very nature suggests and proves a wide 
extension of itself." (ssiii. 10) 

It belongs evidently to the class of vanishing ablegates of pro- 
ducts of pairs of determinants, of which so many instances have 
presented themselves. There is a manifest misprint in the third 
product, which should surely be 

{PD(«i7 . . . i)x£PD(i.S. . .1); 

and there is an error in the signs connecting the products, which, 
instead of being all + , should be + and - alternately. "When the 
determinanta involved are of the third order, the tlieorem in the 
later notation is 

which is readily recognised ae an identity given by Beaout, 

With this theorem the paper proper ends, but in a postscript an 
additional theorem of a curious character is given. As enun- 
ciated by the author — even his double mark of exclamation being 
reprinted — it is (p. 43) : — 

" Let there be (« - 1) bases a,b,c, . . ., I, and let the argu- 
ments of each be "recurrents of the n"' order," that is to say, 
let 

a^ = ^(^eos.— J, ^ = ^(^cos.— j, c.^xl^oos . ~j , 

. . . . , ij = (o(<;os, — I . 

Let E, denote that any symmetrical function of the r"' degree is 
to be taken of the quantities in a parenthesis which come after 
it, and let 3 indicate any function whatever. Then the zeta-ic 
product, 

l(iVK,(abe. . . Z) X ^{3PD(0a6c . . . I)) 
is eijual to the product of the number 
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"-V-^- 


-r).(~ 


■^-V 


^v^- 


-?)■■.. 




/(2»-lK^ 


V^.si.'-!^ 


^)) 



multiplied by the zeta-ic phase 

t^.,hPD{0a7jc . . . l)\\" 

Unfortunately the meaning of the proposition is sorioiisly 
obscured by misprints and inaccurate use of symbols, Instead of 
" r"' " degree we should have i"" degree ; ^ preceding R, {aba ... i) is 
meaningless, and should be deleted ; ^ preceding SPD (Oa6c . .l)m 
the first member of the identity is unnecessary when a I has already 
been printed at the commencement ; and the subscript j, although 
giving an appearance of greater generality, serves no purpose what- 
ever. Making the corrections thus suggested, and denoting 

008-?-'+ j-i .i„l', ,„.±i+ ^1 .inir, 



which are the roots of the equation 




x"-'^ + of-''' + 


3;"-^ + ... + « + 1 = 


= 0, 


by a, ;8, y, . . . , X, we a 
elegant form 

.{.,{B.(.,ft,, . . 


re enabled to put the theo 

.,0.3. PD(0,o,6,e, . . 
. , i) . 3 . PD(0,<.,V, . . 


..I). 


It ia readUy seen to lie i 


I geneialisatioa of the iirst tb 



the paper, into which it degenerates when % instead of being any 
fuDCtion of a,h,c ... Z, is a constant, and E„ instead of being 
ani/ symmetric function, is one of the series Sffl, Sah, ^aba, .... 
As, however, the constant R,(ii,^,y, ... X) on the right-hand side 
will then be one of tho series 5a, Soft SajSy, .... and will not 
therefore be + 1 unless whon t is even, there mnst be an inattention 
to sign in one or other theorem. The matter can be more appro- 
priately inquired into when we come to the subject of alternants, 
because, as has been pointed out in a recent footnote, it is to this 
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brancli of the aatjecfc that identities between two zeta-ic multipli- 
a naofdff n pd t really b 1 n 

This alypape n an t Vut h ha llth 1 t t 

af wa d fam 1 a t 1 -s f Sjl t t n — f d 

m^ at n i^in Itylll Van flln hasty 

f n t nt mpta sdi ailfht al resea 1 th out t p 
p n^ of d n tiat n by enun an 1 n nf t tlius a. m 

ast tlevitas ] nduplyhi work. 



SYLVESTER (1840). 
[A method of determining by mere inspection the derivatives 
from two equations of any degree. Philosophical Magazine, 
xvi. pp. 132-135.] 
The two equations takan are 

fiX + S.-i^""' + . ■ ■ +6j37+6d=0 j 
and rules are given for attaining throe different objects, viz. (1) a 
rule for absolutely eliminating x; (2) a rule for finding the prime 
derivative of the first degree, that is to say of the form Aa: - B = ; 
(3) a rule for finding the prime derivative of any degree. The first 
of these concerns the process afterwards so well known by the name 
" dialytic" Only part of it need bo given (p. 132): — 

" Form out of the a progression of coefficients m linos, and 
in like manner out of the 6 progression of coefficients form m 
lines in the following manner : Attach j» - 1 zeros all to the 
right of the terms in the a progression ; next attach m - 3 
zeros to the right and carry 1 over to the left ; next attach 
m-Z zeros to the right and carry 2 over to the loft. Proceed 
in like manner until all the m-\ zeros are carried over to the 
left, and none remain on the right. The m lines thus formed 
are to be written under one another. 

Proceed in like manner to form n lines out of the h pro- 
gression by scattering n~l aeros between the right and left. 
If we write these ?( lines under the m lines last obtained, we 
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shall have a solid square m + n terms deep and m + n terms 

bi'oad." (nv. 1) 

The rest of the rule deals of course with the formation of the 

terots from this square of elements, the old and familiar method 

being followed of taking all possible permutations and separating 

the permutations into positive and negative. As applied by 

Syli^ester in the ease of the elimination of x hetween the equations 

ax^ + bx + c = 1 

Ix^ + wwr + m = Oj, 

that is to say, as applied to the development of the determinant of 



I m n 

I m n, 
the method is lengthy. 

No hint at an explanation of this or either of the two other rules 
is given. The principle at the basis of them all, however, is 
essentially that of the preceding paper. A single example will make 
this plain, and will at the same time serve to give a better idea of 
the two remaining rules than could be got by mere quotation.* 
Let the two given equations be 

a^ + ba^+cx + d^O^ 
oa:* + 03,^ + yx^-{-Sx + e =0) , 
and suppose that it is desired to obtain their " prime derivative " of 
the 2nd (r'") degree, that is to say, the derivative of the form 

A3:^ + Tix + C = 0. 
Taking the first equation followed by m - r - 1 equations derived 
from it by repeated multiplication by x, and then the second equa- 
tion followed by « — »■ - 1 equations derived from it i 
we have m + n-2r equations, 

ax^ + ha^+ax + d = 
as^ + hx^ + ca:^ +dx ^0 
aX* + ^X^ + yw^ + S« + e =0 
* The third rule is incorrectly si 
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from which we have to deduce an equation involving no power of x 
higher than the 2nd. To do so we employ, as just stated, exactly 
the same method aa was used in obtaining the "leading theorem " 
of the preceding paper. That is to say, we form muitiplieis 



effect the multiplications, and add, the result being 



.ah . a c .ad 

a b a x^ + a b d x + a b . 
a {i y a ^ S a ^ . 



: . {LIV. 2) 



This is what Sylvester's third rule would give. His second nde is 
simply a case of the third, viz., where r= 1 ; and his first rule ia 
another case, viz., where r = 0. Had he followed the order of his 
former paper, he would have called the third rule his " leading 
theorem," and given the others as corollaries from it. 



RICHELOT (May 1840). 

[Nota ad theoriam elimination is pertinens. Crelle's Journal, xxi. 
pp. 226-234.] 

Just as Jacobi (1835) brought determinants to bear on Bezout's 
abridged method of eliminating a; from two equations of the «"" 
degree, so did his fellow-professor Eichelot, in treating of the other 
method of elimination, Euler's and Bezout's, discovered in the same 
year (1764). Euler's method, it will be remembered, consists in 
transforming the problem into the simpler one of eliminating a set 
of unknowns from a sufficient number of linear equations ; and 
Eichelot in a few lines (p. 227) points out that this may, of course, 
be done by equating to zero the determinant of the system of equa- 
tions. An investigation connected therewith occupies the main 
portion of the paper. 

Sylvester's method (1840) is described in passing, and the 
principle at the basis of it given. We have just seen that, when 
originally made known by the author, it was merely in the form of 
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a rule without a Although no doubt exists as to the 

mode in which itill thia first published deacription 

at the mode by i to be put on lecord. The whole 

passage in regaL_ _ ws (p. 226) : — 

"Quam sequationem * inveniendi methodi diversie a geo- 
metris adhibenttir, ex quarum numero eius, qyat a clarissimo 
Sj/lvesler in diario The London and Edinhurgh Philosopfdcal 
Magadne and Journal of Science nupor exposita est, mentionem 
faciendi hane occasion em haud preetermittere velim, Ibi 
illius eliminationis probleiua reducitur ad prohlema elimina- 
tionis m + K— ] quantitatum ex syatemate m + n iequationum 
linearium. Multiplicata onim sequatione /j = ex ordine per 
J/"~', l/"~^, ■ ■ • • , ^, nee non aquatione /^ = ex ordine per 
^Z"""'. ^'™^^ - ■ ■ ■ . J/^i adipiscimur systems m + n Eequationuin 
linearium inter quantitates i/"*^~\ ^m+«-2^ . . , , ji°, quarum 
m + n — 1 priorihus eliminatis, sequatio inter coefficientes t a' et 
a" prodit, QuEe eliminatio facillime ita inatituitur, ut deter- 
minantem harum m + n jequationum linearium ponamii8 = 0. 
Determinans vera, cum quantitates a' et a" in Eequationibua 
ipste tantum lineariter involvantur, et quantitates a' in w, nee 
non quantitates a" in m ceteris tequationihus solis reporiantur, 
respectu illarum dimensionea wtse est, respectuque harum mtte. 
Unde concluditur, earn poaitam = 0, esse qusesitam iliam £equa- 
tionem fitialem X = 0, quEe omni factore superflua careat. 
Notissima enim est proprietas ab Htdero inveuta £equationis 
X = 0, quod eius dimensio respectu quantitatum a' est = M, 
atque respectu quantitatum a", = m, ita ut quKque futictio 
integra evaneacens, inter quantitates a' et a", has dimensiones 
quadrans, pro genuina gequatione finali habenda sit." (liv. 3) 

Taking Sylvester's example, 

ax^ + bx + c = ) 



y = ^i 



* I.e., asquationem iinalein. 

+ The aquations are taken in 

/i - a'™j^ + 
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and doing as Eichelot here directs, we should iirst multiply both 
members of the firet equation by x^-i and by a:'-', then both 
members of the second by x'-^ and by j!'^~\ thus obtaining 



oj^ + px^ + yx = , 

aX^ + fix + y ^ 0, 

and finally eliminate from these four equations x\ a?, a:', by 
equating to zero the determinant of the system. 

The statement " Ibi illius linearium," which seems to 

contradict what we have above said in regard to the absence of 
explanation in Sylvester's paper, is not litpially true. Riohelot may 
have meant by it that Sjlvester's result implied that the problem 
had been transformed as stated. 



CAUCHY (1840). 

[M^moire sur I'^limination d'une variable entre deux Equations 

alg6briqnes. Exercices d'analyse et de phys. math., i. 

pp. 385-422.] 

After the appearance of the special papers on this subject by 

Jacobi, Sylvester, and Eichelot, a review of the whole matter could 

not but he a desideratum, 'i'his was supplied by Cauchy in the 

singularly clear and able memoir which we have now reached. 

After an introduction of four pages there is an account (1) of 

Newton's method as expounded by Euler in 1748 ; (2) of Euler 

and Bezout's method of 1764 ; (3) of Bezout's abridged method ; 

and (4) of a method * by means of the differences of the roots of 

the equations. 

Euler and Bezout's method is shown to lead to the same deter- 
minant as Sylvester's, and the cause is made apparent. Cauchy's 
says (p. 389) :~ 

" Supposons, pout fixer les idceSj que les fonctions /(a), F(a-) 
' Eiilec's, although not called sa 
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soient I'lino du troisitoe degr6, I'autre da second, en sort© 
f{x) =aa;' -vlx^^-ex-k-d , 

Alors M, V dcvront §tre de la f ormB 

V ~p'j^ + qx + r ; 
et, si Ton climine x eiitre lea deux Equations 

I'equation resultante aora preciaement celle qu'on obtiendra, 
loi'squ'oQ choisera les coefficients 

P, q, r, P, Q 
de manifere a faire disparaitre x de ia formule 

(2) uft,) + ,r(.)=o, 

par consequent de la formula 

(P^ + Q)^k) + {px'^ + qx + r)^{r) = 0, 
que Ton pent encore ecrire comme il suit : 

(3) -Pxfix) ^ qf{x) + px^F(x) + qxF{x) + T-F(x) = 0. 
Les valeurs de 

P, 2, r, P, Q 
qui romplissent cette condition sont cellos qui vetifient ies 
equations lin^alres, 

■«P +Ap =0, 

hP + aq-hBp + Aq =0, 

(*) ■ cP + 6Q + Ci> + B5 + Ar = 0, 

dP + cCi +Cq + Br = 0, 

Done, pour obtcnir la resultanto cherchee, il suffira d'^limijier 
lea coefficients 

P, Q, P. g, r 
entre lea Equations (4), ou, ce qui tevient m meme, d'egalei k 
zim la fonction alteinee formee avec lea quantites que presente 
le tableau 
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a, 0, 



On arriverait encore aux mStn 
formule (3). En effet, choisir 1 
manifere k faire disparaitre de cette formule lea diverses puissances 

de la variable x, c'est ^liminer ces puiasancea dea cinij equations, 



i conclusions en partant de la 
I coefficients P, Q, p, q, r, de 



m 



ax* i 



3+fi 



+ te^ +CX +d = 

Ax^ + Bx^ + Cx 

Aic2 + B3; + C = 
C'est done 6galer k z^ro la fonction altemee formde a 
quantit^s que presente le tableau, 

h, c, (I, 0, 



B, C. 






0, 0, 



Or cette fonction alternde ne differera pas de ceUe que nous 
avons ddji mentionn^e, attendu que, pour passer du tableau 
(5) au tableau (8), il suffit de reroplacer les lignea horizontales 
par ies lignes verticales, et reoiproquenient." (liv. 4) 

Bezont's abridged method for the equations 

0(iK" + a^af-' + ....+ a,^j3- + ^^ = | 
\x^ + 6ja;"-' + .,..+ h^_^x + ?i^ = C j 
s shown to lead to the final equation 
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where S is " une fonction alterii^e dii I'ordre n form^ a 
quantitfis que renferme le taWeau, 






Ao.„-s 
Ao._, 



In connection with this, however, no rcEerenco is made to Jacobi's 
paper of 1835. 

The fourth method, which occupies much the largest apace 
(pp. 397-422), is not a determinant method. 



SYLVESTEK {January 1841). 

[Examples of the dialytic method of elimination as applied to 
ternary systems of equations. Cambridge Math. Joum., iL 
pp. 232-236.] 

la returning to extend the method, here and generally afterwards 
called " dialytic," Sylvester takes occasion to say that " the principle 
of the rule will be found correctly stated by Professor Eichelot of 
Kijnigaberg in a late number of Crelle's Journal." It may be 
noted, too, that he now for the first time uses the word determinant. 

Only the first and last of the four examples need be given, as the 
subject strictly belongs to the application rather than the theory of 
determinants.. Even these, however, will suffice to show the 
masterly grip which Sylvester had of his own method. 

"To eliminate x, y, z between the three '. 
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Ay^ ~ 2C'xy + Ba^ = 


(1), 


Bi* - 2AV + Ci/S = 


(2), 


Cx^ - 2B'aK + Aa2 = 


(3). 



Multiply the equations in order by - s^, 3?, ^, add together, 
and divide out by 2xi/ ; we obtain 

G'z^ + Cx!/ - A'xz - S'ys = (4). 
By similar processes we obtain 

■ A'a:^ + Aj-z - BV - C'sa; - (5), 
E'v/ + ^zx - G'zy - A'xy = (6). 

Between these sis, treated as simple equations, the six 
functions of x, y, z, via., x^, y\ z^, xy, xz, yz, treated as in- 
d^&ndent of each other, may be eliminated ; the result may be 
seen, by mere inspection, to come out 



AEC(ABC - AB'2 



EC'2 



■ CA'2 + 2A'B'C') = 0, 



or rejecting the special (N-B. not ii-rdnvant) factor ABC we 
obtain 

ABC - AB'« - BC'^ - CA'2 + 2A'E'C' = 0," (liv. 5) 

The example, however satisfactory as illustrating the dialytic 
method, cannot be passed over without a note in regard to the 
unaccountable blunder made in developing the determinant in- 
volved. In later notation the determinant is 



-2A' 



Now neither of the factors given by Sylvester are really factors of 
this, the truth being tliat it 

= - 2(ABC + 2 A'B'C - EB'^ - CC'^ - AA'^f. 
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The fourth example concerns the elimination of x, y, z between 
the three equations 

Aa^i + Bi/S + Cj^ + SA'j/E +"2B'3ic + 'i^'xy = 
LiK^ + M?/ + Ni^ + 2Ly + 2M'23;- + ^Wxy = 
P«2 + Qy2 + Ka^ + 2PV + 2Q'« + SE'a^ = 

Using each of the three multipliers x, y, s with each of the three 
equations, we obtain nine equatiims linear in the ten quantities, 

a?, y\ z\ x^y, xh, yh^ yH, a%, ^y, xyz . 
Another such equation is thus necessary for success, Sylvester 
ohtaina it very ingeniously hy writing the given equations in the 
form 

(A^ + B'^ +C'y)x + (By + C-x +A'i)y + (Cs +AV + B'3;> 
(Lx + Wz+'N'y}x + (M(/ + N'a! + L's)y + (Nz + 'L'y + Wx)^ 
(Px + Q-z +n-y)x + (iiy + -R'x +V'z)y + (Rz + Vy + q'^y. 
d th hm n t g Th k t t I f th 

W m y ra 1 ea t 1 th t tl f th mpl 

in 1 d ns th th th rs b t th t t 1 t f 11 w 

th f th t by th i t p 1 1 t th 

fti tsm th es It f th g 1 mjl h Id 1 1 th 

re It f th p t 1 mjl m th f m I Ij Id 

I d 1 t t f th pp t m t th t th 

d lyt m th 1 i bl t th tl y f d t ra t y 

remarkable identities being arrived at by its aid. An explanation 
is also thus afforded of the trouble we have taken to elucidate its 
history. 

CEAIJr¥ED, A. Q. G* (February 1841). 

[On a method of algebraic elimination. Cambndge Math. Journal, 

ii. pp. 276-278.] 

In Craufurd we have an independent discoverer of the dialytic 

method. A full account of his paper is ijuite unnecessary : the few 

* Only the initiala A. Q. G. C. arc appondeii to the article. There can be 
little doubt, however, tliit tbey belong to Cmufurd, whose name in Ml 
appears elsewhere in the Joamal, 
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lines dealing with his introductory example will suffice to establish 
the fact. He says :— 

" Let it be required to eliminate a: from the equations 

»^ +px +2=0, 
ie^+^'iK + 2' = 0. 

Multiply each of the proposed equations by x, and you obtain 

a^+pV + s'a; = 0. 
These two combined with the two given ec^nations mate a 
system of four equations containing three quantities to be 
eliminated, viz., x,x^,a?; and they arc of the first degree with 
respect to each of these quantities. "We may, therefore, elimin- 
ate X, a^, as* by the rules for equations of the first d^ree. 
The result is .... " 

He enunciates a f,eneral rule, and then takes up the anaIn„oue 
subject in Differential E<iUd.tiont, where '.mcessivp difterentiation 
takes the place of sucLSSsne multiplication "W^ x In t postscript 
he acknowledges Sj heaters pnoiity which the editoi hid pointed 
out to him. He knew nothing of determinants 



CAUCHY (March 8, 1841). 
[Jfote sur la formation des fonctions alternees qui servent i 
resoudre le problferae de lYiimination. Cotnptes Rmdvs .... 
Paris, xii. pp. 414-436; or CEuvres Completes d'Augustin 
Cmahy, I'" Ser., vi. pp. 87-99.] ' 

Recalling the fact that the final equation, resuHin f m the 
elimination of several unknowns from a set of linear eq t n ha 
for its first member " une fonction alternee," and point t th 

further fact tliat the same holds good in regard to the h m t n 
of one unknown from two equations of any degree, " p \ 1 
methodes de Bezout et d'Euler reduisent ce denier p bl n a 
premier," Cauchy affirms the importance of being aW ly to 

write out the full expansion of such functions. There e 1 1 ttl 
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douljt, however, that it was the seeond fact alone, — in other words, 
the discoveries of Jacohi, Sylvester, and Richelot, — which inflnenced 
the veteran Caiichy to return to a subject practically untouched by 
him for thi ty years 

The opening part of the pajer i f our&e i pce sir ly old mittpr 
One thing to he noted is that Lauchy tacitly discaida the term 
letermmant which he was the means of mtioducing using unifonuly 
the more general expression ton tinn aliemee instead Another is 
that he adopts the rules of sigi s ■which makes use of the number of 
tnierehaiiqes From this his o vn j ecul at n le of signs is deduced 
an 1 made the starting point for the fresh investigation which fom s 
the main j.oition of thp paper The exposition of his rule which 
differs frpm that of 1812 is worthj of a little att ntion both on its 
own account and because othetwi e the mitter following woull be 
scarcely mtellnble In the ca e f any teim ( terme r pro 
d it ) of the determinant 

^ ± '\o<l^l,l'*2.2''3.3''4.4'*6.6''6,fl > 

say the term 

there is an underlying separation of the iinlice« 1, ,6 into 
groups (" gvoupes ), by reaaon of the system of pairing , that is to 
say, since an index vt, found paired along with one mdox and not 
with another, there aiises the possibility of looking upon those 
which happen to be pured with one anothei is lehn^ng to the 
same family group Thu-i attending to the firtt a of the term, we 
see that 1 and belong to the same group and as on scamuDg the 
rest of the term, we hnd neither (f them associated with any other 
index, we conclude tlut thp grcup i" innatii (' un groupe binaiie ) 
Again, we see that 2 is paired with "i, 5 with 4, i with 6, and 6 
with 2; this gives us the quaternary group (2, 5 i, 6) Lastlj, 
3 is seen to be paired with 3, and thus fuims a group b> itself 
Now, if we wish to find how many mterolMnges of the set nd 
indices are necesaarj in ordui to obtain the ^iven term 

from the typical term 



! may do the counting piecemeal, attending at one time to only 
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tliat part o£ the term wiioh corresponds to one ot the grnupi of 
indices. In the case of the group (3), the number of interchanges 
is 0; in the case of the binary group {0, 1) it i': 1, and in the cd*>e 
of the quaternary group it is 3 — the number ot interchanges being 
"^videmment " one less than the numbei of indices m the group 
If, therefore, for a given term there be in all m ^coup-i, viz ^groupi 
of one index each, g groups of two indices each, h of three, A ot 
four, c&c, the number of necessary interchanges will be 

0./+ l.ff + 2.h + 3.^+ . . . , 
which 

/ + 2.ff + Z.!> + i.k -i- . . . , 

- {/ + 9 + h -Vic +...). 



and consequently the sign o!' the term will be + or - 1 according 
as « — m is even or odd. {ni. 28) 

The first step of the new investigation is to define " termes 
semhlablea ou de mSme espfeoe." Two terms are said to he alike or 
of the same species when the one may he obtained from the other hy 
mbjeatinff both sets of indices in the latter to one and the same sub- 
stitution or penmttation. Thus recurring to the term above used, 

''0,l'*1.0*a6'^3,3'^4.6%, As 1 

and auhatituting in both of its sots of indices 6, 0, 1, 4, 3, 2, 5, 
instead of 0, 1, 2, 3, 4, 5, 6 respectively, — in other words, and with 
the notation of the memoir of 1812, performing the substitution 



/O 1 2 3 4 5 6\ 
\6 1 4 3 2 5/, 



we obtain the like term 

«6.0«P.6*1.2«+.1''3.5''S.3'^6.1- i^" ■) 

The groups in two like terms are evidently similar, the values of 
f, g,h, . . . for the one being the same as those for the other. 
Indeed, since it is in this matter of groups or cycles that the terms 
have any likeness at all, the expression " cyeMaally alike" would 
have been a better term for Cauchy to use. 

From the definition there arises the self-evident proposition^ 
Terms which are cydically alike have the same sign. (in. 29) 
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Also, ihefuU expansion of a detei-mirumt may be repreee^ed by 
writing a tei'm of each cyclical species, aiid prefixing to each siich 
typical term the symbol 2, with its proper sign, + or - . (lv, 2) 

To obtain a term, of any given cyclical species, that is to say, 
corresponding to given values ot f, g, h, . . . , all the preparation 
tliat is necessary k to write the indices 

0, 1, 2, 3, ... , (7i-l), 
encloae each of the first /of them in brackets, enclose in brackets 
each of the next g pairs, then each of the next h triads, and 
so on. This gives the groups of the t«rm, and the term itself readily 
follows. For example, if we desire in the case of the determinant 
2 ±aQQajia22«g3ffl4i«55fflg6'a term corresponding to /= 2, 3=1 , h = l* 
we take the indices 

0, 1, 2, 3, 4, 5, 6; 
bracket them thus 

(0), (1), (2,3), (4,5,6); 

and with the help of this, write finally 

The number of different cyclical species of terms in a deteiinin- 
ant of the n"" order is evidently equal to the number <if positive 
integral solutions of the equation 

f+2g + 3h+ . . . +nt = ii. (lv. 3) 

Cauchy's illustration of this is clearness itselt He says {p. 419)i — 
"Si, pour fixer les idfes, on suppose n — 6, alors, la valeur 
de M pouvant Stre presontfie sons I'une quelconque des fomies, 
1 + 1+1 + 1 + 1, 
1 + 1 + 1 + 2, 
1 + 2 + 2, 

1 + 1+3, 

2 + 3, 
1 + 4, 



s de valeurs de 

f, g,li,k, I, 
se rSdniront k I'nn des sept systemes 
* It would be convenient to say, a (crm o/iAe i^cJicai secies 2[1) + 1(2) + 1(3)., 
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/-B, 


? = 0, /t = 0, i = 0, 


/-!i, 


9 = 1, 7t = 0, ^ = 0, 


/-I, 


J. 2, J-O, i-0. 


/-2, 


^ = 0, 7t-l, A = 0, 


/-o, 


j.l, J-l, i-O, 


/-I, 


!;.0, S-O, i.l. 


/-o. 


5 = 0, /i-O, S-O, 


et par suite, une 


fonction alternoe du 



mera sept especes de termes." 
The next question considered is as to the number of terms of a 
given cyclical species which exist in any determinant of the w* order. 
The species being characteiised by / groups of one index each, g 
groups of two indices eacb, h groups of three indices each, &c., the 
required number of terms is denoted by 

J*/, ,, ■ 

Now all the terms of the species will certainly be got if we 
write in succession the various permutations of the n. indices 
0, 1, 2, 3, . . . , , TO - 1, and then in the usual way mark off each 
permutation into the specified groups, viz., first / groups of one 
index each, then ff groups of two indices each, and so on. As a 
rule, however, ea^ih term of the species will, in this way, be obtained 
more than once. For, if we examine in its grouped form the 
particular permutation, which was the first to give rise to a certain 
term, we shall find that changes are possible upon it without entail- 
ing any change in the term. For example, the set of groups 



instanced above ; 



(0), (1), (2. 3), {i, 6, 6) 
5 corresponding to the term 



miglit be changed into 



(1), (0), (2, 3), (4, 5, 6) 
(1), (0), (3, 2), (6, 4, 6) 



which, while still corresponding to the term 
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a 1 blfnlttntp mut ons of the seven indices 0, 1, 

3456 Inftth/uTup f one index each may be per- 

mut Imntlml n yp itle way, so may the g binary 

up th ? n y J. i Further, with like immunity to 

thtm bptgp may b written in as many ways as 

!■ nd t — th g p (i, 5, 6), for example, being 

f Ij 1 fee, hi nt { 6 4) (6, 4, 5). The number, there- 

f f d a t pp n t t ns f 1 2, 3, 4, 5, 6, which will give 

t ny I t 1 t IB 
(1.2.3.../xl.2.3,..ff>!l.2.3...?tx...xl.2.3...0x(I-'2'3»...»i'), 

{f\g\h\. . . ;tKK2'3'. . . r.'). 
There thus results the equation 

{/\g!K.. . .il)(ra.3'. . .»')N,,„. .«!, 

whence 



Following this interesting result a few deductions and verifica- 
tions ale given. First of all it is pointed out that since the total 
number of torms of all species is n. ! we must conclude that 



^(/!ylA!...n)(1^3V..^')' 
where /+ 2(; + 3/1.+ ... +«/ = «. 

Cauchy says (p. 423) ;■ — 

"Cette dernifere formule paralt digne d'@tre remarqu^e. Si, 
pour fixer les idees, on prend n~5 I'^quation donnera 

1.2.3.4.5 = B",.„,o,o,o + ^SXWS + N,,a„,o,g + N,,„,,,^o 

+ No.,,i,o,o + ^,.W,'> + ^0.«M.l ! 

et par suite 

1 . 2 . 3 . 4 . 5 = 1 + 10 + 15 + 20 + 20 + 30 + 24 = 120 , 

ce qui est exacts" 
Again, since the number of positive terms in a determinant is 
equal to the number of negative terms, and since the terms, whose 
number Ny ,,,,__.,, has just been found, have all the sign-factor 
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( _ l)n^</+F+A+ ... +0, 
we have on leaving out the common factor ( - 1)" the identity 

o.Z(-i)/+.+»+- ■ ■«(7T^T4T7T:n'Ki«'^ ^' 

which like its companion may be illustrated by the case of w = 5, 

0= 1 - 10 -f- 15 + 20 -20 -30 + 24.* 
Lastly, attention is directed to the fact that when n is a prime, and 
therefore not exactly divisible by any integer less than itself, the 
number 



{flg\h\. . .i!)(1^2'3\ . .n-) 
must be exactly divisible by n, except in tbe case 

f=n, g = 0, /i = 0, . . . ,1 = 0, 
wben it has the value 1, and in the case 

/-O, !7 = 0, /i = 0, . . . ,i=l, 

when it has the value (m - 1) ! It, therefore, follows from either 
of the two preceding identities, that the sum of these two values 
must be divisible by «, — which is Wilson's theorem. 

The remaining two pages are occupied with the expansion of a 
determmant of special form, viz., that afterwards known by the 
name (uibynvmetm 

JACOBI {1841). 

[De foiTQatione et proprietatibus Determinantium, Ci-eUc'a Journal, 
xxii. pp. 285-318.] 
The value which Jacobi attached to determinants as an instru- 
ment of research has already become well known, to us : we have 

' In conneotioD with this and in illustration of a previotiB remark regai-ding 
a mode of esprcssiug the full oipacsion of a determinant, we have 
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foatid Mm, indeed, in almost constant employment of the functions. 
In the memoir now reached, however, we have still stronger eridence 
of his interest in the snhject, and of his opinion as to its importance. 
Knowing of no snccinct and logically arranged exposition of their 
properties readily accessible to mathematicians, he deliherately set 
himself the task of preparing a memoir to supply the want. In his 
few words of preface he says :— 

"Sunt quidem notisaimi Algorithnii, qui aequationum lin- 
earium litteralium resolutioni inserviunt. Neque tamen video 
eorum proprietates praecipuas, ita hreviter enarrataa atque in 
oonspectum poaitaa esse, quantum optare dehemus propt«E 
earum in gravissimis quaestionihua Analyticia usura. Scihcet 
illae proprietates quamvis elementaies non omnes ita tritae sunt, 
ut quas indemonstratas relinquere deceat, efc valde molestum est 
earum demonstrationibus altiomm ratioeiniorum decursum 
interrumpete. Cui defoctui hie supplere volo quo eommodiua 
in aliis commentationibus ad banc recurrere possim ; neutiquam 
vero mihi propono totam illam materiam absolvere." 

While Jacobi was aware, as we have already partly seen, of the 
labours of Craruer, Eezout, Vaademionde, Laplace, Gauss, and Binet, 
his main source of inspiration is Cauchy. Of all the writers 
since Caucby's time, indeed, he is the first who gives evidence of 
having read and mastered the famous memoir of 1812. It scarcely 
needs be said, howeverj that his own individuality and powerful 
grasp are manifest throughout the whole exposition. 

At the outset there is a reversal of former orders of things ; 
Cramer's rule of signs for a permutation and Cauchy's rule being 
led up to by a series of propositions instead of one of them being 
made an initial convention or definitioD. This implies, of course, 
that a new deflnitiou of a signed permutation is adopted, and that 
conversely this definition must have appeared as a deduced theorem 
in any exposition having either of these rules as its starting 
point. 

The new definition has its source in Cauchy, and rests on the 
well-known agreement as to a definite mode of forming the pro- 
duct P of the differences of an ordered series of quantities. This 
being settled to be 



y Google 



HISTOEY OF THE THEORY OF DETEEMIKANTS. 
{«i -«.)(«, -».)(<>.-«.) («.-«o) 

(0,-0,) .... {«.-«,) 



for the (juantities Oq, Oj, a , «„, while in the order here ■urittpn, 

the deimition stands as follows (pp 285-286) — 

"Vocemua eai indicum 0, I, , m pBrmiititionci, pro 

quibus P valorem eundem seivat, ponhvas , eas pro quibas 
P valorem oppositum mduit, n'ljatiiat, sive piioros dieamu^ 
pertineie ad rla^em pusdiham jjeimntalumum, po=iterioie& ad 
classem negativam " 

This implies of course that the original permutation 1, 2, , » 

18 to be consideied positive, wid, such being the case, there 
seems to be a certain appiopiiati ness m applying the teim negative 
to 1 peimutation whose corresponding difference product is of 
the opposite sign fiom the difference product coire&ponding to 
0, 1, 2, ,n 

The piopositinns which lead from the defatiitu n to Ciimer's rule 
may be enunciated as follows — 

(tt) One peimutation performed upon another gives rise to a 
third, and the combined effect produced by performing the 
second and first in successi 
of performing the third 
(h) Two given permutations beloi 
opposite classes according a 
of which the one la obtained from the othei belongs to 
the positive 01 nCj^tive diss 
(e) If the same permutation be performed on a number of per 
mutations which all belong to one class, the resulting 
permutations will still all belong to one class, viz , the 
same or the opposite accoiding as the operating peimuta 
tion IS positive oi negati\p 
{il) The order of compounding a set of permutdtions is, as a 
rule, not immaterial. 



i the same as the effect 



ig to the same class or to 
5 the permutation by mems 
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(e) The permiititions winch inse by compounding a set of 
peitmitationa in. every pirssilile oidei belor^ all to the 
same clai^ (iii 31) 

(/) The interchange of two mdires i8 equivalent to the perform- 
ance of a negatn e peimutation. 

{(?) The interchange of two in dicea causes ill the positive per- 
mutations to become negiti\e and all the ne^itivc to 
become positive 

Dejimiion. — Two permutationo miy he callel leciproi'il whirh 
being perfoimpd in succession do net liter the Older evist- 
ing before the opeiations (xxn 2) 

(A) Reciprocal permutations belong to the samp class 

In the oiigmal it mu.'it be home m mmd, these are not separated 
and numbered, but appear merely as conaecutiye sei tei eo in a 
paragraph The woids ' classein nesfativam if the definition 
above given are followed in the same Ime by 

" Einis propositis pei mutation ibus quihuscun [ue, certa ex- 
stabit petmutatio, qua post alteram, adhihita altera prodit 
Pertmehunt duse pcimutationes propoiitie ad claasem eundem 
aut ad classes oppoaitas, prout permutatio, qua altera ex 
altera ohtmetur, ad classem poaitivam aut negativam pertmet, ' 

— that 13 to say, by the prjpositi ns which ha\c been (.iiiphiiied 
into (a), (6), &e. 

The most essential point to be con i iered in connection with them 
is the proLable meat in^ of the expicssi n pcim tationem ad- 
hibere or the free Enghsh translation of it tj perform a 
permutation An example will make it clear To jerfotm the 
permutation 35412 wo \\ lieem to be the operation of removing the 
3rd member of a series of five things to the fiist place, the 5th 
member to the second place the 4th member to the third place, 
and so on. \\ith t!is exphnation the proposition {a) is self- 
evident an example f it bein^, (if we may impiovise a symbolism) 

(3>41^)(4U'i-) - (3 all) 

where 35412 is the operating permutation. Cauchy's usage, it may 
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be remembored, was to speak of "applying a substitution to 3 per- 
mutation."* 

Of the proposition (6) a prooi is given, which may be paraphrased 



as foJIows : — Let the three perniutati 
original product of ditfereiices, into 
e's of course being either +1 or - 1 
the first two permutations in auoces 
of P into e-.e^P, we must have 



' that e, and e„ have the s 



referred to change P, the 
P, e^P, %?, respectively, the 
Then as the performance of 
n will result in the change 



opposite signs according s 



.d this is virtually the propoaitio; 



{,.., 30). 
The two permutations 



proved. 

A demonstration of (li) is ah 
being A and B, I the first index of A, and w the first index of B, 
the performance of A on 15 implies that the P" index in B is to take 
the first place, and the performance of E on A that the m* index of 
A is to take the first place. The resulting permutations will con- 
sequently not agree in the first index, unless the V" index of B is the 
same as the m'" index of A, which manifestly need not be the cas6.-f 
To prove (J) is of course the same as to prove that the interchange 
of two indices r and s, r being the greater, alters the sign of the 
product of differences; and this is done by separating the product 
into three portions, viz., (1) the portion which contains neither 
a, nor a, ; (2) the single factor which contains both, a^-a,; and (3) 
the product of all the factors having either one or the other for a 
term. It is then asserted that the interchange of r and a cannot 
alter the last of these, because it is symmetrical with respect to a, 
and a, ; also, that no alteration is possible in tho first, and conse- 
quently that the change in the second accounts for the validity of 
the proposition, (in. 32) 

H js, f r example {Jo-wm. de l'£e. Polyt., s. p. 10), " Si en appliqnant 
es ra nt i la permutation A, lea deui sabstitutioiis ( i ^ ) s' ( » * )j '"' 
bt t p ulut la penmitation Aj ; la substitution { . M sera ^quivalente 

a I d t d deux autres etj' indtq^uerai oett« Equivalence comnie il suit 

G:)-(l:)(t)-" 

i This also is a paraphras!; of Jacobi's proof. 



y Google 



DBTEEMINANIS IN GEtfEEAL. 245 

Afl for the pevmubationa whioh are called reciprocal they are, 
exactly those whose existen.ce we have seen uoted by Eothe, and 
called by him "verwandte Permutationon." Jacobi's definition, 
however, presents them in a slightly different light, the property 
involved in it being readily dedueible from Eothe'a. The latter's 
illustrative example was, as may be seen on looking back, 
3, 8, 5, 10, 9, 4, 6, 1, 7, 2 A"! 
8, 10, I, 6, 3, r, 9, 2, 5, 4 BJ . 
Now the performance of either A on B or B on A* gives rise to 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
the original arrangement consequently 4. anl B sitisf^ Ji obis 
definition The piopu'dtiuo. (h) is also Eothe s 

After tLe?e propositions as already intimated, the subject of other 
rales of sij,nH I'i taken up, thp fir t rale considered being Cramers 
&mce m the proluct of differences correhpondiag tf anj permu 
tation every fa<,foi m nhich ^n index i« pretedel by a smaller 
in lex ■noTiH require the sign factor — 1 to be anne"Vfd to it in order 
that the aid pioduct mioht bi tnnstsimed into the ongmal 
product of differences it is clear that the dBthiiminitinn of the class 
to whioh thF ppimutation belongs js reduced to counting thenumbei 
of such inveisions But the piirs of indices m the [ roduct of 
difierences corresponding to the given permutation are exactly the 
pairs of indices to bo examined m applying Ciamers lule The 
identity of the two rules is thus apparent. (iii, 33) 

To the demonstration Jacob! adds " quam regnlam olim ceL 
Cramer dedit ill, Laplace demonstravit." The last assertion is 
notable for two reasons ; first, because the rule like Jacohi's own 
is incapable of proof being a definition, postulate, or convention 
according to the mode in which it is expressed : secondly, because 
an examination of Laplace's memoir shows that there is no ground 
for the statement. The fitness of the rule for the determination of 
the signs of the numerators and denominators of the unknowns in 
a set of simultaneous linear equations may of course be demonstrated, 
and perhaps this was in Jacobi's mind, but prior to the statement 
the abstract subject of permutations had alone been discussed. 

" In the compounding of reciprocal permutations the order is immaterial. 
This is the exception hinted at in (d). 
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The other rule of aigiis dealt with is Cauchy's, in which permuta- 
tion-cycles are counted instead of inversions. The existence of 
such cycles is the first point to he estahliahed, that is to say, it has 
to he shown that any permvtation of 1 2 3 . . . n may he obtaiTied 
from arty other by the performanee of one or more cyclical permuta- 
tions. Let 3271654 be the permntation sought,* and 2647513 the 
permutatiou from which it is to be derived. Placing the former under 
the latter, thus 

2 6 47513 

327 1654, 
we see that 2 has to be changed into 3, then seeking 3 in the upper 
Hue we see that it has to be changed into 4, similarly that 4 has to 
he changed into 7, 7 into 1, 1 into 5, 5 into 6, and 6 into 2, the 
element with which we started. Now the proof turns upon the 
simple fact that the elements in the two lines being exactly the 
same, by following a string of changes like this we are bound sooner 
or later to roach In the second line the element we started within 
the fii-st. It may he that as here one cycle 



suffices for the second transformation ; hut if not, as in the case of 
the two permutations 

2647 3 13 
4 15 7 2 3 6, 
where the short cycle 245 is obtained, we turn to the remaining 
elements, and knowing that those in the first line are of necessity 
the same as those in the second, we see that the application of the 
same process to them must, for the same reason as before, lead to a 
cycle. The possibility of arriving at any permutation by means of 
cyclical permutetiona alone is thus made manifest. The nest point 
to be established is that a cyclical permutation ofi elements can be 
accomplished bi/ v-1 interchanges of pairs of elements. Little more 
than the statement of this is necessary. For if the elements of the 
* This ia a paraphrase ot Jaoobi's demonstration, which ia not so simple as 
it might have been. The notation of substitutions, which Jacobi did not follow 
Cauehy in using, is here a great help toward clearness. 
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eycleho a^, a^ Og, . . ., a„ it is clear that to change tt^ into Oj, a^ into 
dj, &c., has the aame effect as to interchange a^ and a^, then a^ and 
Oj, then a^ and a^ and ao on, the final interchange being that of a., 
and a^; and there are in all r- 1 interchanges. This being proved, 
the final step is taken as in Cauchy's Note of Sth March, (iii. 34) 

This rale of Cauchy's Jacobi deservedly characterises as beautiful. 
It is important, however, to take note that it possesses the other 
quality of usefulness in aa marked a degree ; and such being the 
case one is surprised to find that it has not received the attention 
which -was its due. Any reader who will make a compaiison of it 
and Cramer's by actual application of them to a number of examples 
will soon find that Cramer's is more lengthy and requires more care 
to be given to it to avoid errors.* 

The preliminary subject of permutations having been thus dealt 
with, determinants are taken up. In the first section regarding them 
there is little noteworthy. Cauchj's word "terme" is supplanted hy 
the fitter word element, and term ("terminus") is put to a more 
appropriate use ; that is to say, ctJ^ is called an element of the 
determinant 2 ± aa\a"2 ■ ■ ■ «„ and (ij.a'^a"j" . . - . «i^ a term. 
Further, the word degree is employed in place of Cauohy's more 
suitable word order, "ipsum R dicam determinans w + 1" ffraduK." 

A section of two pages is given to considering the effect produced 
upon the aggregate of terms by the vanishing of certain of the 
elements. The propositions enunciated, with the exception of one 
made use of at an earlier date by Scberk, are as follows {pp. 291, 
292):— 

"I. Quoties pro indicia k valoribus 0, 1, 2, . . . , m - 1 
evanescant elementa <*J, , a^ , . . . . a" , determinans 

s±<».,v....4"> 

abite ia productum a duobus determinantibus 

2 ± oo,' ....«<;:;>. s ± o<>t+i ■•■■<•';"■ (^i»- «) 

* Ths best way perhaps of appl)'ing Cauchy's rule is to write the primitive 
parmutation, 1234S6789 say, above the given parmutatioD, 633192457 say, 
draw the pea through 1 and tbe figure below it, seek 6 in tlie upper line and 
draw tlie pen through it and the figure below it, and so on, marking down 1 on 
the completion o£ every cycle. 
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" II. Evaaescentibus elementis oraiiibus, 

in quibuB respective indox inferior k indicibus supetioribus 
m, m + 1 , . . . , n minor est, fieri {vi, 7) 

S±a«'tt" a^"' = a*'"y'""'"'*. . . . a.''"'-S + (i'i'. . . . «*™"^*. 

"IV. Kvanescentibus elementia omnibus, 



in quibus indices inferiores superioribus minora sunt, 
ID super liabetur. 



fit 2±affl,V. . " = 2^ «'"*"( ) 



; deductions fr< th 1 ii t tl h t 

out of place, the trouble of dm tt tl fitftlmh 
virtually thrown away. Tlie tHtal byTbt I 

than required, the question of gn f pl ^ ^ I •■ ly 

discussed. 

In the course of the next stnwhhdl th htwh 
called the recurrent law of f m t n, n 1 witl tl h f, 

siggi^egate connected with this law, Jacobi gives au expression for the 
complete differential of a detenninaut, the elements being viewed as 
independent variables. The passage is (p. 293) : — 

" Determinans E est singularum quantitatum a^ respectu 
ezpressio linearis, atque ipsius a*^ coefflcientem, qua in deter- 
minante R afflcitnr, vocavimus A*^' ; unde adhibita differen- 
tialium notatione ipsum A*^-* exhihere licet per formulam, 
. .(0 SB 



Hinc si quantitatibus a>^ inorementa infinite parva tribuimus, 

simulque R incrementum i£R capit, fit 

4. d'K^^A'-pM^^ ' i^'^) 
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siquidem aub signo summatorio utrique indici i ot k valores 
0, 1, 2, . , . , ?i conferuntur." 

The recurceat law of formation and its dependent neighbour 
formula ho is enabled, by means of (3), to yiew as the partial 
differential equationa which the determinant must satisfy. His 
words are (p. 295) :^ 

" Substituendo fonnulas (3), inventas formulas sic quoque 
exhibere licet : 



9. U=a^^-%,+ 



BR m5R , (4)011 



n^ a ^-^, -r 


"^3^"-- 


" 5«f ' 






, BR 


-<f. 




"'^^^ 


<f-- 


-<5' 




0- .,51 ^. 


^4 






t aequatioHes 
s&tisfaeit*^' 


differeatiales 


partiales quibus 


deter- 


a section (7) o 


n simultaneous linear equations, 


and a 



Quae sunt 



Passing o 

short section (8) in which Laplace's expansion-theorem is enun- 
ciated, we come to two sections dealing with what at a later time 
would have been called the secondary minors. No name is given 
to them by Jacohi ; they only appear as co-factors of the product of 
a pair of elements, the aggregate of the terms containing a^^ a^{ ' as 
a factor being denoted by 

Tt'rom observing that the interchange of f and / or of 3 and g' 
alters R into - R and cannot alter A'^ "^ , it is concluded that 

and that the full co-factor of A^^-^', is a'-J^ d^p ~ a'p a^ in accord- 
ance witii tho expansion-theorem of the previous section. The 
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remark that A'-^' can Tie expressoJ ia terms of n of the qnantities 
A^' {, leads up to a curious set of equations the determinant of which 
belongs to the special class of determinants known afterwards as 
zero-axial skew determinanta. The passage ia (pp. 300, 301); — 

" Designemus hr. causa per (S, h') expressionem 
10. AJ^ = {Jc,k-), 
ita ut sit {k, k') = - (k', k) . 

Fit e (8) ipsi g sabstituendo numeros 0, 1, 2, , . , m ; 

a'"- * +„r'(0,l) + "^'(0,2) . . + ..["(O,.) 

A'/'-a^il, 0) + , + 4"(''2) • ■ + «I,"(1, ») 

A[".a"'\2,0) + aY>(2,l) + , .. + o'/' (2, .) 

aM-.'-^C.,©) +«^'(», 1) +„<'''(.., 2) . . + 

Similes formulae e (9) derivari possunt. In aequationibus 
(11) ipsorum a'^\ Oj'^', etc. coefflcientes ia diagonali positi 
evanescunt, bini quilibet coefficientea diagonalia respectu 
symmetrice positi valoribus oppositis gaudent. Quae est species 
aequatioaum Unearium memorabilia in variis quaeationihus 
analyticis obveniens." (lvii.) 

The simple step from the expression of A^ as a differential co- 
to the similar expression for A^'-^ ia next made (p. 301) :— 

"Ex ipsa enim a^regati A^' . defimtione eruimus formulas 
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By taking the identities 

O-ctAj + a^^ + .... + aWA'^*, 
= a,At + "iAJ 4- .... + «/"'A'^', 

E = «^A^ + a;A; . . . . + tt'^'A*;^', 

= («^A^ + a^A'^ + . . . + a"^'A<^'; 
using the multipliers 

^0,'^ ' -A- "' ,■.--, Aj'j , .... , A^'j, , 
and adding, there is obtained 

4 e.a;;^: = a»a'^>- a<X\ 

—a result at once recognisable as a case of the theorem regarding a 
minor of the adjngate. Next by starting with Eezont's identity 
connecting any eight quantities, the particular eight taken being 

A», AW, A», Af„, 

A<;^ A'^, ^%\, A^9, 
and making six substitutions of the kind 

A'^A« - A«A<^> = K.A;-^, 
just seen to he valid, there arises the identity 

This clearly belongs to the class of vanishing aggregates of products 
of pairs of determinants , but in order that its true character may 
be seen, and comparison made possible between it and others of 
the same class already obtained, a more lengthy notation is neces- 
sary. Taking for shortness the case where the primitive determin- 
ant is of the 8th order^ but writing it in the form 

= 3, 6 and h, h', k", W = 5, 6, 7, 8, 
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we find tlie identity to ha 

a glance at which sufflcos to show that it is nothing more tlian the 
extenaional of 

\ffM\ffA\ - \9M\9M + \9A\-\9'A\ = 0. 

the very identity of Bezout which was tatea as a basis for it. As 
the same extensional has already been found among those of 
Desnanot, any new interest in it is due to the peculiar way in 
which Jaoohi obtabied it. By the same method, viz., by substitut- 
ing for secondary minors an expression (4) involving primary 
minors and the primitive doteiminant, he shows that 

^fK!t' + ^f^l'l, + ■^^^t.S = 0. (xxiii. 12) 
This being translated in the same manner as the preceding, becomes 

iults,viz., the exte:i- 
= 0. {xxiii. 12) 



^V^'i.'f 



and is tins 


seen to lie anotlier of Desnanot's res 


sional of 


1 /fl?7 ks 


- Itel* 


+ l/iS.I-ft 


The deduction 






3 


A? 




3^'" 


If 


A^AJi 


Af 


3 


„(*■) ~ 


A<''Ai» ' 


3»r 



,<■' »» ' 



A™ A 



is made from it by substituting appropriate differential c 
for the primary and secondary minois involved in it. (lviu.) 

The eleventh section is devoted to the establishment of the 
general theorem which includes the theorem 

E.A;f,.A»A<;>-A»A« 

of the preceding section, and which, as we have seen, Jacobi had 
first enunciated in 1833. To start with it is repeated that the 
system of equations 
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a t + a^ (^ + ... + ((4(4 + <t,,_^.-^t^^■J + . . . + a^ '« = "' 

«'( + «/ (j + . , . + a'% + «j,'.^/j.^.i + ■ ■ ■ + f^l '„ = "i , 

«% 4. «<«/ 4. + ^<*V 4. „<*> / 4, 4- rt**^*; -)i 

«<"'; + <i/''Vj + . . . + o^\ + 4+1 '*+i + ■ - ■ + «■!"'''„ = "„, 
gives rise to the system 

Ai M + A\Uj + . . . + AjS^luj. + Af+» u^^^ -!-... + AWm„ = K . (j 



Ai« + A,;^ + . . . + Af\ + Af+^M^^^ +. . .+Aftf„ = E. (, 



A^ « + A„«i + . . . + A««, + A<*+» «,^^ + . . . + A<"V = E . i, 

in which 

E.S±ao', .... «», A».2±oo', .... «J:». 

Then taking only the first k+l equations of the first system and. 
eliminating i, (j, . . . , t^_j, there is obtained 

%+(=„,'.+. +• • • ■ +0.'.-E« + DA + . . . + D..., (X) 
where the multipliers D, Dj, . . . , D^, by which the elimination is 



effided, im 


{-in±a'. 


■ "Li' 




( 


-l)'+iS±o«, 


■A-t, 






*^±ac' 




and consequently by 


c..c.„,.. 

2±«.>",.. 


. , C^ are 


denoted 




2±a<.\«%.. 








2±aa>"2.. 


«'*:;'«'?■ 
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Similarly, taking only the last n — k + 1 equations of the second 
system and eliminating it , Mj.^g . . . .,«„ there is obtained 

Em + E1M1+ . . . + E^u^ = RY^\ + RF^_^j(^_^^+ . . . . + RF^f, , (Y) 
where the multipliers Fj. , F^ , . . . , F^ by which the elimina 
tion is effected are 

and consequently by E, Ej , . . . , E^^ are denoted 
2±A.A'«'...A<:>, 

2:±a;a<«>...a<:>, 



X±A'«A»l»...A':'. 
These two derived equations (X), (Y), however, must be identi- 
cal, because they may be both viewed as giving t^ in terms of 
(4+1,4+2 ■ ■ - , '„, M, Mj, . . . , Wt, and, as the first system of equa- 
tions shows, this can only be done in one way. We thus have the 
deduction 

C,-E.F,' 

j^ X±aa,'a,~. . ..'>:;' S±A'? i'lf^ . . . A»> 



.<' E2:±A<:«>A<*«...A«' 

This is the keystone of the demonstration. The simple continua- 
tion of it may for sake of historical colour be given in Jacohi's own 
words (p. 304) : •— 

"In hae formula general! ipsi k tribuendo valores 
«-l, M-2, n-3, ... ,1, 
prodit : 
■■ The detoonstratioii in the original is considei-atily disfigured by misprints. 
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S + oo,'. 


..o<;:;> 5;±A<;:jA<;:;'A<;i 


S±(Wj' . 


. . «';;? B2:±A<;;;>A';' ' 




Z±A,'A,". . . .A<;' 




2±aa,' SS±A,"A,™. . . .A<;' 



"Hatum aequationum piima auppeditat, 

quae cum formula (4) § pr. convenit. Deinde aequationum 
(10) duas, tres, quatuor etc primas inter se multiplicando, 
prodit formularum systema hoc : 



2 + A<^~2'A<^;^J'A<^' = Ii^2±t(. 






I 2 + Ai' Aj" A^'^ = aE" ^ 

" Quas formulas amplectitur formula generalis, 



2t<:i)A<*:f....A':>^E''-' 



2 + aa;.,.. a7=e , 

which may be viewed as the ultimate case of this, Jacohi arrives at 
by expressing 2 ± A A^' . . . A^"' in terms of A, A,, . . . , A„ and 
their cofactors, substituting for the said cofactors theu- equivalents 
as just obtained, viz. 

oK"-', ftiR"-', BjE"-', . . . ., a^R""', 
and then using the identity 

Aa -h Ajd, + . . . + A„a, = R. 
r the twelfth section, which relates to certain special 
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ajBtems of equations, v/e come to two sections devoted to the multi- 
plieation-theorem. Of the five formally enunciated propositions 
which they contain, two, the second and fourth, need not be more 
than referred to, as their auhstance comes from BLnet and Cauchy, 
and as tlie mode in which they are estahlished will be sufficiently 
understood from the treatment of one of the others. The general 
problem of the two sections is the investigation of the determinant 

where 

Taking a angle term of the determinant, we have of course 
X (a'a' + o^a^' + .... +ap'«j,') 



.<(.'"y"'+4-v,-'+.. ..+.f«f), 



and we see that if the multiplications indicated on the right be 
performed there must arise a series of (p + l)""'"' terms of the type 



or by alteration of the order of the factors 

where each of the inferior indices r,s,t, . . ., w may be any member 
of the series 0,1,2, . . . , p. If we bear in mind the meaning which 
we thereby assign to the aummatory symbol S we may write this in 
the form 

The next point to consider is the transition from the single t«rm 
ec{c^' ■ ■ ■ c^ to the full aggregate 2 ± ccj^'cj" ■ ■ ■ c'^ ■ -A. glance 
at the sum of terms denoted by c^ shows that by permuting the 
superior indices of ca^e^" . . . c*^*, the superior indices of the n's 
are subjected to the same permutation, and that, on the other hand, 
when we permute the inferior indices of ee^'e^' . ■ . <^"l it is the a's 
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that aie aifeeted, tho like permutation being given to the superior 
indices. Making the choice of the mperior indices of the e's, let us 
permute them in every possible Ti-ay, and to each term thus derived 
from ce^c^" . . . c'"' prefix the sign + or - according as its superior 
indices constitute a positive or negative permutation. By so 
doing the left-hand side of our identity becomes '2.+ec(c^' . , . e^ ; 
and, owing to the consequent permutation of the superior indices of 
the a's, each term on the right-hand side gives rise to l,2.3...(n+ 1) 
terms whose signs are the same as the signs of the tenns correspond- 
ing to them on the left hand side; — in other words, each term 
a. a'a." ■ . . a'"' .a a'a" . . . a'"* gives rise to the compound term 

We thus reach the result 

2 ± ec^'--.; . . . <f'^ ^ S(«^,«>," ■-."*:'■ 2 ± «,<.>/' . . . a^"*) . 

Although the number of terms on the right is the same as before, 
viz. (p + 1)"+', arising from giving to each of the h-h1 indices 
r, s,t, . . . , u) any one of the p-f 1 values 0, 1, 2, .... y, it 
has now to be noticed that a goodly proportion of them must vanish 
because of the fact that S ± a^a^'a" . . . a*^' = when any two of 
its inferior indices aie alike. The right-hand side wiU thus not be 
altered in substance if the aummatory symbol he now taken to mean 
that r, s,i, . . . , w are to be any n + 1 of the ^ -I- 1 indices 
0, 1, 2, . . . , _p. li p he less than n it will be impossible to 
have r, 8, t, . . . , w s]l different, so that in that case the right-hand 
side must be 0. This is Jacobi's first proposition, and it constitutes 
his addition to the multiplication-theorem. His formal enunciation 
of it is {p. 309) :-— 

"Sit 

t-j. - a a + (x^a^ + . . . + a^a^ , 

quotiesp<ra evanesclt determinans 

2±cCjV c'-^\" (xviii. 6) 

The consideration of the ease when ^ =■ re loads to his second pro- 
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position. The natural addendum is then made regarding the multi- 
plication of more than two determinants of the same degree 
(p. 310):- 

" Datis quotcunque eiuadem gradus determinantibus, eorum 

productum ut eiusdem gradus exhiberi posse determinans, cuius 

elementa expressiones sint rationales integrae elementorum 

determinantium propositorum." (xvir. 7) 

The equally natural transition to the subject of the nmitipHcatioii 

of two determinants of different degrees results in the proposition 

(p. 311):- 

"Sit pro ittdicis i valoribus 0, 1, 2j . . . . , m, 
»«.i(Oa») + .lfaf + . . . + .<>'», 
pro indicis i valoribus maioribus quam m, 



2±aai' <x^™'.S±a<....fl<;;' = S±MjV c<^>." (xvii. 8) 

Proposition IV. concerns the case where j>>m. Proposition V. is 
but a corollary to the combined propositions I,, II., IV., its subject 
being the effect of the specialisation 



The enunciation is as foUows (p. 312):— 




"Poaito 




e^*' = ,f = a*'V*' + af4^ + . . . + a^^af . 




sit determinans 




X±cc,'....c'l>^F-, 




uhip<n&t 

P = 0; 
nbi^ = Mfit 




V={'Z±aa,'....a'-iy; 




nbi^>wfit 




P = S(2±a„a'„,....a^?,}S 




siquidem pro indicibus inferioribus m, m' &c. 


aumuntur 


quilibet n + 1 diversi e numeris 0, 1, 2 ... . p." 


{XVIII. 7) 
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The two remaining Boctions (15 and 16} deal with a special 
system of simultaneous linear equations, interesting application 
being made to the theory of the Method of Least Squares. 

It is important to note, la conclusion, that from one point of 
view Jacobi's memoir was but the introduction to two others of 
really greater importance, both treating of a special class of deter- 
minants. The first cojicerns determinants of the kind afterwards 
deservedly associated with his name, and bears the title "De deter- 
minantiJim functionalibus." It occupies the forty-one pages (pp. 
319-359) immediately following the general memoir. The other, 
with the title "De funeUonibus altemantibus earumque divisione per 
productum e differentiis elemetttorum conjlatwn," treats of those deter- 
minants, first considered by Canohy, in which the members of one 
set of indices represent powers, and to which the name alternants 
afterwards camo to be assigned. It extends to t 1 p (pp. 

360-371). The three memoirs together constit t an Uent 

treatise on the subject, and are known to bave b n m kedly 
influential in spreading a knowledge of it among math m s 



CAUCHY (1841). 

peut former a 



d'analyse et de phya. math., 



[Note sur les 

donnas. 

145-150.] 
[Memoire sur les fonetions altemees et s 

Exercices d'artalyse et dephys, math., ii. pp. 151-159.] 
[Memoire sur les sommes altemt^es, connues sous le nom de r^sul- 

tantes. Exeraieea d' analyse et dephys. math., ii. pp. 160-176.] 
[M6moire sur les fonetions diff^rentielles altemees. Exercises 

d'analysB el dephys. niaih., ii pp. 176-187.] 
From internal evidence there can be little doubt that this series 
of papers, containing the fundamental conceptions and salient pro- 
positions of the theory of determinants, was prompted by the 
appearance of Jacobi's memoirs, and by the consequent conviction 
that the work of 1813 had begun to bear fruit The first paper, 
called a "note," is introductory, on the subject of signed permuta- 
tions; the three others, called "memoirs," correspond to Jacobi's, — 
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the first of them to Jacobi's third, the second to Jacohi's firat, and 
the third to Jacohi's second. 

The note, although on so trite a subject aB the division of permu- 
tations into positive and negative, is most interesting. Cauchj's 
original stand-point with regard to the subject is so far unaltered that 
the rule of signs specially known by his name is made fundam.ental, 
and all others deduced from it. The explanations preparatory for 
the rule are, however, on the lines of his paper of 1840, that is to 
say, it is groups and not circular mhsUtutiom that are spoken of. 
The preference is a little difficult to justify ; for notwithstanding 
Cauohy's assertion tliat groups come naturally into evidence, the 
idea is far-fetched as compared with that of circular substitutions. 
He says (p. 145); — 

"Si I'on compare une ijuelconque des nouvelles suites* a 
la premiire, on se trouvera naturellement conduit par eette 
comparatson a distribuer les divers termes 



en plusienrs groupes, en faiaant entrer deux tecmea daas un 
m@me groups, toutes les fois qu'ila occuperont le m§me rang 
dans la premifere suite et dans la nouvelle, et en formant un 
groupe isol^ de chaque terme qui a'aura pas chang^ de rang 
dans le passage d'une suite k I'autre." 

The question of the natural order of ideas and the best mode of 
presentment is really, however, of small importance, for in applica- 
tion a group and a dradar substitution are essentially the same. 
The difference is entirely one of stand-point, nomenclature, and 
notation. The permutation 

e, a, b, d, c, g, f, 
being in question, and comparison between it and the primitive 
permutation, 

a, b, c, d, e, f, g, 
having been instituted, we are directed to form the members 
(" termes ") of the permutation into groups, commencing to form a 
group with e and a, because they occupy lite positions in the two 

* Le., permutations of a, t,c,rf, . . . 



y Google 



DETERMIUANTS IN GENERAL, 261 

permutations, putting h in the same group because it occupies the 
same position in the second permutation as one already in the group 
occupies in the first permutation, putting c in for the same reason, 
making d constitute a group by itself, and finally putting /and c/ 
together to form a third group. We are directed further, to write 
the members of each group in such aa order that any member and 
the one following it may be found to occupy like positions in the 
primitive and derived permutations respectively. The result thus is 

(a, e, c, S), (d), (/, s). 
or (e, 0, 6, a), {d). fo, /), 



it being possible to write the first group in four ways, and the last 
in two. Now all this is nothing more than an unreasoniag way of 
arriving at the circular substitutions which are necessary for the 
derivation of the given permutation from the primitive one. 
Cauchy himself, indeed, in pointing out that there would only be 
one way of writing a group if the members were disposed in a cir- 
cumfereuce instead of in a straight line, says;—" C'est par ce motif 
que dans le tome x du Journal de l'£cole Poli/techniqu6 j'ai d^sign^ 
sous le nom de substitution cireulaire I'op^ratioa qui embraaae 
le systferae en tier dea remplacements indiques par un m@me 
groupe." It mast be borne in mind, however, that not only the 
operation, but the symbol of the operation, was so denoted, 
and such being the case, we may then very pertinently ask, What 
is a group in Cauchy's usage but the symbol of a circular sub- 
stitution f 

The peculiarity of using the number of groups to separate the 
various permutations of a,h,a,d,.... into two classes makes its 
appearance in the following sentence (p. 147) :— 

" De plus, ces memas suites ou arrangements se partageront 
en deux classes bien diatinctes, la comparaiaon de chaque 
nouvel arrangement au premier 



pouvant donner naissance &, un nombre pair ou a un nombre 
impair de groupes." 
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Of course, the primitive permutation is looted upon as having its 
groups also, viz., one for every letter in tho peniiutatioa. 

Then cornea the important proposition — The interchange of two 
Utters increases or diminishes the number of groups (substilvlion- 
cydes) hy imity. In proving it the two letters are first taken in 
different groopa, 

(a,h,c, . , . , hjc), {l,m,n, . . . , r,s); 
and since any member of a group may occupy the first place, the 
letters a and I are fixed upon. Now what the groups imply is 
that the letters 

a, 6, c, . . . . A, I, J, m, n, . . r, s 
ia the primitive permutation are changed into 

b,c, . ... I, a, m, II, . . 8,1 

respectively to form the given permutation It therefore in the given 
permutation the letters a. and I be mteichanged, the cew permuta- 
tion so obtained will be got from the primitive by changing 

a,h,c, . . . ,h. It, J, m, n, , r, s 

into 

that is to say, by the changes indicated by the single group 

{a,h,e, . . . , h,k,l,m,n, , r,8). 

The interchange of two letters belonging to different groups is 
thus seen to reduce the number of groups by one. On the other 
hand, it is clear that had this single group belonged to the given 
permutation, the interchange of two letters, a and I say, would have 
}iad the effect of breaking up the group into two, 

{a,h,c, . . . , h,k} and (?,m,», . . . , r,s}. 
The theorem ia tkus established. (ni. 35) 

It is next pointed out that the transformation of the primitive 
permutation into any other may be accomplished by interchanges 
only, because by this means any given letter may be made to 
occupy the first place, then any other given letter to occupy the 
second place, and so on. From this also it follows that any system 
of circular substitutions may be replaced by a system of inter- 
changes. Should the trarisformation of one permutation into 
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another Iw effected hy interchanges, tbe number of these will be 
even or odd according as the two permutations belong to the same 
or different classes; for, by the above theorem, every interchange 
makes only one group more or one group less, and consequently tbe 
total number of interchanges, and the net increase or diminution of 
the number of groups, must be both even or both odd. The count- 
ing of interchanges may thus be substituted for the counting of 
cycles. (hi. 36) 

Finally, Cramer's rule is introduced, in which, as we know, it is 
neither cycles nor interchanges that are counted, but inverted pairs, or, 
as Cauchy, like Geigonne, calls them, inversions. To establish the 
rule, it is clear that two courses were open, viz., to connect inversions 
directly with cycles or to connect them with interchanges. The 
latter course is taken, the requisite connecting theorem being that the 
irdereTiange of two elements of a permutation increases or diminishes 
the number of inversions bt/ an odd number, an odd number of 
interchanges thus corresponding to an odd number of inversions, 
and an even to an even. The proof is not direct, like Kothe's, 
being effected with the help of a fourth related entity, the difference- 
product The order of thought in it is as follows :— If we define 
the difference-product of the primitive permutation a, b, c, d, . . . 

(«-*)(<.-») — (»-t) — , 

then it is clear that in the difference-product of any derived permu- 
tation there will be found exactly as many factors with changed 
sign as there are inveisiouiS of order in the permutation. A change 
of sign in the difference-product thus becomes a test for the existence 
of an odd number of inversions, and consequently, instead of the 
theorem just enunciated, it will suffice to show that the interchange of 
two elements of a permniatvm alters the sign of the difference-product. 
This Cauchy says must be true, for, the elements being h and k, it 
is manifest that the factor which involves them both, 

k — k or k-h, 
mast change sign, but that the factors which involve them and any 
third element s constitute a partial product 

(;,-.)(i-.) 01 (s-sX»-i), 

the sign of which cannot change. (ra. 37) 
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Of the three memoirs, the first and third, like Jacobi's third and 
second, do not at present require attention. A slight reference to 
the first— on alternating functions — is, however, necessary, because 
Cauchy, unlike Jacobi, makes determinants a special class of alter- 
nating functions, and it is therefore of importauce to see the exaet 
position he assigns to them. It wLU be remembered that in 1812 
he partitioned symmetric ftittotions into pernianent and alternating, 
and made determinants a class of the latter; that is to say, his 
scheme of logical relationship was 

C (a) Determinants. 

(M- ' 






Functions < \(!i) Penuanont 

1(B) 

The memoirs we have now come to indicate a departure from this, 
both verbal and substantial. The change is made too without any 
reason being assigned; indeed, there is not even a word to imply 
that any change had taken place. Alternating functions are, as in his 
Cours d'wnalyse, put on the same level as symmetric functions; 
the term permanerti is dispensed with; a new entity, alternating 
aggregates, is introduced; what were formerly called determinants 
are made a class of these alternating aggregates; and for the name 
determinant resultant is substituted. The scheme of relationship is 
thus transformed into 

i (a) Eesultants. 
f (a) Alternating Aggregates -J 
r (A) Alternating-^ ((^) 

t (*} 
Functions^ (B) Symmetric 

1(0) 
Neither scheme, we must at the same time rememher, is really as 
simple as here indicated, being complicated by the fact that a 
function may be alternating in more than one way. This is brought 
out much more explicitly and clearly in the present memoirs than 
in that of 1812, as the following quotations wiU show. We have 
first of all (p. 151), an aliemating function of several variables. 

" Uno fonction a!tem4e de plusieurs variables x, y, z, . . . , 
est celle qui_ change de sigae, en conservant, au signe prfe, la 
memevaleur lorsqu'on echange deux de ces variables eutre elles." 
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Next we have an aUet-nating function with respect to several indices 
(p. 155):- 

" Quelquefois on lepresente ces mgmea variables par uns 
seule lettre affeet^e de divers indices 

0, 1, 2, 3, . . . . , M, 
et I'on pent dire alovs que la fonotion ou la somme dont il 
s'agit 63* altm-nee par raj^orl d ees indices. Ainsi, par exemple, 
le produit 

est une fonction altern^ par rapport aux variables 

ou, ce qui revlent an mSme, par rapport aux indices 
0, 1, 2." 
This example being an alternating function according to tbe first 
definition, it would seem that lierD y/e Lave a roere abbreviation or 
variation of language. There are, however, it must be borne in 
mind, functions which are alternating with respect to indices, and 
are not alternating according to the first definition. For example, 
any determinant, like 



is alternating with respect to all the indices involved, but is not 
alternating with respect to all or any other number of the variables 
ai,a^ag, i'l,^^,^^, c^jC^jC^. Strange to eay, Canchy makes no mention 
of this, but goes on to a third definition, by means of which alter- 
nating functions are made in another way to include determinants. 
He says (p. 156): — 

"On pouvrait obtenir aussi des fonctions qui seraient 
dUemees par rapport u diverses suHps, c'est h dire, des fonctions 
qui auraient la propridt6 de changer de signe, en conservant, 
au signe pr&s, la m^me valeur quand on ^ehangerait entre eux 
lea termes correspondants de ces memes suites. Consid^rons, 
par exemple, m suites differentes compos^es chacune de n 
termes qui se trouvent representus, pour la premiere suite, 
par 
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pour la seconde auite, par 

^0. Vi, ■ ■ ■ ■ . 'J..-1 , 
pour la troiaifenie suite, par 

etc., . . . . ; et soit 
i{x^Xi, ,x„.,', Ha^yi' ' V"-' ''«0'h< < ^n-, ; ) 

Tine ionetion doiin4e cte ces divers termes. Si a cette fonotion 
I'on ajoute toutes celles que I'on peut en dMuire, k I'aide d'un 
on de pluaieurs eehanges operea entre les lettrea 
x,y,9,.... 

prises deux h. deux, eha^une des nouvelles fonctions etant prise 
avec le sigue + ou avec le eigne - , suivant qu'elle se d^duit 
de la premiere par un nombre pair, oa par un nombre impair 
d'echangea ; le r^sultat de eette addition sera une somme 
altemee par rapport aus suites dont il s'agit." 

It 1 tt! f tu t tl t th d fi t proceeds on different 

lines fmtlithb th dd rvlejor the formation 

of Ittft thjtt veral sets of variables 

th a d finit f h f t It ould have been mucli 

mrepppnt dnt t tl said that a function was 
call daZ( t g mth p tt t sete of the same number 

of a abl wh th t h n f h m mber of a set with the 
corresponding memV f n th et altered the function in sign 
merely. Examples Ik th f 11 w i^ could then have been given 
to make tlie two usages of the teim perfectly clear, and to show the 
exact relation between them. To illustrate the first usage, the 
expressions 

rac-fc, 

{a-b)ia~c){b~c), 

might he taken, where ac - be is an alternating function with respect 
to the variables «, 6 ; (a - b){c - d) an alternating function with respect 
to a, b, and also with respect to c, d; and {a - b){a ~ c)(^ - c) an 
g function with respect to a, b, with cespect to a, c, and 
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with respect to b, e, or, shortly, an alternating function of all its 
vaiiablea. On the other hand, the e 



ould illu t ate th 

f lu ti n w th p t t 

alt n t n fan t n 

vith p t t th t 

p du « hanj^ f \,n 

f tw ndi 1 al 1 m I 



ath 



1 the 



a^h-cM being an alternating 
f Yitiablea ah, td , and ab-td 

t to the Bet's ab, cd, and also 
n a word, the alteratiomvhich 

e of the first usage, interi,hiiige 
of the second uiage it is 



interchange of two ranks or sets of elements 

The entity to whicli the new name sommt aJfanfi is given is 
explained as follows (p. 160) : — 

" Soit 

f(^. V,z, ) 

une fonction quelconqne de n variables 

x,y,z,.... 
et ajoutons 4 cette fonction toutes cellea qu'on pent en d^duire 
par la transposition des variables, ou, ee qui revient au m@me, 
par un ou plusieurs ^changes opSr^s chacun entre deux vari- 
ables seulement, ehaque nouvelle fonction ^tant priso avec le 
signe + ou le signe -, snivant qu'elle se d^duit de la 
i I'aide d'un nombre pair ou impair de aemblables 
La aomme s ainsi obtenue sera la somme alternSe 
que nous repr^aentons par la notation 

S[±f(i,s,^, . . .)]. 

On trouvera, par exemple, en supposant re = 3, 

s = f(x,y) - i(y,y>); 
en supposant n - 3, 

« = f(,r,?/,.) - l(x,,,-y) + i(y,',,x) ^ ({yAx) 
+ i(z,x,y) - i{;:,y,x), 



The only matter i 
transition from somi 



iT remaining for explanation is the mode of 
s aliefn^es to remltanies, the difficult point 
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being, as in the memoir of 1812, to include all kinds of the latter 
as special cases of the former. The two pages which Cauchy 
deTotes to the subject are curious to read, and deserve a httle 
attention. He says (p. 161) :^ 

8 maintenant q^ue la fonction 
i(,.y.r.. . . .) 

u produit de divers facteurs dont chacun renferme 
!S variables 



en sorte que I'on ait, par esemple, 

%,1/A. . .)~¥f)M¥.')- ■ ■ ■ 

alors, pour obtenir la aomme altern^e 

.-S[±<«%(!'W2)- . .] 
il suffira ..." 
md having shown the mode of formation, and given the examples 

«=</'(%(y)-'^{j')xW. 

lie adds 

"Les sommes de eette espece soat celles que M. Laplace 
lus le nom de r&suUantes." 



In regard to this the first comment clearly must be that it is not a 
little misleading. The sums referred to are only a very special class 
of those functions which Laplace called resultants; they belong, 
in fact, to that peculiar type for which in later times the name 
alternant was coined. In the second place, Cauchy's virtual renun- 
ciation of his own word " determinant " must be noted, — a renuncia- 
tion all the more curious when wo consider that the word had now 
been adopted by Jacobi, and had thereby become the recognised 
term in Germany. It may be that Laplace's word " resultant " had 
proved more acceptable in France, and that Cauchy merely bowed 
to the fact; hut there is little or no evidence to support this.* 

* Liouville, in a paper published in the same year bs Canohy's memoii's, 
nses resultant, but adds in a footnote, "Auliendu mot?i&MZianfe, lesg^omfitres 
emploient aouvent le mot ddierminajii " {LioaviMa Jov/rn., vi p. 318). 
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In the pari^rapli following the above Cauchy proceods, as it 
ivere, to rectify matters. He says (p. 162) : — 
" Les formes dee fonctions designees par 

0(*). XW. H^). etc 
etant arbitraires, aussi biea que les variables 

K, y, ;;, . . . , 
permettent aux divers termos qui composont le tahleau (3) 
d'acquerir dea valeurs quelconqnes, et repr^aeiitons oes vari- 
ables i I'aide de lettres diverges 

x,y,2,....,t 
afiectfe d'indices diff^rents 

0, 1, 2, . . . , «-l, 
dans lea diverses lignes vertioales. Alors, au lieu du tableau (2), 
on obtiendra le auivant 



U 'i. '» ■ ■ ■ ■ . ^.-: 
et la resultaiite s des termes dans ce dernier tableau sera 

S=S[±3^C«/l35 . . . t„._j]." 

The general determinant is doubtless here reached, but the transition 
requisite for the attainment of it, viz., from ^(k), x{^)i i'{^)> ■ ■ ■ ■ 
to the perfectly independent te^ x-^, ar^, .... is not made without 
considerable strain. This is all the more surprising, too, when we 
consider, that a much less troublesome and less objectionable mode 
of bringing determinants under alternating aggregates lay ready to 
Cauchy's hand. Bearing in mind the definition given above, of 
fonetione ali&rnSes par rapport d diverses suites, we see that a 
determinant of the n,* order could have been made to appear as an 
alternating function with respect to n ranks of n variables each. 
For example, the determinant 

a^h^^ + aghiC.2 + a^h^fi^ - a,^^-^ - a.^i^e^ - a^h..e^, 
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could have been introduced as a function alternating with r 
to any two of the three ranks, 



and iodeecl, as we know, it is alternating also with respect to any 
two of the ranks 



tliat is to say, according to another phrase of Cauihj's, used abo^p, 
it is alternating with respect to the indices 1, 2, 3 

The fourtefln pages {pp. 163-176) whn.h follow, are taken up 
with the properties of determinants m. thus defined and with the 
application of them to the solution of simultaneous hnear equations 
Most of the matter is ah'cady familiai to ui, and may he altogether 
passed over. One of the theorems it is necessarj to giie veibatim, 
not because of its importance, but because it serves to make evident 
the untenable position Catichy had taken up in so peculiarly 
bringing determinants under the head of alternating aggregates. 
The theorem is (p. 164) :~ 

" Si, avec les variables comprises dans le tableau (5), on 
forme une fonction entifere, du degr6 it, qui offre, dans chaque 
terme, n faeteurs dont uu seul appartienne jl chacune des 
suites horizontales de ee tableau, et qui soit altemee par 
rapport a ces mSmes suites, la fonction enti^re dont il s'agit 
devra se r^duire, au signe prfes, a la r^sultante s." 

This not only justifies the definition proposed above to be sub- 
stituted for Cauchy's, but it also entitles us to say that Cauchy 
having started by including determinants among alternating func- 
tions of one kind, viz., functions alternating with respect to ever^- 
pair of n variables, soon succeeds in showing that they are alter- 
nating functions of an entirely different kind, viz., functions 
alternating with respect to every pair of n ranks of variables. 

The only other noteworthy matter is a theorem in regard to 
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the solution of a set of simultaneoua equations. Viewing the 
equations 

"i^ + hV + cf. = n 

a^' + ^2^ + c^ " T) > 

«ff» + V + V = W 

as giving each of the three variables f, if, ^ in terms of the other 
three x, y, z, we see that on solving for x, y, z, we obtain a con- 
verse system, that is to say, a system giving each of the three 
X, y, 3, in terms of ^, i;, ^. The latter system is, as we know, 






whove A is the determinant of the ori^nal system, and 
A;, Bi, Cj, Aj, . . . , ■ 

are the cofactors in A of a-^, \, o^, a^, . . . . , respectively. Multi- 
plying the determinants of the two systems, we obtain the determi- 
nant of the quantities 

1 

1 

1. 



Hence (p. 176}:— 
" Si, K variables 



par n Equations lin^airea, on suppose les unes exprimees en 
fonctiong lineaires des autres, et r^ciproquement ; lea deux 
r^ulfcantes form^ee avee les coefficients que renfermeront ces 
fonctions lin^aires dans les deux hypotheses, offriront un 
produit Equivalent a I'unite." (xxi. 6) 
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Eeteospbct of the Period 1813-1841. 

The characteristics of this period are hest brought out by com- 
pariaon with those of the preceding period, it being carefully borne 
in mind, in mailing the comparison, that the two are markedly 
unequal in length, the period of pioneering, as we may term it, 
extending to 120 years, and the next to only about 30. 

In the first place, then, the evidence shows that as time went on 
there was considerable increase of interest in the subject, and a 
more widely spread knowledge of it; for, whereas to the longer 
period there belong 20 papers by 13 writers, for the shorter period 
the corresponding numbers are 35 and 18. Among the 18 writers, 
too, are represented nationalities which had previously not pnt in 
an appearance, viz., English, Italian, and Polish, 

In the second place, we have proof that the early period was by 
far the more fruitful in or^nal results. The pioneers had mapped 
out moat of the prominent featureB of the new country ; their 
successors had consequently to concern themselves in a considerable 
degree with filling in the details. During the second period one 
finds the fundamental propositions of the first period reproduced in 
new varieties of form; also, there are not awanting new proofs, 
extensions, and specialisations of old theorema ; but of absolutely 
fresh departures there are comparatively few. An examination of 
the results numbered xlv.-lviii. will show the character of these 
departures. It will be seen that they are due to Desnanot, Seherk, 
Schweins, Jacobi, Sylvester, and Cauchy. The most notable name 
of the period is Jacohi's, and next to it that of Schiveins. There is 
no one name, however, which stands out in this period so con- 
spicuously as Cauchy's does in the first period. Sylvester, unlike 
the others, it must he remembered, was only beginning his career, 
and we have yet to see him in the fulness of his power. 

In the next place, the second period contrasts with the first in 
that during it important work was done on the subject of xpecial 
forms of determinants. Here, again, the noteworthy names are 
those of Jacohi and Schweins. 
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Lastly, it Laving "been noted in tbe retrospect of tlie first period 
that the subject of determinants was almost entirely a creation of 
tlio French intellect, we mnst not fail to take cognisance now of the 
fact that in the second period the pre-eminence belongs to Germany, 
France however taking still a fairly good second place. 
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